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Preface

Pythagoreans discovered that the world was built of numb@&rir rituals with numbers, allowing
you to measure some sides of objects and to compute the satb@fsides, were callathathemata
Systematized intmmathematicsthose rituals demonstrated that the world was regular asdigiable.

The world spanned by computers and networks is de niteltlofinumbers. Mathematics, in the mean-
time, evolved beyond and away from the Pythagorean congputimals. While programmers program
computers in a great variety of languages, mathematicialy snathematics in a great variety of com-
pletely di erent languages. A great variety of languages is a good,thiogided that the languages do
not isolate but diversify the views of the world and that éhare multi-lingual communities to connect
them. Many mathematicians speak programming languagesy pragrammers are conversant with
mathematics. The language of categories seems conventelnbth, and to some extent connects the
communities.

In this book, we use a categorical language based on stragyains that is so basic that it must be
contained in every mathematical model of computation, andognpact that every programming lan-
guage must project onto it. It evolved through many yearsaéhing mathematics of computation. The
diversity of the mathematical and the programming langsagakes such teaching and learning tasks
into lengthy a airs, loaded with standard prerequisites. By peelingvbat got standardized by accident
and following the shortcuts that emerged, and then peeling/liat became unnecessary after that, we
arrived at a mathematical model of computation generatea $iggle diagrammatic element, which is
also a single-instruction programming language. | knowitrgls crazy, but read on.

The presentation is self-contained, assuming enough @mte and curiosity. The early chapters have
been taught as undergraduate courses, the middle chaptgraduate courses. The nal chapters con-
tain the results that make a point of it all. Without a teacheeader familiar with categories is hoped to
get easy access to the basic concepts of computabilitydaréamiliar with computability to basic cat-
egory theory, and a reader familiar with both is hoped to medesof the many opportunities to improve
the approach.

The "workouts” and "stories” should probably be skipped the rst time around. They used to

be calledExercisesandHistoric Backgroundout that was misleading. The workouts concern the issues
that the reader might like to consider on their own rst. Soane presented as guided exercises, but
some are much more than exercises, and some are just asidsisatd worked out in AppendixX 4. The
stories are sort of like philosophical gossips, precisemhatthe math is meant to defend us from, so you
are welcome to skip them altogether.
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1 What are we talking about?

We spell out the basic math behind computer science. Everyoows what is a computer. Most people
also know what is science, almost as con dently. Computarsprograms. Programmers program
programs. Why is there a computer science?

2 What is computer science?

Science inputs processes that exist in nature and outpritsdibscriptions. Engineering inputs descrip-

science

engineering

Figure 1: Civilisation as a conversation

tions of some desirable processes that do not exist in nahd@utputs their realizations. Fig. 1 shows
the resulting conversation staged by scientists and eagin€omputers and programs were originally
built by engineers. After lots of computers were built ant$ lof programs programmed, they formed
networks, and the Big Bang of the Internet created cybeesp@be cyberspace clumped into galaxies,
life emerged in it, botnets and viruses, in uencers andudties, genomic databases, online yoga stu-
dios. We live in cyberspace. Our children grow there. Like dities, freeways, and space stations, it
was built by engineers, but then life took over. Life in cydace is not programmable and it cannot be
engineered anymore. Economy, security, epidemics areatgttocesses, whether they spread through
physical space or cyberspace, or through a mixture. Cyheesis the space of computations, spanned
by the networks of people and computers. They act togethielveetogether, and it is hard to tell who
is who. They are the subject of the same science.

Vii



3 What is computer science about?

Biology is about life, and life comes about by evolution. @tigry is about molecules, and they come
about by binding atoms. And so on. Every science is about dmamie principle (or two, in the case
of modern physics) and when you come in to study it, on day bag tell you what it is about. You
study biology and the rst lesson goes: "Biology is aboutletion”. Not so when you study computer
science. What is the basic principle of computation? Whtiis the following equations?

evolution _  chemical bonds _ X

= )

biology =~ chemistry computer science

The answerX = computabilityis usually taught in a “theory” course in the nal year of conter
science. Many students avoid this course. Computer scemteomputer engineering are often taught
together, which makes many courses avoidable. Those whaldoa “theory” course learn that a
function is computable if it can be implemented using a Tainmachine, or the-calculus, or recursion
and minimization schemas, or a cellular automaton, or atmifboolean circuit, or one of many other
theoretical models of computation. The Turing machine &ed fcalculus stories go back to the 1930s.
The other models go back to the surrounding decades. Eabbraofis a story about a dérent aspect of
computation, as seen by dirent people in dierent contexts. Each makes the same class of functions
computable, but in each case they are encodedrdntly. TheChurch-Turing Thesipostulates that
each of the de ned notions of computation is the same, mothdaencodings. What is their common
denominator?

4 What is computation?

The process of computation can also be viewed as a coners&lig.[2 shows the idea. Programs are

running

Programs

programming

Figure 2: Computation as a conversation

the mind of a computer. Functions are its world. Programroalisanything that takes inputs and pro-
duces outputs a function. They analyze functions and sgist@rograms. Computers run the programs
and compute the functions. While running a given progranrdgigine operation, programming requires
creativity and luck. That is why the two arrows in Fig. 2 areatient. The dierence impacts the sci-
ences concerned with complexity, information, evolutimguage([14]. The computational origin of
this di erence is described in dh. 5. A version with the symmetry ohilg and abstracting restored is
displayed in Figl. 5J2.



5 What is a computer?

We interact with many dierent computers, many dérent models of computation, many drent pro-
gramming languages. But they are avatars of the same chamcthe same story. We speak drent
languages in dierent societies, but they are manifestations of the samabddy of speech and social
interaction. What makes a language a language? What makagemse dierent from the bark of a
dog? What makes a program érent from a sentence? What makes a computer a computer?

Computers and programs are the two sides of the same coigrafre are programs because there are
computers to run them. A computer is a computer because dne@ograms to compute. While Hig. 2
displays the two sides of the coin, Fig. 3 distinguishes thedhand the tail. The equation identifying
them is the general schema of computation, overarchingi alirdnt models of computation and un-
derlying all di erent computers. This is their common denominator. Thishatwnakes a computer

running

Output

programming

Figure 3: Any computer can be programmed to compute any ctabjeufunction

a computer. It is also the main structural component of thaaital computer, described in CH. 2,
formalized in Sed_Z.211. The “running” surjection is spdllout in Sec_2.513. All capabilities and
properties of real computers can be derived from it. An alsstcomputer can thus also be viewed
as a single-instruction programming language, called Ruith, run as its only instruction. The main
computational constructs are derived in chapféfs 3—6. ®heeaptual insights and the technical step-
ping stones into further research are in the nal chaptefge 3tring diagrams, convenient for building
programs frontuns and for composing computations are introduced i Ch. 1.
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1 Drawing types and functions




20230334

1.1 Types as strings: Data passing without variables

Whatever else there might be in a computer, there are alveéy®1 wires. In modern computers, most
wires are printed on a chip. In higher animals, the wires gaswerves. In string diagrams, the wires
are drawn as strings.

1.1.1 Types

Sets are containers with contents. Types are just the oemtai When you add or remove an element
from a set, you get another set, but the type remains the séheedi erence is illustrated in Fig. 1.1,
sets on the left, types on the right. When the elements keeyingoand going a lot, programmers use
types to keep them apart. A set is completely determinedsbgié@ments, whereas a type is determined
by a property of that characterize its elements, no matter imany of them there might be. E.g.,
there is only one empty set, but there are as many empty typ#isese are colors of unicorns: the
type of blue unicorns is completely dérent from the type of green unicorns, although they are both
empty. In FigCL.P on the left, the types are drawn as strifie same types are drawn on the right but

Figure 1.1: Sets are containers with contents. Types ar¢éhipgontainers.

distinguished by names and not by colors. The strings sepdraerent data items. Their names (or
colors) tell which ones are of the same type.

1.1.2 Strings instead of variables

When we write a program, we usually plan how to process soyetasknown data, that will become
known when the program is run. In algebra and in most progragitanguages, sucimdeterminate
data values are manipulated usiwvayiables In computers, they are moved around through wires, de-
picted as strings. They carry the data and thus play the falar@bles. The type annotations constrain
the data that can ow through each string. In Hig.l1.2 on tigatithe strings are typed; B; C andD,

and the variableg : A,y : B, u: C andv : D, corresponding to each particular wire, are also displayed
(just this time). Di erent variables of the same type are represented tsrelt strings with the same
type annotation.



D
P4
A
X y u 12
Figure 1.2: Types are wires drawn as strings.
Intuition: types and sets as waves and particles. While sets provide a foundation of mathematics,

types provide a foundation of computation. If sets are ctibas of particles of mathematical objects,
types can be viewed as collections of data waves processamriputations. Drawing types as strings
in diagrams supports this view.

1.1.3 Tupling and switching

Product types. An n-tuple of data is carried by of amtuple of variables through amtuple of parallel
wires. The wires of type8s; Ay; i : :;An runin parallel correspond to the product tylse A An, as

Aq Ay An

A1 Ay PR An

X1 X2 Xn
Figure 1.3: Parallel wires correspond to product types

A A An. Some of theAjs may be the occurrences of the same typeséy i A, = = A,
are the same typA&, then the product af copies of this type is writte A".

The unittype | satisesl A= A=A |foranytypeA ThetypesA I,I A | 1,I™ A ["allboll
down the typeA. Weaving any number of strings representing the typeound the string representing
any typeA boil down to the stringA alone. The string representing the unit tylpis thusinvisiblél.
Since the typé\" is presented ascopies of the strind\, the unit typel can be thought of as the product

behi.

'Having invisible graphic elements will turn out to be quiteneenient. Having invisible points in geometry and empty
instructions in programs is not just convenient, but nemgsEl3].



Twisting the wires like in Fig.[1.4, corresponds to changing the order of théatées in an algebraic
expression. In type theory, this operation is a funcBorA B— B Awhere&x;y) = hy; xi.

y X

X y
Figure 1.4: The wires are twisted to get the data where needed

1.2 Data services: copying and deleting, cartesianness

When the same value, determined or unknown, is needed imasglaces in a program, or in an al-
gebraic expression, that value can be denoted by a variahethe variable can beopied wherever
needed. Since it may be unknown whether a value will be needeatiable denoting that value may be
declared but unused awkleted Thedata servicedoil down to the operations of

" copying :A— A A and
" deleting_: A—I.

The intuition is that (X) = hx; xi and_(X) = hi. In string diagrams, these functions are depicted as

A A
\*/ T w
A A

To be able to writdx; x; xi : A3 we neechlx; xi; xi = hx;hx; xii andto assuré A= A=A | we need
hhjxi = x = hx; hii. This is taken care for by equatiohs (1.2).

(id O
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(=1
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1
=
o
~
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p—
1
a
1

= (1.2)

I

Equation [[1.B) makes sure that the two copies are equalgisghse that (x) = hy;zi impliesy = z



Workout[1.6¢l asks that you show= y = z While functions in general will be drawn as boxes on
strings, the identity function id A— A, mappingx to X, is drawn as an invisible box, just like the unit
typel is drawn as an invisible string. An example of use of dataisesvis in Fig[1.b.

y x Y X

|

4

X y
Figure 1.5: Data servicindgx;yi 7! hy; xi 7! hy;y; X, x; Xi 7! hy; Xy, x; xi 7! hy; X;y; Xi

Copying and deleting the empty tuple.  The data services on the unit typboil down to the identity
map. Intuitively, sinceni is the empty tuple, deleting leaves it unchanged_gnd | —9, 1. Since

I 1 =1, copying the empty tuple givd#hij hii = hiand | = | SN

Cartesianness. If types are thought of as sets, then the product types aresatitesian products of the
corresponding sets, the unit type is the singleton set,l@nddta services are the function s copying and
deleting the set-elements. In categories, cartesian ptedue de ned by requiring that the morphisms
into A B correspond to the pairs of the morphismsAtand toB, as brie y explained in Se¢. 1.7.3.1,
and in detail in most books on categories, such as|[104]. \&# ske in Sed._114 that data services
make product types into cartesian products with respectdoigely those functions that preserve the
data services, which will be calladhrtesian But we are here to study computable functions, and many
computations do not preserve data services. The functi@isriay not preserve data services will be
calledmonoidal since the product types for them are monoidal. String digagrconveniently capture
all of them.

1.3 Monoidal functions as boxes

The 2-dimensional text of string diagrams. A function f : A— B maps inputs of typé to outputs
of type B. A processg : X A— B is a function that maps causes of typdo e ects of typeB,
possibly also depending on states of tyfie

The set-theoretic concept of function is more restrictiv@equires that the possible inputs and outputs
are collected in sets and that there is a unique output foyéwput. Programmers deviated from these
requirements early on, and have been using the more relao@zept of function at least since the
1960s. Theoretical computer scientists deviated evereearhen they developed thecalculus as a
formal theory of functions that can be fed to themselves pst&[27]. This seemed like an inexorable
property of computable functions, that take their programsnputs. The task of nding set-theoretic
models of such functions was tackled in the denotationabsgics of computation [2, 58].

In many programming languages, in type theory, and in cayepeory, functions are speci ed as black
boxes. Theéblackness does not mean that the boxes are painted black, buttlightshines in or out:



the interior of the function box is hidden from the user. Adtionality implemented in a black box is
accessed through its input and output interfaces, whicldi@wn as strings. A functiofi : A— Bis
drawn as a boxX hanging from a strindd above it, and with a striné\ hanging below it:

| B

f

al

The inputs ow in from the bottom, and the outputs ow out aettop. This bottom-up processing is a
drawing convention. At least four other drawing conventi@me equally justi ed. The idea is that the
processed data or resources ow through the strings in aretitin, which is the direction of time, and

that there are no ows in other directions, or between thiags. The two dimensions of string diagrams
thus display where the data ow and where they do not ow. Thmsv through the strings bottom-up,

and they do not ow between the strings.

The two dimensions also correspond to the two ways to comiposéons.

1.3.1 Composing functions

The functionsf andg are composedequentiallywhen the outputs of ow as the inputs tag, provided
that output type off is the input type ofy. The functionsf andt are composeth parallel when there
are no ows between them. In string diagrams, the sequeatialpositions are thus drawn by hanging
the functionsf andg on one another vertically, whereas the parallel compasitere drawn by placing
the functionsf andt next to one another horizontally. The typing constrainés ar

A—sB B-%,cC A—sB U,V

EELNYG A U——5B Vv

The string diagrams for the sequential compogitef and for the parallel composite t are displayed
in Fig.[1.8. If a functiorh : C — D is attached above to the compodgite f : A— C, the three boxes
hanging on four stings will look the same as if we attacliedA — B belowh g: B— D. String
diagrams thus impose the associatitity (g f) = (h g) f as a geometric property of the notation.
Similary, if h : C — D is adjoined to the right of the composife t: A U — B V, resulting triple
composite will forget thaf was adjoined on the left dfbeforeh was adjoined on the right. The string
diagram notation thus also imposes the associatifity() h=f (t h)as a geometric property.

The units for the composition operations are the identibcfion idy and ids for the sequential compo-
sition, and the identity idon unit typel for the parallel composition, in the sense of the equations

idg f ida = f = id; f id, (1.4)

If the the identity functions igd and ids are thought of as the invisible boxes on the striAgend B, and
the unit typel is thought of as the invisible string, present in any diagrvemerever convenient, then the
unitary laws[(T.4) are also imposed in the string-and-baxjdims tacitly, as the geometric properties of
the invisible strings and boxes.



A U

Figure1.6:¢ f) (s t) = (@ 9 (f 1)

A string diagram is read as 2-dimensional text because tmgstassure that it can either be read rst
vertically then horizontally, or rst horizontally and thesertically, but not diagonally. The two ways of
reading a string diagram impose the algebraic law that cainstthe two composition operations:

1.3.2 The middle-two-interchange law

A string diagram, as 2-dimensional text, can be read fromtdefight, or from the bottom to the top.

In Fig.[1.6, we can thus choose to rst go vertically and cos®b with g and s with t sequentially,
and after that to go horizontally and compose the sequertialpositesy f andt g in parallel, to
get@ f) (t g). Alternatively, we can also choose to go horizontally ,rahd compose in parallel

f with t, andg with s, to getf tandg s, and then we can go vertically, to produce the sequential
compositeg s) (f t). These two ways of reading the string diagram in Eigl. 1.8 ttarrespond to
two di erent algebraic expressions, but they describe the samgosite function:

@ f) sy =10G@y>9 (f Y (1.5)

This is themiddle-two-interchangé&w of the function composition algebra. This algebraic laward-
wired in the geometry of string diagrams. More preciselg,dasumption that a string diagram describes
a unigue function implies the middle-two-interchange tavich identi es the two ways to read a string
diagram: rst horizontally or rst vertically.

1.3.3 Sliding boxes

The net e ect of encodings of algebra by geometry is that some algeboarespondences are encoded
as geometric properties. E.g., the equations in the capfifiig.[1.7 can be derived algebraically from

the middle-two-interchange law. On the other hand, theyaiaa be derived by sliding boxes along

the strings, as displayed in FI[g.11.7. They are thus a geam@tiperty of the string diagram displayed

there, as three of its topological deformations. In genenay pair of function compositions, expressed
algebraically in terms of and and the same function boxes will denote the same compositgidn

if and only if they correspond to two string diagrams that éendeformed into each other by some



Figure 1.7:¢ id) (f t=(g id) (d t (f id)=(g ) (f id)

geometric transformations that may twist or extend striragsl slide boxes along them, but without
tearing or disconnecting anything.

Untwisting. The boxes also slide through the twists, and the twists cambeisted.

A B
&

B A =
&

A B A B

1.4 Cartesian functions as boxes with a dot

A function is said to be
"~ total if it produces at least one output for each input, and
"~ single-valuedif it produces at most one output for each input.

The diagrammatic depictions are in_(1.68): A— Biis total if it satis es the left-hand equation, single-
valued if it satis es the right-hand equation.

(1.6)

(s 9 a

1
oy]
(7]

1

B S ~A

The left-hand equation says thegtreserves the deletions: whenever an irgoedin be deleted by, a =
hithen the outpus(a) that can be deleted ag s(a) = hi. The right-hand equation says tisgireserves



copying: when an input is cloned by a(a) = hg;ai and two copies o output s(a); s(a) , the output
is the same as when the outfut s(a) is cloned by g(b) = Hb; bi.

Cartesian functions  are the functions that satisfy[(1.6) and preserve data services. With regpect
cartesian functions, the data services provide the cartestructure, i.e. make the products cartesian.
The black bead on the output port o6 : A— B indicates thas is a cartesian function. The usual
function notationf : A— B is left for monoidalfunctions, that do not necessarily preserve the data
services.

Cartesian structure consists of two components, derivable for/AlkhndB:

"~ the projections
| |

A_ _ B _
A= A BL=A 5= A BZ— B (1.7)

~

the pairing
aX— A b: X— B

1.8
i = X— X X2PA B (1.8)

They are displayed in Fi§. 1.8. Together, the pairing andptlogections provide a bijective correspon-
Al | B
A | | B
he; bi

A B x| A B

Figure 1.8: Pairing and projections

dence between the pairs of cartesian functioné tnd B and the cartesian functions o B. One
direction of the correspondence is given by the pairing_iff)(the other by the projections in

h:lX— A B .
sh= X A BA=p sh= X" A =" 5 (1.9)
The correspondence is summarized by the equations
a= ahgbi h = h ah; ghi b= ghg;bi (1.10)

It is not necessary that b, andh are cartesian for the de nitions d&; bi, ah, and ghin (L.8£1.9),
but it is necessary for the validity of the equations[in_(J.Ithe rst equation holds if and only ib is
total, the third if and only ifa is total, and the second equation holds whenéwvsrsingle-valued, but
the converse is not always valid. Checking these claims ingtructive exercise. See e.d., [104] for



more details.

Elements. An elementa: Ais asingle-valuedunction froml to A. The single-valuedness requirement
assures thata;ai = a a. A total element is a cartesian functi@n: | — A. A partial element is
an element that is not total. A general functianl — A is not viewed as an element éfas it may
produce di erent outputs irA on di erent calls, cause déerent side-eects, and lead to problems in
substitution.

Functions with side-effects are not cartesian. In set-theoretic frameworks, it is usually required
that a functionf from A to B assigns to every single inpat : A a single outputf(a) : B, and all
functions are assumed to be cartesian. When a fundtineeds to be computed, this cannot be guar-
anteed. If a computation df on an inputa gets stuck in a loop, it may not produce any output. The
left-hand equation i (116) then does not hold, becauseniat ican be deleted, but there is no output
to delete. A computation of may also depend on hidden variables or covert parametefrse afnvi-
ronment, and the same overt input may lead to one output taddy di erent output tomorrow, if the
environment changes. Besides the outputs, computatiossoften produce sonsde-e ects such as
non-terminatiorwhen there is no output, aron-determinisnwhen there are multiple possible outputs.
That is whycomputable functions are generally not cartesian, but madal. That is why the computer

is monoidal. The next section spells out what that meanset{&2 we shall see that it cannot be made
cartesian as long as all of its functions are programmalbile in

Terminology: partial, many-valued, monoidal functions. A function that is not total is called
partial. A function that is not single-valued is calledany-valued The functions that may be partial,
many-valued, or cause other sideeets, are callechonoidal They formmonoidal categoriedescribed
next.

1.5 Categories: Universes of types and functions

A categoryC is comprised of

aclass of objects

~ for any pairX;Y 2 jCjahom-set

C(XY)

- X0/ 100/

together with thesequential compositionperation from Sec[1.311, presented by linking the boxes
vertically along the strings of matching types. If needegt Appendix_1]1 for more.

Monoidal categories. A category ismonoidal when it also comes with thparallel composition
operation , presented in Se€. 1.3.1 as the horizontal juxtapositiostrafigs and boxes next to each
other. The monoidal structures are often written in the f¢@n ; 1), echoing the notation for monoids.



Since drawing the string4, B, andC in parallel does not show the dérence betweerA( B) Cand

A (B C), and the strindA does not show how many invisible stringsire running in parallel with

it, the string diagrams usually impose the assumptionttteimonoidal structure isstrictly associative
and unitary. This causes no loss of generality since every monoidal oateg equivalent to a strict
one. The types in monoidal categories presented by streqgyalins thus satisfy the monoid equations
(A B) C=A (B C)andA | =A=1 Aonthenose. Ingeneral, monoidal categories only satisfy
these equations up to coherent isomorphisms. Even witigsiiagrams, the types BandB Aare

not identical but only coheretnly isomorphic along the timigs like in Fig[1.4. Since the twistings are
available for all pairs of typeghe monoidal structure is in the present narratives always asumed

to be symmetric

Data services and cartesian functions form a cartesian cate gory. The data services in a monoidal
categoryC distinguish a family of cartesian functions as those thésfya(1.6). Keeping all of the
objects ofC but restricting to the cartesian functions yields the cate@ , with

ici = g .
Y Y Y §
g; ; ;:::é

The pairing and the projections derived from the data sesvic Sed.1]4 assure that the products inher-
ited from C become the cartesian productsdn The details are spelled out in the exercises below.

C (X)Y)

Cartesian categories are the categories where all functions are cartesian. Tiegagy C de ned
above is cartesian by de nition. It is the largest cartesiahcategory of the monoidal categdy The
bijective correspondence

a= ph: X— A b= gh: X— B
h=hgbi : X— A B

(1.11)

induced by[(1.B=119), shows the universal property of thies@n products with respect to the cartesian
functions, which implies that they are unique up to isomaph[115, 11l.4]. The correspondence in
(1.11) ceases to be bijective when the functions are notsiart. Nevertheless, the cartesian structure
continues to play an important role in the monoidal computed at the entire gamut of monoidal
frameworks|([32].

Notation. When the categor is clear from the context, we write : A— Binstead off 2 C(A; B),
ands: A— Binstead ofs2 C (A; B).

More about categories is disseminated through the rest of the book. There are mayg ¥o learn
even more, and many popular textbooks and handbooks! [[4,815] 151], 162]. Workoufs 1.6 on the
following pages may convey the avor. Stories1l.7 providegiments of the conceptual background.
An outline of the basic ideas about the morphisms betweeagoges (calledunctorg, the morphisms
between their morphisms (calledtural transformationg as well as some concrete examples, are avail-
able in AppendixTL.



1.6 Workout

a. Given the typ& of natural numbers (non-negative integers), with the dateice as in Se¢._1.2 and
the addition and the multiplication operations presenteldaxes

and draw the string diagrams for the following functions:
i) D(+);()E: N N—N N:hmni7'hm+n;m ni

i) f:N N-— N:mni 7! m(m+ n)

i) g:N N-— N:hm;ni 7! 2mn

iv) h: N N— N: hmni 7! nd

b. Translate the following string diagram into the algebradtation.

| E
E——
]
%
(1.12)
e
B A
k A B
x y

Write the function expression in terms of the function nanfigg h; g, the constant 0, and the
variablesx;y.

c. Prove that the projections and the pairing displayedg{EB satisfy equations (1.110) for all cartesian
functionsa; b; h. More precisely show that

i) the rstequation in[(1.1ID) holds if and only K is total,
ii) the second it is single-valued,

i) the third if and only ifais total. Note that the two equations establish a bijectietwken the
cartesian functionX — A B and the pairs of cartesianfunctiols— AandX — B.

d. Use equations_(1.2=1.3) to justify the interpretation ©f) ashx; xi by proving that a = Hb;ci



impliesa= b= cforall a;b;c: X— A. Is this interpretation justi ed if; b; c are not cartesian?

. Assuming that the unit type satis ¢s | = |, as explained in Set. 1.1.3, show that the data service
| = | «—— 1 |Iistheidentity, i.e_ =id, =

. Given the data servicdls—— A«— A Aandl —— B«— B B, de ne a data service on

A B

. Prove that for any typA

i) the copying : A— A Ais cartesian

ii) the deletion_: A— 1 is the only cartesian fun th

. Show that the compositgs f: A— Candf t: A U— B V of cartesian function§: A— B,
g: B— Candt: U— V are also cartesian.

i. Prove that the cartesian structure in a category is uniguéo isomorphism. Towards this goal,
suppose that

" | and€ are objects such that for every objecthere is a unigue morphisd— | and a unigue
morphismX — €,

A BandAeB are objects such that each of them supports the surjectiiagm the sense of
the bijective correspondence [n(1111).

Prove that this implies that there are isomorphismsfandA B AeB.
j. Prove that a typ@” can be determined uniquely up to isomorphism by a family jefdtions
C(X AB) * C(XBY

indexed byX which isnaturalin the sense that for eveg2 C(Y: X) the following diagram commutes:

cx AR B

C(s A;B) C(s, BY

P
Cy AB) C(Y; BY)
In other words, everg 2 C(X A; B) satis es

VY ASAX A—%,B = y_s,x 20 pa



1.7 Stories
1.7.1 Prehistory of types

The concept of type is usually attributed to Bertrand Ruisstd introduced a type hierarchy as means
of preventing set-theoretic paradoxes [in [155]. Lord Rlisiiscovered the paradox that carries his
name, here presented in Appendlx 3, by applying Cantorgatial argument to the element relation
used in Frege's arithmetic. Russell's type hierarchy, ke Neumann's later distinction of sets and
classes, was ostensibly based on Cantor's distinction afisistent” and “inconsistent” sets [21,139,
131]. Even Russell's use of the word “type” was probably iresh by Cantor's‘order types”, which
would nowadays be called thigsomorphism classes of ordered sei¥e will get to the “order” part at
the end of CH.J8. What did he mean by “types”™?

The central idea of Cantor's work, which made possible he&akthrough into the theory of in nities
[39,[73], was to consider sets modulo bijections, to comgaen by specifying injections [21], and to
compare their orders by specifying order-preserving tiges [22, 111.9]. Order types are the equiva-
lence classes of orders modulo the order-preserving luject E.g., identifying the ordefa < b < cg

fx <y < zg and all other 3-element linear orders, whatever their elgsimight be, was the order type
of the ordinal 3, whereas identifying the sésb; cg fx;y; zg and all other 3-element sets, made them
into the cardinal 3. Cantor's view of cardinals as thigtual patterns” of equivalent sets [22, p. 283]
is a precursor of the general concept of type. The notiontti@iequivalence class of all 3-element
linear orders and the equivalence class of all 3-elementagetnot sets but proper classes did not yet
exist, since the notion of a proper class did not exist, butt@agleaned the diagonal argument over
the element relation that became Russell's paradox, atatésbthe “inconsistent” sets. Some 35 years
and many paradoxes later, Zermelo, as the editor of Cartgoltscted works,[[22] systematically erred
on the side of declaring as Cantor's error everything thatlidenot understand, as illustrated, for in-
stance, by his informal argument that Cantor's informaluanrgnt could not be salvaged by Cantor's
well-ordering assumptions, but only by Zermelo's own Axi@fChoice, “which Cantor uses uncon-
sciously and instinctively everywhere, but does not foateilexplicitly anywhere’[[22, p. 45|§]By
the time of Cantor's death in 1918, his foundational quest¥atual patterns” modulo bijections got
overshadowed by the research opportunities in the aretd thaated, including trans nite arithmetic,
point-set topology, measure theory. In the 1940s, the tgpmdlism re-emerged in Church's work as
the framework of function abstraction [26]. We return tastim Sec 4.6. By the 1960s, type declarations
became a standard preamble in the program templates ofehighprogramming languages. N.G. de
Bruijn merged the theory and the practice of typing in his@koath Project [129], which gave a lasting
impetus to type-based programming|[l11} 52,184/ 116| 132].

1.7.2 Categories as type universes

While Cantor's trans nite arithmetic was recognized as @& mnesearch area during his lifetime, and cele-
brated shortly after his deﬁ,khis main enabling idea, to compare sets along injectiodsdamntify them

along bijections, was used as a tool but not understood asc@pb— until it re-emerged several decades
later, in an unrelated area, for unrelated reasons. Theytleéalgebraic invariants of topological spaces

2This English translation is quoted from |71, p. 129]. For kieader context of the Cantor-Dedekind correspondenee, se
[131], prepared by Emmy Noether. Both Cantor's method oferlering and the induced choice functions are used as
programming tools in CH]7.

3“No-one shall expel us from Cantor's Paradise”, exclaiméthéit in his 1925 articleOn the In nite [73]



Figure 1.9: Georg Cantor Figure 1.10: F. William Lawvere

had in the meantime grown into a sweeping research moveraédiyg layer upon layer of structure
to its analyses. To dam the ood of structure, it was oftenassary to hide the irrelevant details of its
constructions into black boxes and display just the relegparations on the interfaces. The separation
of the relevant structure from the irrelevant is usuallyoeoéd by the homomorphisms, which preserve
one and lter out the other. Just like Cantor identi ed @rent sets along bijections, Samuel Eilenberg
and Saunders MacLane identi ed dirent mathematical constructions of the same structurgydtee
isomorphisms between the outcomes. They proposed thatily fainlsomorphisms between the pairs
of outcomes of two constructions, indexed over the inpulsrieo each construction, should be viewed
as anatural equivalencef the two constructions, provided that the isomorphisnes@rve not only the
relevant structure, but also commute with the homomorphibetween the inputs. Many results, old
and new, turned out to rely upon such identi cations. By ghiog the invertibility requirement from
their natural equivalences and retaining the structuesgawation requirements, Eilenberg and MacLane
also de ned a more general concept ohatural transformatiorbetween mathematical constructions,
[46,[104, Sec. 0.2], giving rise to a mathematical theory athematical constructions: the category
theory. The mathematical constructions themselves wenediized agunctors acting on categories as
universes of structures. Some examples of categories céwubd in AppendiX{L, some functors are
worked out il 2.6.8, and many textbooks and handbooks pedhidrough expositions|[8, 16, 115]. The
central feature of category theory is that the relevanttires are captured as what the homomorphisms
preserve, whereas the objects are used as black boxesgtthbidtrelevant structures. Beyond mathe-
matics, similar or related treatments, with black-boxes iaterfaces as rst-class citizens, also evolved
in software engineering as procedural, component-orientedular, object-oriented programming, as
well as in other areas of engineering, science, philosoig,art. As a tool for comprehending logical
abstractions, and for damming the oods of structure, thmetgbstraction appears in so many avatars
that it is needed even to comprehend itself.

1.7.3 Logics of types

By the 1960s, categories caught root in several burgeomeasaf mathematics [47, 165,/191, to name
a few]. Sets, on the other hand, were settled as the accepteddtion of nearly all areas. So when
Bill Lawvere proposed that categories could be used as alfiiom of mathematics, abstracting away
the elements from the sets, neither his thesis advisor Sdfilarberg, nor the other father of category
theory, Saunders MacLane, nor pretty much anyone elsed amrhprehend what could possibly be
meant or done with Lawvere'sets without elements”Lawvere then narrowed his focus and wrote a



thesis reducing to functors and categories just the uravatgebra, not all of mathematics [105]. The
reduction turned out to be so simple ancketive that his broader foundationalat could not be denied

a second chance. Within a couple of years, his analysis of ‘€Etegory of categories as a foundation
for mathematics”[[106] appeared as the introductory atiol a volume coedited by Eilenberg and
MacLane.

Truth be told, Lawvere was not proposing sets without eldme@ategories themselves are speci ed
in terms of elements: the elements of hom-sets, the elenvérite object class, and so on. Types
also usually have some elements, even if they may changeiousavays. A datatype in a software
application may contain one set of elements today, anothert@morrow, while remaining the same
datatype. Types and categories are not characterized byelbenents but by their structures. Two
di erent types, or two dierent categories, may have the same elements, batatit structures. The
category of nite relations and the category of nite-dim@onal Z,-vector spaces have the same set of
objects, saN = f0;1;2;::.g and for every paim;n 2 N the same morphisms: m— n, presented,
say, as matrices of Os and 1s. But composition of mattices(uji)n m andv = (Vkj)p n in the
calgggory of relations has the-th entry j<n(vkj * Uji), whereas in the category @h-vector spaces it
IS j<n(Vkj Uji)- So the two categories are quite drertfl. The set of injections froma; bgto fcgand
the set of surjections frorfcgto fa; bgare identical as sets since they are both empty; but thegrdi
as types, since checking whether a function is an injectiom fa; bgto fcgis di erent from checking
whether it is a surjection frorftgto fa; bgﬂ The propositionsA”: A)and @A, : A) are both false, but
the proofs that they are false are dient, and they therefore correspond toastent types.

1.7.3.1 Propositions-as-types

The paradigm of propositions-as-types, straddling logid g&pe theory, goes back to the Brouwer-
Heyting-Kolmogorov interpretation gdroofs-as-constructionsn the 1920s([173, Ch. 1, Sec. 5], and
to Curry's observation that the implicatioh B can be construed as the type of functiohs— B

in 1934 [38]. It is also related to Kleene's 1945 untyped izdiility of constructive logical connec-
tives by functions[[96], and more closely to Kreisel's 19%pdd realizability [99, footnote]. It was
formalized in Howard's 1969 manuscript, published in 198@q adopted as a logical and programming
principle under the nam€urry-Howard isomorphisni37,[60,/ 100, 101, 102, 139, 186]. But while the
focus of e orts among the logicians was to spell out the correspondehcertain proof-theoretic and
type-theoretic operations, Lawvere from a éient direction arrived at the sweeping claim, and com-
pelling evidence, presented in [107], that all fundamectaistructions, logical and type-theoretic, were
instances of a single universal categorical structure:atfjenction — originating in homotopy theory
[91]. Although the claim had little traction among logicganwith the bene t of hindsight it is clear
that Lawvere's approach presented a radical departure fhenentire foundational tradition pursued
in the mathematical logic arising from Russell-Whitehsdefincipia [156]. While logicians' project
was to reconstruct mathematical structures on logical fitatirons, Lawvere was reconstructing logical
foundations from mathematical structures.

For concreteness and future reference, | illustrate theoapp by aligning the rules de ning basic
logical operations with the correspondences (easily neized as adjunctions) de ning basic categorical
constructs, leading up to the structurecaftesian-closed categoft03,[104]. The double lines denote

4Seen as a logical operation, tAg-product is still the conjunction, but tt#&-sum is theexclusiveor.

5Saying in Sed_1.111 that sets are containers with contentsypes are just the containers was not entirely correctetA s
is just the contents of a container, and a type is a contdirachecks what it contains. Both are easy to use but subtle to
explain, almost like auxiliary verbs.



two-way (introduction-elimination) rules and bijectivercespondences.

Entailment is composition.  The basic rules of logical entailment correspond to thecheategorical
operations, sequential composition and the identities:

A A A A
A'B B'C A—sB B%,C
: f (1.13)
A C Ag C

The unitarity and the associativity of the preorder on tlfiedee automatic, but the categorical signature
requires explicit equations:

idg f=f="f ida h (g f)=(h g f

Conjunction is the cartesian product.

A > A— |
X A X' B X—2 A X-2 B
_ — (1.149)
A .
X*A™NB x BP A B
with the equations:
. . . . D. . E .
ida _ habi=a — idg habi=b ida _ ;_ idg =ida B
Disjunction is the coproduct.
2> A O— A
ATY B'Y A—Y B— Y
A_B Y A+l ly
with the equations:
h [

[; ] ida+™ = +idg [; ]= ida+7; 7+idg = idaB



Implication is the right adjoint.

XAA' B X A— B
X A B w A g

with a unique" : BA  A— B satisfying

" (Ag ida) =g A" = idga

1.7.3.2 Cartesian closed categories

A category is cartesian if it has the nal object and the csietie productsA B for all typesA; B,

as in [I.BELD) and_(1.14). It is closed with respect to thtesan products if it has the exponents
BA, as in [1.16). Since the function abstraction into an expbuerresponds to the-abstraction, the
cartesian closed structure presents a categorical viewhofdd's simple theory of type$ [264nd of
the constructivist propositional logic formalized by Hegtalgebras [72]. The categorical and the type-
theoretic presentations dér only in syntactic details [104, Part I] and the termingldg often mixel.
The cartesian-closed categories are ubiquitous and témtraany areas, from topos theory [87] to
denotational semantics [67]. In dH. 8, we explore a versigtalBle for programming: therogram-
closedcategories.

1.7.4 Categorical diagrams: chasing arrows and weaving str ings

Diagrammatic reasoning was at the heart of ancient mathesnatrchimedes apparently died defending
the circles he drew in the sand on a beach, studying a matliptoblem. On the other hand,
an entire line of religious and political movements foundsens to prohibit all visual depictions in
general and ungodly diagrammatic witchcraft in particul&cience did not prohibit depictions, but
printing made them costly, and mathematical narrativesectorbe dominated by formulas and the
algebraicreasoning, even about geometry. In a similar way, progrargroame to be dominated by the
command-lingeasoning, tting the 80-character command lines of puratids and terminal displays.
After the invention of the computer mouse, the cursor movemspanned the 2-dimensional space of
the computer screen. It may not be Archimedes' beach, buadendrawing diagrams easier.

1.7.4.1 Arrow diagrams

Computers also made printing diagrams easier, just in tsimge the algebraic reasoning about ge-
ometric objects had by then developed its own geometriepett From the outset, the categorical
abstractions were illustrated layrow diagrams An example is in the upper part of Fig. 1111. The func-
tion g can be thought of as a state machine over the state 3padth inputs of typeA and outputs of
typeB. Itis in fact a pair of functiong|= q;q whereq : X A! Xmapsaninpua: Aatthe state

X : X to thenext state x;a) : X, whereagy : X A! B maps them to theutput g (x;a) : B. If the
functionr is a state machine over the state spdcthen a state assignmesit X — Y is asimulation

of the machiney by the machine at every statex : X if for every inputa : A the next state o§(x) : Y

8In [107], Lawvere calls “types” what most category-thetsrisow call “objects”. We call them types again.



by r is thes-image of the next state ofby g, and the outputs coincide. The requirement is thus
r- s(x;a =sq(xa) r s(x);a =q (xa

In the arrow diagram in Fid. 1.11, this requirement meanstti@path going left is equal to the path
going right. The corresponding string diagram equationispldyed below the arrow diagram. The

Y B
AN
e AN
Y A X B
Ny
NS
X A
[ s ]
r = q
[ s ]

Figure 1.11: The equations s(X);a = sqg(x;a) andr (X);a =g (X;a) as diagrams

technique ofdiagram chasingllows encoding a lengthy equational derivation in a simliggram tiled

by polygons spanned by equal arrow paths [114, Ch. XIl, SpcS@ch tilings of equations into dia-
grams for chasing are useful both for building equationabfs and for communicating them. In his
monograph presenting categories to working mathemasidah5], MacLane consistently called ho-
momorphisms between mathematical objectsahtews, reminding the readers that the diagrams are
there to be chased. As a procedure based on identifying algaivpaths between pairs of points, the
method of diagram chasing has been construed as an echo ofathematics of homotopies in the
metamathematics of arrows.

We call arrows functions and objects types. In the terminological soup of categories and com-
putations in this book, MacLane's “arrows” and “objectsash against too many dérent meanings
assigned to these terms by programmers and computer stdenkfloreover, there are just a few ar-
row diagrams in this book, and no real objects. While diagnatic reasoning remains at the heart of
programming and computation, string diagrams give us duingethat arrow diagrams don't.



1.7.4.2 String diagrams

While a single arrow diagram displays as many algebraicesgions as there are paths through it, and
summarizes as many equations as there are path-rerowiadgaces of the underlying graph), a string
diagram displays a single algebraic expression and reqtiegealgebraic equations requires equations
between string diagrams. The geometric overview of eqnatiderivations, that was provided by the
arrow diagrams, is lost. String diagrams, however, lay batgeometry of the algebraic expressions
themselves. The upshot is that many abstract, often conafidebraic transformations are turned into
simple geometric transformations. One example was slithiegooxes in Fig._117. In some cases, like
the middle-two-interchange law in Fig._1.6, nontrivial elhyaic equations are completely phased out by
assigning the same diagrammatic interpretation tedint algebraic expressions. The programming
adventures in the forthcoming chapters will illustrate titiity of such geometric shortcuts.

String diagrams were invented by the physicist Roger Penras a tool for tracing indices through
tensors, and independently by Giinter Hotz, for trackingegthrough boolean circuits. Penrose's paper
[147] is usually cited as the earliest reference, but Hdtesis [82] appeared earlier, in an explicitly
categorical framework. But Gavin Wraith attested in pévabnversations that Penrose was seen using
his string diagrams to avoid Einstein's index conventiolieaaly in graduate school in the late 1950s.
He had apparently refrained from presenting them in putitina mainly to avoid printing constraints.
Be it as it may, the formal presentation of the language d@fgtdiagrams was provided only in the
work of André Joyal and Ross Street that appeared in prii®8i [89]. That work was completed in
the unpublished but widely available draft [90]. Ross Stedso provided a historic account in a public
posting [170]. As computers further facilitated drawinglgminting, string diagrams became a standard
part of the categorical toolkit [9, 33,75, and hundreds bEotitations].

What is the relation between string diagrams and arrow diagr ams? A 2-category is a category
where the hom-sets are categories. Besides the usual dretwsen objects (which we call types in this
book), there are thus also 2-arrows between arrows, likeerupper part of Fig. 1.12. An example of
a 2-category is the category of categories, whose objeetsadegories, the arrows are functors, and the
2-arrows are the natural transformations. A face of an adiagram in a 2-category is not just a hollow
polygon spanned by two arrow paths that may be equal or netpdlygon may contain a 2-arrow. The
graph of the diagram thus consists of 0-cells as verticeglls-as edges, and 2-cells that Il the faces
of the graph. A string diagram in a 2-category is what graotists call &2oincaré dualof the arrow
diagram: the 2-cells of the arrow diagram are the O-cellhefdtring diagram, whereas the 0-cells of
the arrow diagram (the objects of the 2-category) become@-tbells of the string diagram. The string
diagram in the lower part of Fig. 1.112 is obtained by drawingtring across each arrow of the arrow
diagram, and a box in each 2-cell of the arrow diagram, to echtie strings coming into it.

But there are no 2-categories in this book. Only monoidalaartesian categories. Where do our string
diagrams come from? A monoidal category can be viewed asae@iary with a single 0-cell. The
objects of the monoidal category are the 1-cells of the Bgmat, whereas the arrows of the monoidal
category become the 2-cells of the 2-category. Using that@gorical arrow diagrams and drawing the
objects of the monoidal category as arrows and the arrowseeet them as more arrows is generally
not very useful; but using their dual string diagrams anadvilrg the objects of the monoidal category
as strings, the arrows as boxes, is generally very useful.
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Figure 1.12: A 2-arrow in a 2-categorical arrow diagram i®a im a 2-categorical string diagram
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2.1 Computer as a universal machine

Machines! We live with machines. Fig. 2.1 shows some frigmdachines that implement some useful
functions, displayed with their input type strings comimgait the bottom and the output type strings
coming out at the top. A mechanical calculator inputs pafrewombers and outputs the results of

N Clean Revenue Plants
T‘\r\_)\:
NN

N N DetergentDirty Service Apps Missions Tests

Figure 2.1: Di erent machines for derent purposes

some arithmetic operations. A washing machine applid3étergentparameters to transform tiirty
laundry inputs intoClean laundryoutputs. A smartphone inputs tlg@psapproved by itsServiceand
outputs theRevenudor the provider. And nally EVE, the Extraterrestrial Vegdion Evaluator from
Pixar's movie WALL-E, applies th@estsas prescribed for each of itdissions and it delivers any
detectedPlantsback to its spaceship.

One thing that all these machines have in common is that tteegtledi erent. Each function requires a
di erent machine. Each machine is a special-purpose machiespecial purpose of a calculator is to
calculate a special set of arithmetic operations. When € teecalculate dierent operations, we need
to build a di erent calculator.

A computer is a universal machine: it can be programmed tongtthing that any other machine can
do. This is what makes the process of computation into a csatien between functions and programs
like in Fig.[3. Some examples, initiated by the functions ig. 2.1, are displayed in Fig._2.2. A
general-purpose computer can perform the builtin aritioragterations of a special-purpose calculator.
A smartphone is a slightly more complicated case. It is a agergn jail. On one hand it is de nitely

a universal computer. On the other hand, some smart peopieedgout a way how to prevent the
smartphone from running programs unless you pay them. Somputational processes are thus driven
by money. Others are driven by love. Robot WALL-E is taskethwbllecting and compacting trash on
the trashed planet Earth. To be able survive there, he ieaglsipped with a general-purpose computer.
If needed, he can thus also be programmed to do other thihgseded, he can be programmed to wash
laundry. Or he can program himself to perform EVE's functibe. to seek out and deliver a plant. We
shall see in CH.]J6 how computers compute certain programiheyf then run the programs that they
have computed, then they have programmed themselves. Garmpimd humans are similar.

Computers and people are similar in that each of them can gthiag that any other can do. That is
what makes them universal. How do they achieve that? Howtda@ that one can do anything that
any other can do? For the humans, the universality has beeitarrof some controversy, and it may
seem complicated. For computers it is very simple. The fanstthat the computers can compute are
precisely those that can be described by progra@asnputability is programmability.
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Figure 2.2: Universal machines can do anything that anyrattaehines can do

2.2 Universality of program evaluation

A categorical model of a computer is a category where evamgtion is computable, in the sense that
there is a program for it, and a program evaluator evalulatesprogram to the function. Programs are
the elements of the program typerepresenting a programming language. The program evafuate

computable functions of tyd@ A — B, one for each pair of types, B, representing typed interpreters.

2.2.1 Program evaluators

We view a computer as a monoidal category with data serviodsaadistinguisheprogram type

P equipped with aprogram evaluator ,?: P A— B for every pair of typesA;B. It evaluates
parametrized progranG : X — P by composition:
!
fag = X ASL P A—5B (2.1)

whereX is an arbitrary type. The de ning property of program evatus is that they areniversalfor
parametrized families of functions.

Parametrized functions. A family of functionsgyx: A— B parametrized byx: X is presented as a
functiong: X A— B. The distinction between the parameters X and the inputsa : A is not
intrinsic but imposed when the function is programmed. Tiogmm evaluator : P A— B can be
viewed as &-parametrized family of functionsp: A — B, with the program®: P as parameters.



2.2.1.1 De nition

Program evaluators are universal parametrized functions. The programming languadeis uni-
versal as a parameter space because it carries a univeraaigtezed function for any pair of types
A; B, their program evaluatori: P A— B. The program evaluator is a universal parametrized fam-
ily of functions fromA to B in the sense that for any typéand any functiorg: X A— Bthereis an
X-parametrized program, presented as a cartesian fur@tioh— P that evaluates tg:

a(x Q)

fGxga

(2.2)

X A

Di erent but equivalent forms of universality are studied in Th

Examples. An interpreter of a programming language like Python or Sespt provides a typical
family of program evaluators. The tyfis then the set of program expressions. The typed instarices o
the program evaluators are obtained by restricting thepgnaéer to the programs with the required input
and output types. Alternatively, the typing can be imposedcomputations, by running interpreted
type-checkers. Compilers can also be used in a similar wagan of the interpreters but the introduced
program optimizations may require special attention, asmillesee in Ch. 6. Theoretical models of
computation, such as Kleene's program indices and Turimgshines, can also be used, as they include
theoretical programming languages and program evaluaanse they are usually untyped, the typed-
checking must be imposed on computations. The nonstandadelmof computation, such as quantum
computers, biological computers, etc., also contain gnogevaluators for their nonstandard languages.
Even executable software speci cation languages [144] agtract interpretation tools [17] contain
program evaluators.

Explanations and notations.  The universality of program evaluations captures the idéplayed

in Fig. 3, that running programs is a natural surjection.sTitlea is formalized in Sec. 2.5, where the
run-instruction is presented as Xnnatural surjectiomunQB: C (X;P)—» C(X A;B). For simplicity,
the program expressiornanQB(G)(x)(a) are Writtenfoja. Furthermore, whenever the input type
and the output typ® are irrelevant or clear from the context, we elide them aritbiG xga. In general,
we write

"~ fpg: A— Binstead of ;: A— B,
" fGxg: A— Binstead of 5,: A— BforG: X— Pandx: X, and
" fGxg(a) or fGxgainstead of ,(a).

The background on the curly bracket notation is in Sec. 4.6.2



2.2.1.2 What is the difference between parameters and input  s?

Convention. For a functiong: X A — Bon its own, there is no dierence: the parametexs X and
the inputsa : A are just data that it consumes. The fact that we write thenpeter as the rst argument,
and consider the parametrized famifx; ) = gx: A— Bis a matter of convention. f: X A— B

needs to be viewed asparametrized, it can be modi ed ®= A X—245x A—2, B where&
is the data service from Fig. 1.4.

Intuition. The di erence between the parameters and the inputs arises whémtt®n g is pro-
grammed, and the programmer decides that the program witlabe@metrized by: X and that the
computations will take the inputs: A. The idea is that the program parametgrsX are known in
advance of computing, whereas the input valae#\ are only needed at the time of computing. The
parametex: X determines which particular functiap: A— B will be computed and which particular
instanceG x: P of the parametrized prografd: X — P will be used. This explains wh§ must be a
cartesian function: each parameter vakshould determine a unique progr&sx.

Intuitively, the parameters convey to the program the esetates of the worldhat may impact com-
putations in advance of processing the input data intgrnilp., a payroll system may need to perform
di erent computations in derent pay periods, and is parametrized by them. A mobileicgdjmn
performs di erent computations on dérent devices, which need to be recognized in advance. Most
operating systems are parametrized by theedént hardware platforms on which they run. While the
program variables are written and overwritten during thegpem evaluations internally, the program
parameters are set externally.

Naturality. Suppose that the parametrized famglyX A — B is implemented by a parametrized
programG: X — P, in the sense thaty = fGxg: A— B. The formal di erence in between the
parameters and the inputs is displayed in Fig. 2.3.

B B B
P
g = g =
W U]
Yl A x| ¢ x| ¢

Figure 2.3: Ifg = fGg theng (s id) = fGgusesG butg (id t)=fHgdoes not.

" Reparametring x alongs: Y — X leads to the familysy) : A— B parametrized by: Y and
implemented by the reparametrizatiGs= Y —— X -5 P ofthe progrant for g.

~ Substituting for aalongt: C — Aleads to the familyy, = C —— A2 B, still parametrized
over X, but requiring a prograrfl: X — Pdi erent fromG.

Viewed categorically, this distinction means that therinmiionrunQB: C (X;P)— C(X A;B)imple-



mented by the program evaluators is natural along cartésianions into the parameter typébut not
into the input typeA or out of the output typd. We return to the naturality of theun-instruction in
Sec. 2.5.3.

2.2.1.3 Constant programs and slicing two ways
A function f : A— B can be viewed with trivial parameters or with trivial inputs

n o]

a) f:1 A! B,ie. asafamilyfy:A— Bj():| parametrized ovel, or
n o]

b) f:A 1! B,ie.asafamilyfy:|— Bja: A withinputs froml.

Under interpretation (a), condition (2.2) induces progfaml — P such thafFg= f: A— B. This
program is aconstant F= Fy;: P, sincehi: | is its only state of the world. Under interpretation (b),

condition (2.2) induces the parametrized programA — P, each taking the trivial inputi : | and
producing the correspondingrindexed family of constants ag: B, as displayed in Fig. 2.4.
f@ = f a0 = fFo@)
B B B
no
f = P - P
A A A

Figure 2.4:F encodes the functiofi = fFg Family 5 encodes the family, = f 59

2.2.2 Partial evaluators

SettingX in (2.2) to be a produd? Y andg to be the program evaluator: P Y A— Bgivesa
partial evaluator : P A— PforanyY,A; B, as displayed in Fig. 2.5. A partial evaluator is thus a
(P Y)-indexed program satisfyinif Jyga=f g(y;a),

Parametrized evaluations decompose to constant and partia I. Any X-indexed program for a
computable functiorg : X A— Bin (2.2) can be construed as a partial evaluation of a constan
program on datax : X which may happen to be available before the data of #peWNhen that
happensx can be treated as a state of the world for the computationf «g: A— B. This view of
indexed computations is displayed in Fig. 2.6. In summarg)(can be derived from the assumption that
all typesX; A; B come with the universal and the partial evaluators genéridanoted 2 C(P  A; B),
2C(P XP), 2CP X A;B),which satisfy
n
8f 2C(A;B) 9F 2 C (I;P): Foa

n 0
8F2C (I;P): [F]xa

f(a) (2.3)
no
F (xa) (2.4)



f oly;a) = f[ 1yoa
B B
no
no
— P
P Y A P Y A

Figure 2.5: Partial evaluatorsare indexed programs

no
g = P =
X A X A

B B
no no

P P

P G
X A X A

Figure 2.6: A parametrized prograBconstructed by partially evaluating a constant program

2.2.3 Composing programs

We saw in Sec. 1.3.1 how functions are composed sequerdiadlyn parallel:

A—sB B-%,cC A—sB U,V

Al c A U——SB Vv

When the functions are computable, we can compute progranmtbdé composite functions from any
given programs for their components. More precisely, wedstarmineP  P-indexed programs in the



form
(;)ac:P P— P (K)augv: P P— P (2.5)

which for indicesF; G; T: P with fFg= f, f{Gg= g, andfTg= t instantiate to the program& [(G) and
(F kT) evaluating to the composite functions

_ ! ! ! fFg
A c = A P9, 8 1%, ¢ A vty v -gA— B
— V
fTg
Fig. 2.7 shows how (2.2) induces programs for (2.5).
C C B \% B \%
B = \ =
(k) >
Pl Pl A Pl Pl A P P A U pl Pl Al U

Figure 2.7: Program composition programs ( ;) akdl (

2.3 Computable types are retracts of programming languages

A computer as a type universe containing a tiAaf programs together with all datatypes is an embod-
iment of von Neumann's famous slogan tipgbgrams are data The universality of the programming
language as a carrier of the evaluators of all types impliesconverse inclusion, thdata are pro-
grams More precisely, data can be encoded as programs, and ypes tan be checked by program
evaluations.



2.3.1 Data are programs

Instantiating Fig. 2.4 to the identity functiongdor any typeA gives

A

= P (2.6)

A A

Any data itema : A is thus encoded as a progrgsaq : P and decoded bfpagg= a. Every typeA is
thus a retract of the programming langudgeembedded into it by q: A>— P and projected back
by :P—» A which is a surjective partial function. See Appendix 2 farmabout retracts. Changing
the order of composition yields

|

A= ia=
T2 AAZP A p @2.7)

A= P

also displayed in Fig. 2.8. The function is idempotent, i.e. it satisesa A= a.

P P
f programs
[P aN
A = A f data
f programs
P P

Figure 2.8: Data of typ@ correspond to the programs ltered by an idempotent



2.3.2 Types as idempotents
!
Every typeA corresponds to the idempotent= P——s A-29 P wherex= () holds if and only

if the programx is an encoding of an element of type Since the encoding is injective, the elements of
type A can be identi ed with their program encodings, and the tgmitatemenk : A can be viewed as
an abbreviation of the equation= A(X). The idempotent 5 thus xes the encodings of the elements of
Aand lters out all other progrants If we abuse notation and use the laBeis the name of a program
for the idempotent 4, then the type statements can be summarized as idempoteattozcs

X:A () X=%(X) 0 x = fAgx (2.8)

The type statement for a functidn A— B means thak: Aimplies f(x): Bi.e. thatx = fAgx implies
f(x) = fBg(f(x)). Using the idempotence, this implication is easily sumaeatiby the equations

f:A—B | (f=% f %) 0 (f=fBg f fA9 (2.9)
which are also equivalentwitty f=f=f % andfBg f=1f =f fAg The formal equivalence

justifying the view of types as idempotents is left for wouk@.6.3.2.

2.3.3 Pairs of programs are programs

An important special case of encoding types as programe ierthoding of product types as programs,
and in particular the encoding of the prodirt P in Fig. 2.9. Similar constructions allow encoding

P P

P P

Figure 2.9: Coding pairs of programs as programs

n-tuples of programs as single programs, for aniNote that the equations
ba; yeg = x bk;yeg =y (2.10)

make the pairingl ; e injective, but that it may not be surjective, as there mayrogiams that do not
encode a pair. See Sec. 8.5.2 for a construction of surgeptwing.

1We shall work out in 3.6.1.c that all other programs can bepadgo divergent computations.



2.3.4 Ildempotents split

Idempotents on P split. Any computable idempoterk : P— P displays the elements : A as its
xpoints and lters out the programg not in A either by projecting them tA(p) which is inA or by not
returning any output on the inpgt Since every idempotent viewed as a type provides its owttisg|
the type system of a monoidal computer splits all idempsteamnd is said to babsolutely complete
[137]. Treating the types as idempotentsRassures that all idempotents Bisplit. But since all types
are retracts oP, it follows that all idempotents on all types split.

All idempotents split.  If r : A— Ais an idempotent oA and
!

g? ia
A= P—sA—— P
is a split idempotent, then |
A .
R= P2 mAlsA-" p
is also an idempotent. If |
R .
R = P wR—2 P

is an idempotent splitting, then

r= A—2 P A
is also an idempotent splitting, as displayed in Fig. 2.10.
P A
N P o]
: P
IA
S E— A
A iR IR
r = R r = R
A R 1N q°
N A | A P
q
\ P A N
P A

Figure 2.10: Splitting an idempotent in a computer

Upshot. Fig. 2.8 shows how the program evaluator of typ@duces an idempotenty that lters the
elements of typéA. Fig. 2.10 shows how any idempotant A— A induces a typd as its splitting.



Types induce idempotents and the idempotents induce tyésis a foundational view of typing going
back to [160]. When confusion is unlikely, viewing type staents as program evaluations (2.8-2.9)
provides an intuitive view of type checking. When a compugegiven with just a few native types,
or even none, then we can use (2.8) to de ne checkable typaesbélyin from the simplest one: the
booleans.

Remark. If a type universe contains two dérent language$}y and Py, instantiating (2.6) to each of
them displays them as each other's retracts. In other wessh of them can be encoded as a subset
of expressions of the other one. In general, when two setsrateedded into each other, the Cantor-
Bernstein construction provides a bijection between thé#n 161]. There is thus a one-to-one corre-
spondence between the sets of expressions in any two progngntanguages. But the correspondence
is neither computable nor computationally meaningfuls hdt computable because the general Cantor-
Bernstein constructions involves operations that are ooitable and implies Boolean logic [55]. Itis
not computationally meaningful because it does not presery meaning of programs. However, there
is a computable and computationally meaningful isomorpttisat will be spelled out in Ch. 8.

2.4 Logic and equality
2.4.1 Truth values and branching

If we take a progran» for the rst projection to play the role of the truth valtigue” , and a program
? for the second projection to play the role of the truth valfaése” ,

| I
& -1l & -1 o1
|| |

then settingfte = gives the branching operation:

8
o . 3x ifb=>
ifte(b; x;y) = fbg(xy) = -Sy b= 2 (2.12)

The expressioifte(b; X; y) is meant to be readf‘bthen x else y".

2.4.2 Program equality

While deciding whether two computations output equal tssuly need to wait for the computations to
produce the outputs, deciding whether two programs arel equet is in principle easy. To be able to

use such decisions in computations, we are given a deciﬂ&tﬂh:ate%) : P P— Pwhich captures
the program equality internally:

8

3> ifp=gq

2
= = 2.13
(p=0) -S? otherwise ( )



2.4.3 The type of booleans

Z

N\

<

N

Figure 2.11: The typ8 = f? ; >g splits the idempotent

Since the equality:?() is total, the testX 2 >) returns> if x = > and? otherwise. The cartesian
function

P — P (2.14)
x 7! iﬁex§>;>;?

displayed in Fig. 2.11, is clearly idempotent, as it mag® > and all other programs t®. The typeB
arises by splitting this idempotent. It Iters the programsand? and xes the typeB = f>;?g. More
precisely, the elements of this type &€l ;B) = f>; ?g.

2.4.4 Propositional connectives

In any computer, the native truth values? and theifte-branching yield native propositional con-
nectives. One way to de ne them is displayed in Fig. 2.12. Tkgation: g can be reduced to the
implicationq) ?



ifte ifte

)T ifte& : ie

Figure 2.12: Théfte = induces the propositional connectives

2.4.5 Predicates and decidability

Predicates are single-valued. A predicate is aingle-valuedfunction of in the formg: X — B. It
thus assigns a unique truth valgg) : B to eachx: X.

The single-valuedness requirement preventsdpgtmay be true today and false tomorrow. Formally,
this requirement is expressed by the equattprgf x = g qdiscussed in Sec. 1.4. For a computation
g, the equation says that runniggwice on the same input gives two copies of the same outpus Th
justi es thinking of a predicate as asserting a property.

Assertion notation. The equatiomg(x) = > is often abbreviated to thassertionqg(x) that x has a
propertyqg. The equatiory(x) = ? is abbreviated to g(x).

Predicates may not be total. = Computations are branched using computable predicgtesy. in
ifte(q(x); f(X); g(x)). If q(x) divergesijfte(q(X); f(x); g(X)) will also diverge and the branching will remain
undecided.

Decidable predicates. A predicateqis decidableif it is total, i.e. if it converges and outputgx) = >
orq(x) = ? for all x: X. Formally, this is assured by the equatigh q=_, discussed in Sec. 1.4. In
the sense of that section, the decidable predicatesXaee precisely the cartesian functi¥n— B.

Halting notation (X)# abbreviates the equatiog q x=_, for any cartesianx: | — X.



2.5 Monoidal computer
2.5.1 De nition
A monoidal computeis a (symmetric, strict) monoidal catega@ywith

a) adataservicd A —— A—— | on every typeA, as described in Sec. 1.2,

b) a distinguished typ® of programswith a decidable equality predicate?)(: P P— B,and

c) aprogram evaluator : P A— Bfor all typesA; B, as in (2.2).

2.5.2 Examples

Programming languages. As mentioned in Sec. 2.2, the programming language inten@rare the
standard examples of program evaluators. The type uny@fsprogramming languages are standard
examples of monoidal computers. The objects of a monoidalpcerC = Cp are thus the types that
are checkable biP-programmable idempotent functions. The morphism&goéire allP-programmable
functions, partitioned into the hom-sets between the tgseglempotents under which they are invari-
ant. The details are worked out in Sec. 2.6.3.2. Any Turiogyglete programming languadethus
induces a monoidal computer. See Sec. 4.6 for more aboutgradmpleteness. Whilép's program
evaluators correspond s interpretersCp's partial evaluators correspond to its specializers [88.
Turing-completeness of implies that its interpreters apelcilizers can be programmed mitself.
Sec. 4.6 and [140, 145] contain more details and referentls. other way around, the morphisms
of any monoidal computeCp are P-programmable, in the sense of Sec. 2.2.1, which m&keso an
abstract programming language.

Models of computation. Note that each of the standard models of computation, th@dunachines,
partial recursive functions, etc., can be viewed as programg languages, and subsumed under the
examples above. E.g., any Turing machine can be viewed agegon, with a universal Turing machine
as a program evaluator. With suitably formalized execusicdmemas and a concept of types, any of the
models can be used as a programming language [160] and egarnd a monoidal computer.

2.5.3 Program evaluation as a natural operation

In the presence of the structures from (a—b), the prograruaea condition (c) can be equivalently
stated as the following natural form of the "running” sutjen from Fig. 3.

AB
I’Uﬂx

c) anX-natural family of surjection€(X A; B) <« — C (X;P) for each pair of type#; B.

Towards a proof ofc) c¢'), note that any program evaluator. P A— Binduces arK-natural family
run”B making the diagram in Fig. 2.13 commute, whose componests ar

runi®G) = fGg (2.15)

The naturality requirement in Fig. 2.14 means that exe®/ C (Y; X) and everyG 2 C (X;P) should



AB
runp

«— T
CP AB) C (PP

— idp

C(G AB) C(G;P

fGg< G

AB
runy

é/\
C(X A;B) C (X/P)

. . . . - AB
Figure 2.13: Any program evaluatorinduces theX-indexed familyrun =

AB
runx

(‘/—\
C(X A:B) C (X;P)

C(s AB) C(sP

AB
runy

«—
C(Y A:B) C (Y:P)

Figure 2.14: The naturality requirement fom A8,

satisfyrunf®(G) s = run{®G s). De nition (2.15) reduces this requirementf@g, s=fG sg,,
which is tacitly imposed by the string diagrammatic forntiaia of (2.2), and validated by precomposing
both of its sides witts : Y — X. Condition (2.2) says that aiUnQB are surjective, as required. The
other way around, to proyg') c), de ne

= runh%(id) (2.16)

and note that now the surjectivenessufi 5 gives (2.2).
2.6 Workout

2.6.1 How many programs?

Is there a computer with 3 programs? No. There are eitheritiglynmany, or there is just one and
> = ?. We rst discharge this trivial case, and then as soorras ?, there must be in nitely many
di erent programs for each computation.

a. Consider a monoidal compu@mwhere> = ? . In other words, suppose that the programsf@and



? chosen in (2.11) turn out to be equal. Prove the followingntsa

i) Any pair of functions’; : P— Pin C satisfy'
i) Any pair of functionsf;g: A— Bin Csatisfyf = g.
iif) For any pair of typesC;D in C there is an isomorphisl@ D (i.e. a pair of functions

C
C < T~ Dsuchthat d=idc andd c=idp).

~
d

iv) Conclude that any monoidal comput€rwith > = ? is equivalent with the trivial category
consisting of a single object and a single morphism.

b. Consider a monoidal computé€where> , ?. Prove that the following claims are valid for any
numbem.

i) The programming languadgein C contains at least"li erent programs.
i) For any functionf : A— Bthere are at least"2li erent program§ : P such thatf = fFg

Conclude that any monoidal compu@mwhere> , ? contains in nitely many programs, and that
any computable functiof : A— B can be encoded by in nitely many derent program§ : Pthat
evaluate tof = fFg

c. Explain that in a monoidal comput€x

either every indexed functiog2 C(X A; B) has in nitely many programs& 2 C (X; P) with
g = fGg

“orC' 1.

2.6.2 Counting by evaluating: Church numerals

The simplest form of computation is counting. The simplesgpams that can be derived from program
evaluators are the numbers, counting how many times a progravaluated over its inputs. The idea
is to rede ne the numbers internally in a computer as the Eog0; 1; 2: : : such that

nGO(F a = fFda = a

1 (F a) = fFda = fFga

2 (F a) = fFdfa = fFg fFga

3 (F;a) = fFda = fFg fFg fFga

fig(F,a) = fFd'a = [Fg 2 f Fg f} (2.17)
n times

The overlinedn is thus a number-as-program, internal in a computer, whkeréathe usual, "external”
number. When the distinction is irrelevant, we identifyrthe The string-diagrammatic view of the
internal numbers is in Fig. 2.15.



—_

P
e

Figure 2.15: Church's numerals (without theabstractions)

Remark. The task of rede ning numbers as programs is a rst step fateerse programmingxplained
in Sec. 4.6. The programs in Fig. 2.15 follow Church's idearf{27].

Exercises. Specify programs to implement the following arithmetic @i®ns on Church's numerals:

a.sm=n+1
b. a(mn) =m+n

c. m(mn=m n
2.6.3 Monoid computer?

q
In Sec. 2.3.1, we saw that any typeof a monoidal computer comes with a retractidr”_— P and
i

can be identi ed with the induced idempotent i g onP. The question arises:
Can all structure of a monoidal compute€ be reduced to its programming languadge®

In this workout, we pursue this question in parts, asking howeduce the underlying category, its
monoidal structure, and the program evaluators of a mohowlaputer to the monoid of computable
functions on its programming language. Some of the ansvegpsine categorical background (see Ap-
pendix 1) and probably too much work for the rst round butytheave interesting repercussions, so
please come back. The rst ones are easy.

2.6.3.1 Universal program evaluator P P! P

Prove the following claims:



a. Any program evaluator,'; induces the program evaluator§ as the following composites

B

ne
o (2.18)

P A
for all typesA,; B. Prove that (2.18) is a program evaluator, i.e. that it sstiDef. refDef:progev.

b. Any program evaIuator,Ej can be reduced toE using a program transformeﬁ and the type pro-
jections and embeddings, in the following form

B B
P
ng _ ne
A - p (2.19)
B
A P
P A P A
2.6.3.2 Cis the idempotent completion of its submonoid on P

LetPP — > P<%® 1bea monoid, viewed as a category with a single object,tdllltsidempotent
completionis de ned to be the following category

iPj= f9R2Pj% %= %
P (%;& = f 2Pj& '=' ="' o (2.20)

See Appendix 2 for more about this construction. It comeh e embedding
[:P>—P (2.21)

which mapsP, the sole object oP, to the unit id as an idempotent, and any elemeat P to itself, as
an endomorphism on the idempotent id.



Prove the following claims.

a. LetC be a category where all idempotents split (as in AppendiXT2en any functofr : P — C
has an extensioR! : P —s C, unique up to isomorphism, making the following diagram caute

N ~ (2.22)

b. Given an objecP of C, consider the monoi® = C(P,P) as a full subcategory df. Show that the
embedding : P> P from (2.21) extends along the subcategory inclugforn— C to a functor

: C— P , making the following diagram commute

[ (2.23)

if and only if every objec 2 jCjis a retract oP. Verify moreover that is full and faithful (i.e., that
it establishes a hijectioB(A;B) P ( a; g)forall pairsA; B) and that it is determined by — C
up to isomorphism.

c. LetCbe a category where every objekts a retract o and all idempotents split. Then the functor
is an equivalence of categories with a métg

— 1
ce " P (2.24)

and there are isomorphisnig  Ain Cand g, %n P , natural inA and%

d. The equivalence: C— P induces a bijectiolC(P;P) P ( p; p). Show that this implies that

p must be invertible, and furthermore that the componentse$plitting p = P2, 03} LI )
must also be invertible.

Summary. The functor selects for every typé 2 jCjan idempotent

A= P—5A—5p (2.25)
The mate€ ) selects for every idempote#i2 C(P; P) a splitting

Plsbo'sP = % (2.26)

The equivalence functors thus assign to everd C a particular program encoding (2.25), and to every
idempoten®2 P a particular splitting (2.26).



2.6.3.3 Relating the productsin  C and the pairingon P

Any equivalence of categories ' Y allows transferring a given monoidal structure frofnto Y.
Continuing with the categor§ and its submonoi® from 2.6.3.2, it may be instructive to rst work out
this general structure transfer for the special case of theoidal structure@; ;1) and transfer it along
the equivalenc€ ' P . But going further, in this special case at hand, the mongaitlacture ofC is
also re ected on its submonoid in terms of the retractions

| |

pp= pR@bey 5 o die p = P—=»l>P (2.27)

It is interesting, and can be subtle, to express the monstdatture ofP in terms of these retractions.

a. Mapping any pai?o; & jP jalong the equivalence in 8l 2 jCj and then their produ@b B.back
toP gives

% & = Bo I8 (228)
Verify that thisde nesafunctor: P P — P andthatP ; ; |)isamonoidal category.

b. Work out the data services ih induced by the data services@

hb cg;b cqi

Figure 2.16: The convolutiofi? )x = d kxg; bxge

c. The pairing in (2.27) determinescanvolutionoperation ?): P P — P displayed in Fig. 2.16.
Prove the following claims.

i) '? isidempotent whenevérand are idempotent.
i) %?& % &holds for all idempotent$o; &n P.
iiiy There are monoidal equivalenceB (; (?); )" (P ; ;1) ' (C; ;D

d. Suppose that the operatich)( P P — P is associative and has a unitvhich yields a monoidal



structure P;?; |) making the monoidR; ;idp) into a monoidal category. Note that this means
that? and satisfy the middle-two-interchange law from Sec. 1.3.2olthat the two monoidal
structures must coincide, with? ="' and | = idp and leading td P and reducing the
categoryC to a commutative monoid.

e. In summary, for any monoidal categdtywhere all objects are retracts of an objéctand for the
monoidP = C(P; P) we proved the following statements:

(c.) the operation?y) is associative and unitary in ' C , but
(d.) if the operation?) is associative and unitary d¢h thenP 1.

Does it follow that every monoidal category where all olgeate retracts of a single object must
collapse to a commutative monoid? Explain!

Lookahead. In Sec. 8.5.2, we will work out a pairing operatidn; e : P P>— P (with projections)
which is associative up to isomorphismPn and has a one-sided unit.

2.6.3.4 Reducing program evaluators 2to E

We worked out in 2.6.3.2 that the underlying category of a oided computerC boils down to the
idempotent completion of its submonditdon P. We worked out in 2.6.3.3 th&'s monoidal structure
and data services can be reduced to any pairing operatioedéy a programming languadge The
underlying categoryC of a monoidal computer, together with its monoidal struetand the data ser-
vices, can thus be recovered from the mor@idf computable functions on the programming language
P. Can all program evaluators,i5 also be recovered from the program evaluatoP@n

Workout 2.6.3.1 presented some steps in that directionast suggested in 2.6.3.1.b how to derive the
program evaluatorsﬁ for arbitrary typesA andB from the program evaIuatorE using type retractions
and program transformersﬁ in the idempotent completioR . It was claimed in 2.6.3.1.a that the

trivial program transformersy; = id still allow deriving from ,'zvalid program evaluators/? for all
A; B. Here work out the special properties that the program etats derived in this way must have.

a. Suppose that the monoi@;( ;idp) induces a monoidal categorf (; (?);1) with data services
worked out in 2.6.3.2-2.6.3.3. Given

i) a program evaluatorp,in P and
ii) afamily of program transformations%g/‘(; P— Pfor all pairs of idempotent$o;
work out what it means that the composite
fFg = & né%F)o % (2.29)

also displayed in (2.19), satis es Def. 2.2.1.1. This magz829) into a program evaluator for any
pair of idempotent8&and&, and it make$ into a monoidal computer.

b. A monoidal computer is callaghiform if the program transformersf\ in (2.29) are identities for all



pairsA; B and the program evaluators are thus in the form
fFi = B f Fg A

where A and g are the idempotents correspondingAaand B. Recalling from Sec. 2.3.1 that
splitting the idempotenty for any typeX induces an encodinik: X > P and a projectiorg® =

IX: P —» X, prove that any uniform monoidal computer must have theWwilig special properties:
) iag=lipp ia ip
II) pquzipzidp

i) ippp =1ipp ipp idp

iV) ipp I idp = idp
V) Zz A
2.7 Stories

2.7.1 Who invented the computer?

Theinventionof the computer as a universal state machine led taligmveryof computation as a uni-
versal process in nature. The advent of computer engirgebed a tremendous impact on the economic
expansion in the second half of the XX century. But the ade¢rmbomputer science opened a new era
of science, of our interaction with nature and with ourselMgothing will ever be the same.

The successes of the XIX century science gave rise to theigoti expressed by David Hilbert in his
famous slogan:

There is no ignorabimus in science. We must know, and we khaW/!

He closed with this exclamation his Kdnigsberg addresept&nber 1930, at the conference held in his
honor, on the occasion of his retirement. For mathemasicidliibert had previously distilled this quest
for an omnipotent science in th@ecision Problen{Entscheidungsproblemwhich can be paraphrased
as the challenge to

Find a method to decide by nitary means the truth value of famgnal statement.

This was the centerpiece of the famous Hilbert's Program.ositiwe solution was hoped to provide a
logical foundation for science. However, at the same Ksinggg conference, in one of the late sessions,
the 24-year-old Kurt Godel shyly announced that he hadtoaected a provably undecidable statement
in the elementary theory of arithmetic. The constructiors Wwased on a completely new method, in-
vented by Godel for this purpose. At the Konigsberg caariee, Godel's announcement went largely
unnoticed, certainly by Hilbett A year later, when Godel published the details of his tedl], it

2\on Neumann allegedly whispered to Bernays as soon as Giidied his talk: "[Hilbert's Program] is nished”. In the
coming weeks, he derived an important consequence of Gadsllt, and brie y corresponded with Gddel about it. He
never announced it, because Godel had already proveddshié hémself, and included it the paper that he was writinge T
result came to be known as the Second Incompleteness The&wndohn von Neumann seemed to be the only person



Figure 2.17: David Hilbert Figure 2.18: John von Neumann

shattered the foundational movement straddling the contiesirof mathematicians and logicians. It
left Hilbert confused, and allegedly in denial. Godel'sthral provided the rst stepping stone into the
science of computation. Using the recursion schema (disclis Sec. 4.3), Godel encoded the formu-
las of arithmetic as numbers and the proofs of theorems asasjeithmetic operations. The insight of
Godel's proof was that the logical theories, and in patéicthe theory of arithmetic, can be encoded
as word processing, and that word processing can be encodeithimetic. In this way, the elemen-
tary arithmetic can encode its own pro@fisd check their derivability from axioms. Godel's basically
inventedprogramming albeit without a computer. The computer had to wait for Aigri Godel used
arithmetic as a universal computer, or more precisely asvergal logical theory, expressive enough to
encode logical theories in general, and to derive theirfgrdde constructed his undecidable statement
by encoding the elementary arithmetic in itself and insédimig the code of the statement "This number
is the code of a false statement” to the number that encodésdme statement. The resulting statement
is undecidable because its truth would imply its falsitygd aice versa. This is diagonal argument,
going back to Cantor, and previously used by Russell to cactshis paradox which shook up Frege's
hopes like Godel shook up Hilbert's. Yet another avatarhef diagonal argument is the Fundamental
Theorem of Computation, which we will encounter in Sec. 3.3.

The computer as a machine was rst described in the 1936 fmypive 24-year-old Alan Turing. Turing
propagated Godel's idea of programming from logical folasuo state machines. Just like the arith-
metic formulas can be encoded as numbers and processethimetic, Turing machines can be encoded
and processed by Turing machines. While Godel noticedttigglbgical theory of arithmetic was capa-
ble of encoding and processing itself, Turing performedrédmarkable feat of specifying from scratch
a family of machines where the same was possible. In the @ne paper where he introduced his ma-
chines, Turing constructed a Universal Machine, that impudescription of an arbitrary Turing machine,
and then acts as that machine, i.e. performs its compusgatioiits inputs, and produces its outputs. Tur-
ing's Universal Machine was the rst computer. While Godéhsight was logical, Turing's concretized
it into a foundation of a science. He seems to have initidyught of it as of a science of mind, but it
got further concretized into the science of computatione @éntral idea of Turing's computer science,
that programs can be processed as data, was promoted by vomaNe into the architectural principle
of computer engineering. In Sec. 2.3, we saw the rst of thexjrected repercussions: that processing
programs as data leads to encoding data as programs. As Wgéged both Turing and von Neumann,
the practical consequences of their ideas that emergedtfrershes of Hilbert's ideals, got concretized

who immediately understood Godel's result.



Figure 2.19: Kurt Godel Figure 2.20: Alan Turing

further. John von Neumann played an important role in teamisig the concept of a Universal Machine
into a computer architecture that came to carry his name. eSafnthe rst von Neumann computers
were used for work on the rst nuclear bombs. Alan Turing wetlduring the war on a derent kind of
bomb. He developed up a “cryptological bomb”. It was conedilsy Polish cryptographéersbut Turing
used his computing machinery and actually broke Germanasyptems. The achievement is said to
have saved many lives and played a critical role in the aflietbry. After the war, Turing returned to
his work on computation and published his seminal ideasinglaomputation, life, and what later came
to be called arti cial intelligence. His ideas about morgeoesis are sometimes said to have been as
much of a paradigm shift in biology as his ideas about computere in logic. His concept of testing
and indistinguishability remains in the foundations of #teas of computer science as eient as se-
mantics and cryptography. In 1952, Alan Turing was prosatdbr homosexuality, which was at the
time a criminal o ense in the UK, and sentenced to undergo hormonal treatmenppress his libido.
He died two years later, at the age of 41. The cause of deatheisening with cyanide, that was found
in the apple from which he had taken a bite. Although his féwadmle was known to b&The Snow
White”, it remains uncertain whether his death was intentional.

2.7.2 How many truth values?

The XX century logic expanded the horizons of truth far bel/Bn= f>; ?g. The theory of computation
allowed re ning the Brouwer-Heyting-Kolmogorov view of nieematical constructions, mentioned in
Sec. 1.7.3.1, into a theory mdalizability of logical statements [85, 96, 172]. The practice of comiiuta
allowed realizing the semantics pfopositions-as-typef83, 107], also discussed in Sec. 1.7.3.1, as a
programming tool [186]. We shall see in Ch. 4 that the trulues> and? su ce for drawing lots of
programs. On the other hand, already in Ch. 3, we shall s¢etea the simplest computations may
be unable to decide whether to returror ?. The basic undecidability constructions are spelled out in
Ch. 5.

3The original name, “bomba kryptologiczna”, was allegediyamt to refer to an “ice-cream bombe”. The war was still a year
ahead.
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3.1 Computable functions have xpoints

The basic idea of the universal evaluators presented inrdfeegding chapter is thatfunction is com-
putable when it is programmableA function f : A— B is programmable when there is a program
F : Psuch that for ally : A

fly) = fFay (3.1)

In this chapter we draw the main consequences of prograntityaly the next chapter we will use it as
a tool for programming.

The rst consequence of programmability is that any complgtandofunction in the forme: A— A
must have a xpoin@a

ey)=fEgy =) 9 ae@=a (3.2)

The second consequence is the pivot point to move the worlcbofputation. It says that for any
computable function in the form: P A — Bthere is a program : P such that

apy) =fGa(py) = 9 :g(:y)=fay (3.3)

This was proved in Kleene's note [95] under the naBerond Recursion TheorenBut the use of
recursion is inessential for it [169]. On the other handyiihed out to be one of the most fundamental
theorems of computability theory [125]. We call it the Funmtal Theorem of Computation. It is
proved in Sec. 3.3.

3.2 Divergent, partial, monoidal computations

Every computable endofunction e: A— Ahas a xpoint @ A with & ) = .. A xpoint
construction is constructed in Fig. 3.1. We precompeséth the program self-evaluatiofxgx, and

A | A A | A
e e
fg| = Al 9 fg || = —
P fg P fg
P
€ e
P P

Figure 3.1: Iff <g(x) = e(fxgx), then =f og( ¢) satisese( ) = e(f g )



de ne ¢to be aprogram satisfying
f egx = e(fxgx) (3.4)

as displayed in Fig. 3.1 on the left. A program for e(fxgx) must exist by the assumption that the
program evaluator is universal. Settirgn (3.4) to be . yields

fegde = ef g e (3.5)

Dening _=f g eYields a xpoint of e as displayed in Fig. 3.1 on the right. Note that an overly
eager program evaluator may keep evaluating a xpoint ferev

e =T 0l o) =ef O( o) = eef g( &) = eedf g( o) = (3.6)

A divergent truth value. The datatypeB of the boolean truth values was de ned in Sec. 2.4.3. By
de nition, it contains precisely two cartesian elements? 2 C (I;B). The operation of negation

. :B— Bdenedin Sec. 2.4.4 satise? => and:> = ?. On the other hand, applying the above
xpoint construction to the negation yields an element B such that

Since:> =? and:? =>,itfollowsthat>, ., ? (unless> = ? and by 2.6.1a, the whole universe
collapses to a point). Sinceand? are by the de nition in Sec. 2.4.3 the only cartesian elemefB,
the element. : B cannot be cartesian. In summary, we have

c((;B)=f>; 29 ane)y > ;7?5 ;g (3.7)

A computerC always contains divergent computations, and is strictlyoidal, larger than its cartesian
coreC , or else it collapses to a point.

Divergent elements.  According to the de nitions ip Sec. 1.4, an element A is a single-valued
functiona: | — A and it is total if | —2> A—= | = id,. This is an instance of the left-hand

requirement of (1.6). An elemeat: Ais calleddivergentif
!

|25 A= 1 , id (3.8)
Divergent elements are obviously partial. It was also nateSlec. 1.4 that , is the only inhabitant of
the hom-seC (A;1), for any typeA. In particular_, = hiis only inhabitant ofC (I;1). Since the,identity
must be there as well, it follows thatji¢c_, = hi. On the other hand, = | — B— | , id,

gives
C(|;||):L|9 ann foysitg (3.9)

and_, = A— | —— | moreover gives

CAN=f,9 Al foaiear iiO (3.10)

This leaves us with some interesting string diagrams. Sineddentity function of typeéA is conve-



A A |

Figure 3.2: Some string diagrams with few stringsand_, have none.

niently represented as the invisible box on the st#ggnd the identity type is conveniently repre-
sented as the invisible string, it very invisible. When it needs to be seen #_, helps. Since each
—a Is a black bead on top of a string, is a lonely black bead on top of an invisible string, in Fi@ 8n

the left. The partial element =_; . is then conveniently represented as a lonely white beadpon to
of an invisible string, in the middle Fig. 3.2. Lastly, therfia element , =_, _, is represented as a
white bead on top of the stringyin Fig. 3.2 on the right.

A divergent program. The main tool for constructing the xpoints above is the smlfluatorfxgx.
Instantiating (3.4) tee(x) = fxgx leads toe(fxgx) = ffxgxg(fxgx). Settingf gx = ffxgxg(fxgx), the

=)

<
<
<

NS

nNo nNnoono
Figure 3.3: Iff gx = ffxgxg(fxgx),then =f g gives =



evaluation process in (3.6) becomes

=f g=ff gof g )="fff g gf g )off g of g ))= (3.11)

If the programs are evaluated bottom-up, i.e. if every inpust be evaluated before it is passed to a
computation above it, then the computation in Fig. 3.3 goe$ocever, as do those in Fig. 3.1. Such
computationgliverge Can we re ne the evaluation strategies to recognize andlahe divergences?
This idea led Alan Turing to thelalting Problem that will be discussed in Sec. 5.3.

Computations are monoidal.  The upshot of this section is that the xpoints make complatdibnc-
tions and computable types inexorably partial. E.g., initemdto the the truth values and?, the
type B must contain a partial element as a xpoint of the negation . In mathematics, universes
where programs and computations are not a central conceusaally introduced as universes of carte-
sian functions, with a unique output on each input. Partiatfions, multi-valued functions, randomized
functions, etc., are then captured using additional airest[30, 135, 123]. In universes where programs
and computations are a central concern, partial functioeghee rst class citizens, and cartesianness
arises as a special property. Computable functions are@gnjgist monoidal and not cartesian in the
sense that they satisfy just the monoidal laws from Sec. Ut 8dx the cartesian laws from Sec. 1.4. A
monoidal computer where all computations are total andeinglued andC = C , then we are looking

at a model where all intensional aspects of computation haee projected away, and the programs for
a given function are indistinguishable.

3.3 The Fundamental Theorem of Computation

Kleene xpoints. A Kleene xpoint of a computatiory: P A— B is a program that encodeg
evaluated on, as displayed in Fig. 3.4.

A A

Figure 3.4: A Kleene xpoint : Pof gis a program such tha( ;y) =f gy

Theorem. Every computation that takes a program as an input, has a&lgeoint for that input.

Construction. Towards a Kleene xpoint of any given functiay(p; a), wherep should be a program,
substitute fomp a computation ] x, evaluating programs on themselves, like in Fig. 3.5. Cphogram
for the composités. Then a Kleene xpoint of g can be de ned to be a partial evaluation ®fon
itself, as displayed in Fig. 3.6. Fig. 3.6 proves that [G] G is a xpoint of g because

9( :y) = 9 [GIGy = fGg(Gy) = f[G]Ggy = f gy



Figure 3.5G is a program fog ([X] x;y) = fGg(x;y)

L

B B

A A A A

Figure 3.6: A Kleene xpoint of a computable functiog.

The program transformer version of the Theorem. A program transformeis a cartesian function

. P— P that transforms programs. The Fundamental Theorem of Ctatigu is equivalent to
the statement that every program transformer has a xp@nprogram that does the same as its
transform, as displayed in Fig.3.7. A transformer xpoimncbe constructed as a Kleene xpoint of
g(p;x) = f pgx, by applying the Fundamental Theorem. The other way arofamcanycogputable
functiong: P A— B, (2.2) gives &-indexed progrant;: P— Psusch thag(p;a) = G, a. Asa
cartesian function, an-indexed program can also be viewed as a program transfoBgessumption,
ithas a xpoint withf ga=fG ga=g( ;a). So isaKleene xpoint ofg.

3.3.1 Example: Polymorphic quine

A quineis a programQ that, when executed, outputs its own text:

fQgx = Q



A A

Figure 3.7: Any program transformerhas a xpoint : Psuchthaf g=f g

A simple program that outputs a te®tis usually in the form print  %Q%. But that program is ob-
viously longer thanQ and does not output all of its text. A quine cannot containoits) text as a
guote, but has to somehow compress a version of itself, acohal@ress it at the output. The entries in
the annual quine competitions mostly use peculiaritiesapfigqular programming languages to achieve
this. The Fundamental Theorem of Computation allows caosirg polymorphicquines, that can be
constructed in all programming languages. The Fundam@imabrem provides aolymorphicquine
construction, implementable in any programming langtiagguine can obtained as a Kleene xpoint
Q of the projection p: P A— P, where p(X;y) = X, so that

fQy = pPQY = Q

A A A

Unfolding Fig. 3.6 forg = p shows thatQ is the partial evaluation [] , where is a program for
p([X] x;y). The functionfQgy =f[ 1 gy="f g( ;y)thus deletey and partially evaluates on itself.
The programQ thus only contains . RunningQ outputsQ as the partial evaluation of on

3.3.2 Example: Polymorphic virus

A virus is a programV that performs some arbitrary computation. A— B and moreover outputs
copies of itself:

fVgx = h V. f(X)i
The Fundamental Theorem of Computation yields again. Agpyundamental Theorem to
v(p;¥) = hp;p; f(X)i

Ut is assumed that all programming languages are Turing tetmpin the sense of Sec. 4.6. The languages that are not
Turing complete do not allow computing all computable fimres.




The Kleene xpoint is then a viruy':

hv; V; £(X))

fVox = v V: X

oe]

|B B

Explain howV produces the two copies of itself without storing a copy sélit anywhere.

3.4 -combinators and their classi ers

The Fundamental Theorem of Computation constructs a Klegrént of computable functions. But
since computable functions are programmable, the Fundam&heorem can be implemented as a
computable program transformer, that inputs programs amguts Kleene xpoints of the computa-
tions that they implement. The programs that implement quclgram transformers are called the

-combinators They are constructed as Kleene xpoints of suitable corapléat functions. There are
many di erent ways to construct them. Interestingly, there arefsgrams that recognize all possible

-combinators. They are called thecombinator classi ers And yes, they are also constructed as
Kleene xpoints.

The circuitous constructions of the various xpoint comstiions continue to sound complicated, and
there is a sense in which they are complex when presente@rstigly. But their diagrammatic pro-
grams tend to be simple and insightful.

3.4.1 -combinator constructions

-combinator for xpoints  is a program for a function : P— Athat inputs programs for func-
tions A— A and outputs their xpoints (p): A, as in Sec. 3.2. The equation

fpa( (0) = (p) (3.12)



thus holds for allp : P. The -combinator is constructed as the Kleene xpoint in
A

N

-combinator for xed computations is a program  for a program transformer ¥ P— P that
inputs programs for functiond — A and outputs programs for some xed functioAs— A. More
precisely, for everyp: P, the program (p): P satis es

(3.13)

fpg f(p)g=f"(p)g (3.14)

The " -combinator is obtained by applying the Fundamental Thaagain.

A

A A
A I

X f9
= = (3.15)
Pl A Pl A Pl A
-combinator for Kleene xpoints is a program  for a program transformer : P— P which
inputs programs and outputs their Kleene xpoints as in Se®,.i.e. satis es
n OZZZ n.ZZ 0
p (pix = "(p) (¥ (3.16)

forall p: Pandx: A. Here is a Kleene xpoint construction of a program for a onif Kleene xpoint



constructor:

P
= = (3.17)
P A P A P A
3.4.2 -combinator classi ers
For any pair of typesA; B there are program transformers: : P— P whose xed points are
exactly the corresponding xpoint operators, i.e. for gvgrR2 P the following equivalences hold
n o no n o no n: 0 no
v =y v =y v =y
m m m (3.18)
no no n no n o

(0] n (0]
8p: p fygp =fygp  8p: p  fygp = fygp 8p: p fygp;x = fygp (X)

Classier of  -combinators for xpoints.  Consider the equivalence in (3.18) on the left. The right-
hand sides of the two equivalent equations become equathfdides of the rst equation are applied
to the argmenp. The equivalence will then hold if and only if the left-harides of the equations are
equal. Itis thus required that: P— P satis es

n o no
) p = p fygp (3.19)
|
This will hold if (y) = ywhere is a program for
no no
v:p) = p fygp (3.20)

Note that the -combinator was de ned in (3.13) as a Kleene xpointyirof the function in (3.20).

Classier of  -combinators for xed functions. To realize the equivalence in the middle of (3.18),
we apply both sides of the rst equation fagain, and run the output as a programxorf we run
both sides of the second equation in the middle of (3.18% as well, then the right-hand sides of the
two equivalent equations become identical again. For tlevalgnce to hold, it is now necessary and
su cientthat : P— Psatis es

n._ ) non o
Mp® = p fygp (¥ (3.21)



To specify ~, this time we need the programs and ; which implement the functions on the right in

n. o no n 0
o (Y;p;X) hp - fygp (x) (3.22)

n. o .
o (V;p) (3.23)

1 (5p)
. h. i .
todene (y)= 1 y. The -combinator was de ned in (3.15) as a Kleene xpointyjif the function
in (3.22).

Classier of  -combinators for Kleene xpoints. Towards the equivalence in (3.18) on the right,
proceeding as above we nd that it is necessary andcsent that : P— P satis es
n o (0] no
Mp® = p fygpx (3.24)

Wedene o 1:Pby
n:

= 0 no
o (VP %) p fygp; x (3.25)
n: O h::

c |
1 yyp = o P (3.26)

o hll: | o
and set (y) = 1 Y. The -combinator was de ned in (3.17) as a Kleene xpointyirof the function

in (3.25).

3.5 Software systems as systems of equations

A software system is a family of programs that work togetis#nce programs in practice usually work
together, most programs belong in some software systenmismast programmers work as software
developers. Keeping the programs in a software systemhegalso requires a lot ofietgprogramming,

of programs that compute programs. We get to metaprogragand software engineering in Ch. 6.
But mutual dependencies of programs that work togethee ali®ady on the level of xpoints. The
task of nding joint xpoints of functions arises in all engeering disciplines, and has been one of the
central themes of mathematics. It is usually presentedeatasik of solving systems of equations. Here
we sketch a basic method for solving systems of computahlaties that can be used to specify some
joint requirements from systems of programs. The upshdtas any family of computations can be
bundled together into a software system: there is alwayméyfaf programs that code them together.
The idea and the main theoretical developments go back tmBag Smullyan [164, Ch. IX]. The brief
diagrammatic treatment and the simplicity of applicationaceal the signi cant obstacles that had to
be surmounted.

3.5.1 Smullyan xpoints

For any pair of computations

g:P P A—B and h.p P C—D



there is a pair of programs G : P such that

g(G:H;x) = fGgx and  h(G;H:y) = fHgy

Constructing Smullyan xpoints. Let 8 and B be the Kleene xed points of the functior :
P P A—Bandhi:P P C— Ddened

B(P;gX) = g pao gpx (3.27)

Ba:py) = h paoapy (3.28)
and de ne h i h i

G= 8 H H=Hh @

The constructions now give
h i, hi
GGiHY = g 6 A R Bix 2" &hix
h i, hi
hGiHiy) = h 8 B B 8y “2h hby

n@o B:x = m@a" hox = fGgx (3.29)
nho Gy = n?q'dgoy = fHgy (3.30)

The concept behind this algebraic magic emerges from therpiof the functionlg and®, and of their

Ll SN

Figure 3.8: De nitions of8 andB as Kleene xpoints

xpoints @ andA in Fig. 3.8. The diagrammatic form of (3.29) in Fig. 3.9 shdvesv the construction
follows the idea of the Fundamental Theorem, or more pricisethe construction of the Kleene

xpoint in Fig. 3.6.

3.5.2 Systems of program equations

For any n-tuple of computations

g:P" A—B fori=1,2:::;n



Al» T :

A A A A

Figure 3.9: A geometric view of (3.29)

each depending on n programs, there are programs3s; :::;Gp : Pthat are xed by the given com-
putations, in the sense of the following equations:
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3.6 Workout
3.6.1 Divergence and lazy branching

The divergence is that any computation composed with agivgrcomponent gets swallowed by the
divergence. This is not always justi ed. E.g., the branchimstructionifte(b; >; ) is normally expected
to output> if b = > and to diverge ifb = ?. However, the implementatioifte(b; f;g) = fbg(f;g)

in Sec. 2.4.1 requires thét f, andg are evaluated before their outputs are passetteto With that



implementation,ifte(>;>; ) will always diverge. To avoid this undesired behavior, tasiguages
make use of programmability of the brancHesndg, and implement a branching operati&iTL(b; f; g)
which evaluates the conditidmand outputs a prograi for f = fFgwhenb = > or a progranG for
g = fGgwhenb = ?. In this way, only one of the branches is evaluated, and ditdy the branching. A
more practicalazybranching should therefore satisfy

ift™ byF;,G = ffbg(F,G)g (3.31)
a. Program a diagram for the lazy branching in (3.31).

b. Specify the program transformeETE; IFTL : PP — Psuch thafIFTE(b; F; G)g= ifte b; fFg; fGg

andfIFTL(b; F;G)g= ift" b;F;G . While both evaluatd, input F andG and output a program that
runsF if bis true andG if it false, they behave dierently. Provide examples of dérent and of
indi erent behaviors.

c. Given an idempotenta: P— P such thatx = a(X) holds just for the (programs that encode)
elements ofA as in Sec. 2.3.1, construct an idempotegt P— Pthat still xes the elements oA
and is moreover a subfunction of the identity BnIn other words, for all programg that do not
encode elements @&, A(y) should diverge.

3.6.2 Stateful xpoints

The Fundamental Theorem remains valid for stateful (indgkenctions and programs. Here we work
out two kinds of stateful Kleene xpoints.

a. Show that any-indexed computatiolg : P X A — B has anX-indexed Kleene xpoint
X — Psuch that for ala: A

g( x;x;a) = f xga (3.32)
b. Show that anyX-indexed program transformer. P X — Phas arnX-indexed xpoint : X— P
such that

f( xxXg = f xg

3.6.3 Qing, kuine, narcissist, virus generator

a. A narcissistis a programl which inputs programs and outputs its own images along thetifans
that the programs encode:

fTgx = fxgT
Find a narcissist!

b. Avirus generatoris a program transformer: P— P which transforms programs into viruses. Its



function is:
D E
f Fgx = F, F; fFgx
Program a virus generator!

c. Show that there are progra@ing andKuine which on any input output each other's text:

fKgx=Q fQogx =K
3.6.4 A loopy software system

TheLoopy Credit Union (LCUpRccount system consists of
" adatabas® = x, U where
— U is the list of customers,
— X, is the account balance of the custormet U
— 2 U is the account into which the LCU collects the fees for theivies;
" three types of transactions:
— depositd(u; X) = B+ x, for eachu 2 U,
— withdrawalw(u; X) = B x, for eachu 2 U, and
— transfert(u; v; X) = w(u; X) ; d(v;x) ; t(v; ; rx) for every pairu;v2 U.

While the deposits and the withdrawals are free of chargerehipient of each transfer afcoins is
charged a fee afx coins, transferred to the fee accounf transfer from a customerto a customev
is implemented as a sequential composition of a withdrafalfiom u's account, followed by a deposit
of xinto v's account, followed by a transfer ok into *s account.

Develop the LSU-software system as a xpoint.

3.7 Stories

The Fundamental Theorem of Computation says that every atatignal process has a Kleene xpoint.
This realization evolved through several fundamentalgd&arst there was Cantor's diagonal argument
[20]. Then there was Russel's application of that argumerddrive his paradox from Frege's unre-
stricted set-comprehension [154]. Then there was Godefsication of that construction in logic, to
derive incompleteness of Russell-Whitehed@ficipia and all other systems containing the arithmetic
[61]. Then Stephen Kleene proved the Fundamental TheoreBowiputation as a remark in the short
paper [95]. He continued to treat it as anstioot of his extension&ecursion Theorelj®7, 866]. Some
years later, the program transformer version was formdlft&3] and Kleene's remark got promoted
into the”Second Recursion TheoremMany years and many fundamental applications later, theena
got extended t6Kleene's Amazing Second Recursion Theorg?5]. Raymond Smullyan proved the



Figure 3.10: Stephen C. Kleene Figure 3.11: Raymond Smullyan

double- xpoint version from Sec. 3.5.1 and studied the gahapproach in his book abotDiagonal-
ization and Self-Referencdg165]. He also wrote many popular books about the logic dfredérence
[166, 167]. The topic lent itself to other popular treatnsdi, 149]. In the years before his death, John
von Neumann had noticed that computational self-referampdies structural self-reproduction, which
is the characteristic of life. On his deathbed, he was pregax series of lectures about life as compu-
tation [130]. The idea was that a universal computer witlsseshand actuators could gather materials,
process them, and produce a copy of itself. Or several coglightly modi ed, letting nature select the
ttest. The computational aspects of life also preoccupiéan Turing towards the end of his short life
[175].
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4.1 Reverse programming

In the practice of computation, programmers are given ararogling language, with a basic type sys-
tem and some program schemas, and they are asked to buildup®@nd run program evaluators.
The theory of computation goes the other way around: itsfasim program evaluators and builds a
basic type system and program schemas. This is the ideavefse programmingIn the preceding
chapter, we used the program evaluators to construct arpoints. In the present chapter, we con-
struct the datatyp®&l of natural numbers, with the basic arithmetic operations #we main program
schemas that it supports. The program structures are ddriv@ program evaluators and data services,
and carried forward as syntactic sugar. Behind the sugagrams are expressions built from typed
instances of a single instructionn, composed using the data services. Such expressions centipei
Turing-complete programming language Run. This chaptelissput the basic program schemas in this
language, and explains what it means to be Turing-compieteei end.

4.2 Numbers and sequences
4.2.1 Counting numbers

Numbers are built by counting. Counting is the physical psscof assigning ngers or pebbles to
apples, or sheep, or coins. Counting is the earliest fornowfautation. Our ngers were the rst digital
computers. The rst algorithm was the assignment of 10 ngers to 10 aspbr sheep. The second
algorithm may have been the idea to count the apples or shette b ngers of one hand, and to use
the 5 ngers of the other hand to count how many times the @hthwas used. That would allow us to
count up to 25 apples, instead of just 10. Towerth algorithm could be to count up to 1024 apples using
the 10 ngers. Before that, someone should have discovetbddaalgorithm, allowing them to count
up to 36 with 10 ngers. How would you do that? The idea is tha&gad with 5 exible ngers has 6
states, and not just 5, since it can stretch 0, 1, 2, 3, 4, og&rs, while keeping the rest bent. The step
to counting 2° = 1024 apples using the 10 ngers follows from the observathmat each nger has 2
states: stretched and bent. In any case, noticing 0, asateeaftwhere nothing has been counted, and
using it in counting, turned out to be a revelation.

Only natural numbers. The numbers built by counting are studied asrhtural numbers. The inte-
gers are built by inverting the addition of natural numbéhe, rationals by inverting the multiplication,
and so on [35]. For the moment, we focus on counting, and tesepit discussions about "numbers”
invariably refer to thenatural numberdgrom school.

4.2.2 Numbers as sets

If the counting process is required to produce an outpuh theust involve from 0, as the state where
there is nothing left to count, and the output is ready. Odsitimber of elements of the empty set, which
we writefg Since the empty set is unique, it is the best representatitee number of its elements, so
we set 0= fg Nonempty sets are formed by enclosing some given elemettgebn the curly brackets,
like in fa;b; cg The elements can be some previously formed sets. So we partlie seffgg with a
single elemenfg We set 1= fOgand use it to denote the number of elements in all sets withglesi

1The Latin word "digitus” means ” nger”.



element. There may be many sets with a single element, as asathere are elements given in the
world; but only one number 1. But even if no elements werergivee certainly have the setsOfgand

1 = ffgg which are di erent, since one is empty and the other is not. Now we can foersdt 2= f0; 1g
with two di erent elements. Continuing like this, we form the sequefficeimbers

0 = fg
1 = fOg = ffgg
2 = f0,1g = ffg ffggg
3 = {0,129 = ffg ffgg ffg ffgggg (4.1)
4 = f0,1,2,39 = ffg ffgg ffg; ffggpffy ffagff, fflggggg
n = f0;1,2:::;n 1g
n+1 = f0;1,2:::;n 1,ng (4.2)

After a long history of troubles with numbers, from the Pygbeeans to Frege, the idea of counting
starting from nothing was proposed by a 17-year-old Huaganunderkind Neumann Janos, who later
became John von Neumann. We saw him in Fig. 2.18, but see App8rfor an earlier photo. The
process of counting was thus implemented as a process ofiifging. The numbers are built starting
from nothing, i.e. the empty set as thase caseand adding at eacétep casea new element, obtained
as the set of all previously built numbers:

0="fg n+1=n[fng (4.3)
Since all numbers are thus generated from 0 by the operatiof }, they must all be in the form

n = fL+1{§ 1}+0 (4.4)

n times

In the computer, each numbeis thus in principle a wire witm beads, as depicted in Fig. 4.1.

Figure 4.1: The numberis n-th successor of 0.



4.2.3 Numbers as programs

There are many dierent ways to implement numbers as programs. A simple oreli@ethis:

0 = d>0e

1 = d?;0e

2 = d?;1e = d?;d?;0ee

3 = d?;2e = d?;d?;d?;0eee (4.5)
n =

d?;n 1e = d?d?d d?20 ee
z
Frﬁlayes’s

whered ; e : P P— Pis the pair encoding from Fig. 2.9, ard ? : P are the boolean truth values
from (2.11). This is a version of (4.1) adapted for computers

Notation. We writen to denote a program chosen to represent in a computer "thebatn from the
"outer world”. When no confusion is likely, the overlining omitted.

Programming counting.  The counting constructors (4.3) can be implemented as thgraam con-
structors B B
0 = d>;0e s(n) = d?;ne = n+1 (4.6)

Placing> as the pre x of0 and? as the pre xes of the non-zero numbdrs n allows us to use the rst
projection as aero-testand the second projection as fredecessooperation:

> §> ifn=0 % gﬁ ifnzog
0 = Mo = -8? otherwise8 r(m = e = -Bﬁ otherwise8 (4.7)
The diagramms for the four operations de ned in (4.6—4.€)displayed in Fig. 4.2.
Different numbers are represented by different programs. If any m = n then eitherm = n, or

the computer is degenerate, in the sense that all elemealbtgpes are equal, and thus all types are
isomorphic with the unity typé.

We demonstrate this by showing that the following condgiane equivalent in any monoidal computer
a) there are dierent natural numbera, nwith equal representations = n;

b) > =7?;

c) the computer is trivial: for alf;g: A— Bholds f = g, and thus all types are isomorphic.

Since (c) obviously implies (a) and (b), we just prove£p) (b) and (b)=) (c).

" (@)9) (b) Supposen< n. Then
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Figure 4.2: Bas® = f g= d>;f gestep ups(x) = d?; xe step dowrr(x) = bxcy, test Ox = bxq

" (b)) (c)Forf%g®: P—s P, the assumptior = ? gives

f = f>g(f,g9) = f29(f;9) = g

By (25) and (26), any paif;g: A—s Binducesf =iz f gaandg=ig g gasuchthatf =g

if and only if f = g. But if all functions are equal, then all type retractione @omorphisms.
Since by Sec. 2.3.2 all types are retractdpft follows that all types are isomorphic, and thus
isomorphic to the unit typé.

4.2.4 Type N as an idempotent

The task is now to program an idempoté&ht P— Pto Iter out the numbers in the form (4.5) from
other programs, so that N is captured ag = N(n). The idea is to map each: P as follows:

~ if x= 0, then outpulN(x) = x;
" if x=d?;ye then outpulN(X) = xif and only if N(y) = v.
Sincey = N(2) satis esN(y) = y for anyz: P, this can be implemented informally as

X if x=0
dixcy; Nbxcie  if bxgg = ? (4.8)
otherwise

N(x) =

* 00K/ AKX/ CO



Towards a formalization, this can be rewritten in terms @& tperations available in the monoidal
computer as the function: P P— Pwhere

?

(mX) = IFTExZ0; x IFTEko=Z?; s fpg r(X); (4.9)

Here we use the laziFTE-branching from 3.6.1 to avoid evaluatingwhen it is not selected. For a
Kleene xpointN : Pof , settingN = fNggives

?

N(x) = fNgx = (N;x) = IFTE x=0; x; IFTE bxcoz??; SNr(x ;

It easy to prove thall is a subfunction of the identity, and that it produces an wiuyhen the input is a
number:

NX)=y ( 9 nmx=s0)=y

A convenient order of evaluation of not obvious in the above command-line form, is displayed in
Fig. 4.3.

IFTE

IFTE

Figure 4.3: The idempoteM : P! P for the datatype of natural numbers

Remark. Replacingx Z 0 with 0x and bxcy 2 2 with with :b XC would yield a type ofintensional



naturals, still supporting the same operations, but withtipla representatives of each number. The
present de nition Xxes unique representatives as soon asdpresentatives of 0 affdare chosen.

4.2.5 Sequences

A cartesian function : N— B, taking numbers as inputs, is usually presented bys#upiencef its
outputs

fo; oy foriio i fisoo

wheré the fis are cartesian functionrs— B. While viewing functions that vary over numbers as
sequences is helpful, and writing the number inputs as sipbsoften simpli es notation, note that all
this is just a matter of notational convenience. Formally,

~

1. .
i B oS the sequence notation for N— B, and

1. .
© fitA— B oS the sequence notation forr N A— B.

4.3 Counting down: Induction and recursion
4.3.1 Computing by counting

Counting, induction, and recursion are schemas used tihggequences of increasing generality:

counting builds the sequence of numbersl®@;:::: N fromfg: N ands: N— N by
0="fg n+1=g(n) (4.10)
induction builds sequences of elementg 1; 2;:::: Bfromb: Bandq: B— Bby
0o=b n+1 = d(bn) (4.11)
recursion builds sequences of functioffig f1; fo;:::: A— Bfromg: A— Bandhg;hy;hy;::::
B A— Bby
fo(x) = 9(x) fre1(X) = hn(fn; X) (4.12)

Counting is a special case of induction, and induction isegisppcase of recursion. They are the methods
for computing by counting. More precisely, they are the rodthfor computing by countindown since
the value of ther{ + 1)-st entry of an inductively de ned sequence is reducedhéovalue ofn-th entry.

In monoidal computers, this is captured by program evaistioithin program evaluations.

2The notation is also used whdris cartesian only in the rst argument, arig are monoidal functions.



4.3.2 Induction

Theinduction schemafor an arbitrary typeB is

b:B g:B— B
(4.13)
lb;gMN— B
where thebanana-sequendd; gMs de ned
;g = b Lb;aMny = q Lb;g¥ (4.14)

Why bananas? If the sequence de ned in (4.14) is given a name= Lb;gM the list of its values

becomeq o; 1; 2;:::). But programs usually do not use such listings, but onlywatal particular

entries. So instead of reserving the namenly to be able to call »3, the programmers invented the
banana-notation, and cél; gMs.

Computing as counting down.  To evaluate an entry of an inductively de ned sequence, veeeiad
down the step-case part of (4.14) to the base-case part:

Lb;gM = Lb;aMo) = qLbiaNh sy = P oMbz = = o' Lbigd = o' b (4.15)

This descent is displayed in Fig. 4.4.

Figure 4.4:Lb; gMs computed by counting-beads and replacing them wigpboxes



4.3.3 Reverse programming induction

The entries of the sequence= Lb;gM: N— B for anyb : Bandq : B— B can be computed by

counting down by a program de ned as a Kleene xpoint of thetesian functiorf : P N— B
de ned
e(p;n) = ifte 0°(n); b; q fpg r(n) (4.16)
no
If € is a Kleene xpoint of€, then setting = € yields the sequence: N— B of

B

N

Figure 4.5: Induction in monoidal computer

n= € =e€¢€n =ifted’(n); b;q rm (4.17)

The construction is displayed in Fig. 4.5.

4.3.4 Recursion

Therecursion schemafor specifying sequences of functions froto B is

gA—B h.N B A—B
lgghMN A— B

(4.18)



Thebanana function sequentg; hMs de ned

Lg;hM(x) = g(x) Lg;hNm(X) = hn Lg; hM(x); x (4.19)

Evaluating recursive functions.  In the most general form, computing by counting backwaradsges
very ine cient. This is to some extent re ected in its algebraic exgiam

Lg;hM(X) = Lg;hMo (X) = hy 1 Lg;hNh 19 (X) 5 x = |

= hy1 hh2lghNi2g(X);x;x = = hy1hy2  h LghM(X); X X ;X =
!

=hy1hhi2  hihy LGhM(X);x ;%X XX = hya(hn 20 ha(ho(9(¥); %X X);X)

The diagrammatic view of the same countdown in Fig 4.6, h@wneshows that the recursive descent is
still a simple counting process: The recursive step is edpdnn Fig. 4.7, showing that the successor
beads need to be copied as they are counted.

4.3.5 Running recursion

For any pair of functiong) : A— Bandh: N B A— Bin a computer, the functidn= Lg; hM:
N A — Bderived by recursion (4.18) is also computable. The prodmani can be constructed as a

Kleene xpoint as follows. Consider the functiodh: P N A — Bde ned by
Bpinx) = ifte 0°(n); 909; hrwy P (r(n);%);x (4.20)
If Fis a Kleene xpoint of £, then the de nitions give
nIEO(n; X) = B B;nx = ifte 0°(n); g(X); Py (n) n!Eo(r(n);x);x (4.22)
Unfolding theifte-branching gives

8
3g9(X) o ifn=0

no
E (m;
X = 3 emi:x ifn>0

(4.22)



Figure 4.6:Lg; hMs evaluated by replacing threth s-bead byh,



N A N A N A

Figure 4.7: Intermediary step in Fig. 4.6: Arbead is cloned before one copy is discarded

n o
which means thatf satis es (4.19), and we can set

no
lghM(x) = F (n;x) (4.23)
The construction is summarized in Fig. 4.8.

Evaluating a recursive function in a computer. How is the function in Fig. 4.8 evaluated down to
its lower values? Suppose the ingutai : P A enters the strings at the bottom. At the rst step,
both values are gppjesh to 0° andr, anda t¢,gandh. Going up,r is evaluated om, and the result
is copied toh and F , as isa. The valuey = F (r(n);a) is computed next and the output is fedhto

The computations n), g(x), and hn) (y; @) are then performed in parallel. #fis a correctly formed
number in the fornd?;r(n)e, then §(n) is ? andifte evaluated or? reduces to the second projection,
andnogtputs the valub,n(y; @), and the computation halts. The recursive step is the atratu of
y= PF (r(n);a) = Lg;hMn)(a), sinceF is the Kleene xpoint de ninglg; hM The red boxes in Fig. 4.9
show how the Bomputation of); V) (@) is embedded within the cowwtationlq hM(a): the big red
boxLlg;hM= F on the right is the same function as the little red bBx contained in the diagram on
the left. The big one is evaluated arand the little one om(n) = n 1. If we zoom into the little box,
and open it up, it becomes the right-hand side of anotherahadike Fig. 4.9, just a step furtherdgyn
the recursive ladder Fig. 4.6. On the left-hand side of thegrdm there is another copy af; hM= FE

in a small box, this time evaluated ofr(n)) = n 2. The recursive ladder thus unfolds down, as the
evaluation of eachg;hM, form = n;n 1,n 2;:::;1 calls for the evaluation of the copy &f; hM
onr(m =n 1,n 2:::;0. Atthe last such step, thé-gest evaluates to, andifte outputs the rst
projectiong(a) = Lg; h\(a), which is returned to the functidm (Lg; hN(a); @) = Lg; hM(a) that called it,
and so on, up tag; hM(a). This is the evaluation process depicted in Figures 4.64and

In summary, Fig. 4.9 shows how that recursive evaluationgse can be realized using the self-reference
of the Kleene xpoints. In string diagrams, these selfsalle captured by the box that contains a copy
of itself, that contains a copy of itself, and so on. In theecakrecursion, the calls count down from

the evaluation through self-reference may not be nite.
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4.4 Counting up: Search and loops
4.4.1 Search

While the recursion counts down, and reduces the vallg; &t (a) to Lg; hM 1(a), Lg; hM 2(a), all the
way tolg; hN(a), the search counts upD 2;:::;n;::; computes the values of a given functiog(x),
and outputs an inder if a value satis es some condition, usually an equation. Wye example of
search is the minimization schema, searching for the sstalleN such that ,(x) = 0 holds for a given
sequence of functioris: N A— N and an inpuix : A. The schema is thus:

"N A—N
f=MUC):A— N

where f(X) = n ("a(X¥)=0) (4.24)

In the monoidal computer, testing tHaf(x) = 0 is implemented as the predicate
!

0?'n = A%NLB

The requirement that = f (a) is the smallest natural number such thatx) = 0 means that,(a) = 0
impliesn  mfor all m, which using the previously implemented predicates besome

f@Zn = 0”.@ "8m0gn@) 0°(n m) (4.25)

To implementf = MU(g) in the abstract computer, we use an intermediary comput&i: P N
A — N again, this time de ned

B(p;nx) = ifte 0°gn(X); m; p (S(N); X) (4.26)

as displayed in Fig. 4.10. R is the Kleene xed point off, i.e.

B(nx) = ifte 0°gn(X); N; B (S(n);X) (4.27)

nhi o
then setf = MU(g)= F 0, i.e.

f(x) = B(0;X) = ifte0°go(X); 0; B (1;X) where
B (LX) = ifte0’qi(X); 1, B (2;X) where
B (22X = ifte0gp(X);2 B (38X :::

Running search in a picture.  The diagram in Fig. 4.10 performs search by calling its owmoayc
that it contains, just like the recursion did in Fig.4.9. Hedf-call displayed Fig. 4.11 is analogous to
the one in Fig. 4.9. The crucial derence is thatF (n; X) in equation (4.27) and Fig. 4.11 calls itself
on the success®n) = n+ 1, whereas in equation (4.22) and Fig. 4.9 it calls itselffmpgredecessor
r(n) = n 1. While the recursive calls descend frosrand must terminate aftersteps, the search calls
ascend, and may diverge to the in nity if nois found to satisfyg,(a). (Another di erence between
Figures 4.9 and 4.11 is that the box on the right is large irfidhmer and small in the latter. This is not
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Figure 4.10: Unbounded search in monoidal computer
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Figure 4.11: F n;x contains B s(n); x
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a real di erence, but the two views show th& on the right corresponds to the entire computation on

the left, and that it is the same function like the componerthe left.)



4.4.2 Loops

In most programming languages, the unbounded search iflyusnpressed using the loop constructs.
E.g. thewhile loop, written in pseudocode, is something likdile t(x;y) do h(x;y) od, wheret :

A B— Pis a predicate to be tested, ahd: A B-— Ais a function to be executed while the
predicatet is holds. The derivation rule is thus

t:A B—P h:A B—A
f=WH({t;h):A B— A

Informally, the intended meaning in terms of tvhile-pseudocode
f(ayb) = x:=a; while t(x;b) do x:= h(x;b) od; print x

wheredo andod open and close a of block of code, and= ais an assignment statement. Tdweblock
inside thewhile -loop assigns the output of the given functibmo the variablex. The idea is that the
predicatd is tested on the input values= a andb, and if the test is satis ed, and returns the truth value
>, thenh is applied, and it updates the value stored.ir\t the next step, the new value= h(x; b) and
the oldb are tested by, and as long asremains true, the functiohis reapplied, and it keeps updating
the value inx. If the testt at some point returns the truth val@e the functionf outputs the current
value ofx, and the computation halts. One way to formalize the intdraenputation process is to:

" de ne a sequenceap; a;; ap; : : :in Ainductively, settinggp = aandaj+; = h(a;; b);

output f(a; b) = a for the leask such that t(ag; b).

Note that the functiorh keeps updating the values of the variakle A, but that the valud : Bis a
parameter, on which botifa; b) andh(a; b) depend, but the loop does not change it.

To implement a while-loop in an abstract computer, we writingermediary functiorf: P A B— A
again, and use its Kleene xpoint to as a program for WH(t; h). The intermediary function is this
time:

Bpab) = iftet(@b); p (h(ab);b); a (4.28)
The Kleene xed point® of £ now satis es

F (ab) = iftet(a;b); F (h(a;b);b); a (4.29)



and we sef = WH(b;h) = F . Unfolding yields

8 9
f(a:b) f(h(a;b);b) if t(ab) 3
| Pa otherwis

8 9
3f (h(h(a;b):b);b)  if b(h(a; b); b) =

f (h(a; b); b) P (a:b) otherwise

8 9
2f (h(h(h(a;b);b);b);b) if t(h(h(a; b); b) ; b)i

f (h(h(a; b); b) ; b) B (h(a:b): b) otherwise

The construction is displayed in Fig. 4.12

A
ifte
h
\\/ e
h f = WHIt; h)
A B|

Figure 4.12: A string program for while loop

Running the loop picture is almost the same like Fig. 4.11. Draw it for fun!

4.5 Workout
4.5.1 Early induction

A rabbit population grows according to the following rules:
1) in the beginning there is a single pairtdbyrabbits;
2) each baby rabbit becomes aault rabbit within a month;

3) each pair of adult rabbits produces a pair of baby rabhitsinva month,

where

where

where



4) rabbits never die.
Draw a string program for computing the total number of pafreabbits aftem months.

Background. This early example of induction is due to Leonardo PisanmBig( 1175-1250), the
"Traveller from Pisa”, who actually grew up and studied inrticAfrica, where his fatheBonacciheld

a Pisan trade outpost. Bonacci's sbibonaccitravelled back to Pisa and brought with him not only
the rabbit-counting function, but also the positional nugheystem in use today. In Europe at the time,
even arithmetic was still done in Latin. Fibonacci notedrewethe title of some of his writings that his
methods originated from India.

4 5.2 Recursion work

a. Draw string programs for the following functions:

i) m+n

i) m n
8

23m n m>n

i) m n=3 _
-0 otherwise

v) (nN)=0+1+2+ +n

b. The recursion schema from Sec. 4.3.4 requires thatdatidh are evaluated each time whig hM
is evaluated. This is wasteful, singeonly needs to be evaluated in the base-gase0, h only in
the step-casas = m+ 1. A similar issue arose with respect to the gives rise to #mesissue like
the theifte-branching from Sec. 2.4.1. Given some progr&rendH for the computationg andh,
implement a lazy recursion schema, whemndh are only evaluated when needed.

4.5.3 Search work

8

. . . 2m n=m’

a. Draw a string program for discrete cubic root se£6h= 3 _
- otherwise

b. Implement in monoidal computer the following programesoias:

i) bounded search:
k2N g:N A—N

f=MU(Kk;g):A— N

wheref = MU(k;g) means thaff(X) = n k: 0°g(n; X) is the smallest number k where
g(n;x) =0, i.e.

f()=n 0gn;x) ~ g k~8m kO0gmx) 0°(h m)

Prove that bounded search always terminates.



i) FOR-loop: N WA B A
. —

f=FORKkh:A B— A

wherefy = FOR(K; h) is de ned onx : A andy : B inductively, as the sequence

fo=x  and fier = h(fi}y)

4.6 Stories
4.6.1 Church's reverse programming

In this chapter, we built programs by composing copies ofptteggram evaluator, i.e. by applying the
run-instruction. The arithmetic operations and the progranstroctors have been reverse-programmed
(in the sense of Sec. 4.1) in the single-instruction languRgn. The seminal example of reverse
programming was Alonzo Church's reconstruction of thehamiétic and the logical operations in his
-calculus [27, Ch. llI]. In the present context, thecalculus can be viewed as a two-instruction pro-
gramming language. The rst instruction is a version of the -instruction, thefunction application
operation, which applies a function to its inputs. It is Usuabbreviated to concatenation, writing
apply (f)(X) = fx. The second instruction is tfienction abstractioroperation, writterabstract (X)(f) =
x:f.23 The function abstraction is derent from the program abstraction in that for every comgeta
function f there are many prograntssuch thatfFga = f(a), whereas the abstraction picks: f such
that ( x:f)a = f(a). But the function abstraction is similar to the programtedagion in that it is an
inverse to theapply -instruction, as displayed in Fig. 4.13, just like the pagrabstraction is an in-
verse to theun -instruction, as displayed in Figures 2 and 3. A more precdgegorical correspondence
is in Fig. 8.6 and detailed accounts can be found in [12, 1@hile a programmer tries to abstract

apply

abstract

Figure 4.13: The operations of function abstraction andieguipn

from a given functionf a programF such thatun F = f, the -abstraction operation abstracts from
f the function abstractiombstract (f) such thatapply abstract (f) = f. This requirement that
abstract is a right inverse tapply , written in the abbreviated form k:f)a = fa, is called the -
conversionrule in the -calculus. The requirement thabstract is also a left inverse tapply, i.e.
abstract apply (f) = f, written in the abbreviated formx:(fx) = f, is called the -conversiorrule.
While the -conversion requirement is always imposed, thealculus satisfying the-conversion re-
quirement is calle@xtensional In the extensional -calculi, the operationabstract andapply form

3The letter was, according to the oral lore, chosen by the typesettekioizo Church's early publications. They apparently

had trouble typesetting, used in Russell-Whitehead®rincipia [156], so they rst modi ed it to %, and then proposed
X, which was accepted.



a bijection between the functions and their abstractions.

The -calculus was the outcome of Church'sat to provide an abstract account of Godel's encodings
[61] of functions as numbers [27, Ch. IV]. While Gbddel's edings can be viewed as an example of ab-
stracting programs from functions, Church leveled the leydmaking functions into rst-class citizens
(indeed, theonly citizens) of his theory, and used the function abstractiperation (now distinguished
from the program abstraction, which is not an operation huioaess) to provide an algebraic account
of the process of computation. He provided a roadmap forseverogramming and demonstrated that
the basic instructionabstract andapply su ce to compute everything that can be computed. The
point of the present chapter is that the lone cousin ofib@y -instruction, theun-instruction, su ces

on its own. The role of Church's function abstraction opierats played by the assumption in (2.2) that
a computable function always has a program abstractiom;hwtils down to assuming that tien -
operation is surjective. The upshot is that tha -operation alone also swes for de ning the notions

of computability and "e ective procedure”, which was the original purpose of it all.

4.6.2 Story of curly brackets

The relationship between the function abstraction and tbgram abstraction is subtle and convoluted.
Both emerged from attempts to capture the idea behind Gdgletoding arithmetic in itself; to for-
malize his abstractions of the arithmetic functions, folasuand statements into numbers, available
for processing by arithmetic functions, formulas, andestants. The function abstraction provided
an abstract view, the operation mapping a functfoto its abstraction x:f. The program abstraction
provided a concrete view, where a programmer speci es arprogr for f. The function is recovered
asf(a) = ( x:f)a, by applying its abstraction, or d4a) = fFga, by evaluating its program. In [94],
Kleene wrote the function application in the forhfa) = f x:fga. In [176], Turing adopted the same
notation to describe the evaluatibMga = f(a) of a machineM constructed for any-de nable f.
Kleene then adopted the same notation for the actual progvatnators of the primordial programming
language of Gddel encodings of recursive functions [9B].8Fhe curly brackets as general program
evaluators remain with us as a reminder of the common orifjiuiming and the application on one
hand and of programming and the abstraction on the other.

4.6.3 The Church-Turing Thesis

The theory of computation was born of Hilbert's Program teadep mathematical logic as a metamath-
ematical foundation. The original goal of this@t was to nd the”e ective proceduresto decide
whether scienti ¢ theories are true or false. The rst tasksaato formally de ne the notion of an ef-
fective procedure. The concept of computability emergethfthat task. The most signi cant rst step
was made in Godel's proof of his Incompleteness Theorerh [6lhished o Hilbert's Program to de-
velop e ective procedures for deciding everything but providedegping stone towards de ning what
is an e ective procedure. At the heart of Godel's proof was the rgon schema. Informal recurrences
had been in use for a long time, and Dedekind had formalizede¢bursion schema decades earlier
[41]. Godel used it as a programming tool in his proof, andawered its capability to encode itself,
which was the crucial step towards the concept of programmime could argue that programs existed
since the early XIX century as the patterns fed to Jacqudodmss, and even more compellingly as
Ada Lovelace's formalization of Bernoulli's algorithm, i was recursive. Most histories of compu-
tation provide a full account. Gddel's insight [61] thatuesively de ned arithmetic functions can be



encoded as numbers and processed by recursively de ndumatic functions, encoding some arith-
metic proofs, brought the idea of programming to anotheelle®r to in nitely many levels of such
self-applications [79]. While the recursion schema waartyean e ective procedure sucient for the
purposes of Godel's paper, he stated clearly, explicithg repeatedly that the recursion schema alone
did not provide a complete characterization of aleetive procedures. Simple examples of arithmetic
functions that are esctive but not recursive can be found in Sec. 6.3.

Alonzo Church converged towards his thesis iterativelgoulgh his quest for characterization of com-
putable (e ectively calculable”) functions [24]. He developed hiscudlis of -abstraction upon
Bertrand Russell's type theory [155], avoiding the nonsataictive (and thus uncomputable) aspects
of the set-theoretic foundations. The operation @bstraction extracts a description from a function,
and can be construed as an abstract form of Godel's encodiagthmetic functions as numbers [61].
This encoding is the central part of Godel's groundbregkimcompleteness theorems, and the origin
of the programs-are-datgparadigm. But Godel rejected Church's proposals to de amputability in
terms of the function abstraction operation outright [168, 17]. Church updated his proposal to in-
clude Godel's extension of the recursion schema alongities lproposed by Herbrand and eventually
arrived at the postulate that not only his type-theoretidehoand Godel's recursion-theoretic model,
but also all other models of computation proposed at the Gmia the future must compute the same
family of functions [169, Sec. 17.2]. This was Church's Tise&0del remained unswayed, continuing
to object that the Godel-Herbrand schemas were indeedtive, but that there were no grounds for
claiming that all procedures that may come to be consideredtive will be reducible to this or that
combination of schemas. Then Turing's model appeared aoddad the grounds. Godel not only
accepted that "the correct de nition of mechanical compiliiy was established beyond any doubt by
Turing”, but added that Turing has "for the rst time succeddn giving an absolute de nition of an
interesting epistemological notion, i.e., one not depegadin the formalism chosen” [62]. Although
Godel was the undisputed arbiter of the matter, Turing waleatime a graduate student, Church was
his thesis advisor, and the community did not rush to reasgiuring's breakthrough. The other mod-
els were proved to provide correct de nitions of computipiby demonstrating their equivalence with
Turing's. It was rst proved that the Godel-Herbrand resive functions coincide with thiotal func-
tions computable by the Turing machines. Then Stephen Klesmmother student of Church's, realized
that adding the minimization schema from Sec. 4.4.1 to tharston schema from Sec. 4.3.4 allows
deriving the same family of computable functions like Tgfinmachines [92, 93]. As the time went by,
Emil Post's canonical word-processing systems, Jim Larstaddacus, Zuse's cellular automata (with
Conway's Game of Life as a special case), and an entire bestiaof other machines, rewrite sys-
tems, and circuit ensembles (uniformly generated by Tuniaghines!) were all proved to make the
same functions computable, lending credibility to Chuschhesis. The multitude of derent ways to
compute the same class of functions was hailed as eviderntsrobustness [97, §62].

Although Kleene's combination of recursion and minimieatdoes not look dierent from other equiv-
alent models, it came to dominate the theory of computatiorthe point that Turing's concept of
computableunction got overridden by the terpartial recursivefunction, and the theory of computa-
tion itself came to be called thtbeory of recursiorf169, Sec. 17.2]. To tthe bill, the recursion schema
used by Godel in his epochal [61] got renamedpomitive” recursion, leaving the nanfeecursive
functions” for the functions de ned in Kleene's system that happen tadel [93]. It took time to re-
member that the partial recursive functions were just themgdable functions renamed by a particular
implementation [168, 169]. For his part, Gdodel seems tehajected the conundrum [169, Sec. 17.7.1]
and in any case continued to use the term recursion for trenszin (4.19), as introduced into logic by
him in [61] and developed by Rozsa Peter in [148], whom heresfged in this context. We revert to



Godel's terminology. Although Peter's work initially metide recognition (a presentation at the Inter-
national Congress of Mathematicians in 1932, an invitatioie founding editorial board of the Journal
of Symbolic Logic, all at the time when women were still ldggbarred from holding academic posi-

tions), the upsurge of antisemitism and the lowering of artain put an end to her research, leaving it
with the"primitive” moniker.

Figure 4.14: Alonzo Church Figure 4.15: Rozsa Peter

It should be noted that Turing did not propose a thesis omtatst, but proved that his model satis ed
the requirements of a de nition of "eective procedure” arising from Godel's proofs [57]. Thé&eo
evidence that the idea of balancing his answer against ésistladvisor's Thesis ever crossed Turing's
mind. That balancing act was a part of Kleene's project ofioity the theory of computation to the
theory of recursion [97, 860, Thesis 1], which he justi ed minterpreting Church's proposal to Godel
[ibidem, 862]. At the time when Kleene was working on his mmmmtal Summa Turing was zero-
ing on computation as life, while approaching the end of ifies IHe had broached the boundaries of
epistemology and mathematics by providing a mathematiceleinof how we compute, and an episte-
mological model of machine intelligence [180]. He broackieel boundaries of biology by uncovering
how life computes [175]. And he broached a couple of sociainsowhich got him in the crosshairs of
the empire [78]. We shall see in the end how he solved the fdaty problem, yet he never spoke up,
leaving it to the murmurations of computers to be his messeng

4.6.4 Turing completeness

The multitude of models used in the theory of computatiorcised by the multitude of programming
languages used in practice. Some are more convenient far application domains, some for others,
and some are not domain-speci ¢ but general-purpose angkgmomers' choices are often based on
taste and habit. The diversity of programming languagepi®duct of the same divergent evolution as
the diversity of natural languages. However, while the camifioundations of natural languages are the
ongoing studies in epistemology and paleolinguistics,[#8] common foundations of the programming
practices are the mathematical proofs, sometimesed as the empiric evidence for the Church-Turing
Thesis, that any given pair of proposed models of computatéascribe the same computable functions,
and that any pair of standard programming languages arepasssive as each other, i.e. that they also
describe the same family of computable functions. The afueiquirement for this is obviously (2.2),
i.e. that they allow programming their own program evalumtdhe programming languages that allow
programming all computable functions, including their oprogram evaluators, are calleduring-



complete A majority of the programming languages encountered intfmaare Turing-complete.

“The only exceptions are some special-purpose languadsesedirly SQL, or the Berkeley Packet Filter, which restrict
their programs to regular expressions. In other words, #ieyas expressive as nite-state machines, rather tham@uri
machines. The markup languages like XML and HTML are sonmegiaiso mentioned as exceptions, although they are
not programming languages so it is not clear what the notidrudng-completeness would mean for them.
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5.1 Decidable extensional properties

Idea. Consider the following sets:

fn2Nj9m2 N:m+ m=ng
" fn2Nj9m2 N:2m= ng

" fn2Nj32Ng

" fn2Nj 2 <Ng

Since the four predicates that de ne these sets are sattsydtie same elements, the even numbers, the
set-theoretic principle afxtensionalitysays that the four sets are equal, i.e. that they are the sstime s
In the language of arithmetic, there are in nitely many poades that describe this set. Ditto for other
sets. Di erent predicates provide dérentintensionaldescriptions of the samextensionabbjects, the
sets.

In computation, dierent programs provide dérentintensionaldescriptions of the samextensional
objects, the computable functions. Rirent programs for the same computable funcdonN — N
can be constructed from dérent basic or previously programmed operations:

" do(m) = m+m,

and in in nitely many other ways. The operation: (n), discussed in Sec. 4.4.1, outputs the smafiest
satisfying (n). While di erent programming languages assignaient sets of intensional descriptions
to each function extension, the general view of it all, pded in the monoidal computer, is quite simple:
the intensional descriptions are the element€diX; P), the function extensions are the elements of
C(X A;B), and theX-indexed instructiomun x: C (X;P) —> C(X A;B)from Sec. 2.5.3, represented

by runp(id) = ,Ei collapses the intensional descriptioBs X — P to the corresponding function
extensionsun x(G) = fGg;.

Extensional equivalence for typesA; B is the binary relation 2) on programs induced by running
them as functions fromA to B. The formal de nition is

FiG 0 f Fg=iGg (5.1)

The Fundamental Theorem, as displayed in Fig. 3.7, saysitlygprogram transformer: P— P has

an extensional xpoint i (). The -classiers in Sec. 3.4.2 could all be speci ed as extenalon

xpoints, without the curly brackets. The systems of eqoiasi used to specify software systems in
Sec. 3.5.2 can be formulated as extensional equivalencgraoris. In general, since every computable



function has corresponds to a unique equivalence clas®gfams moduloz), there is a bijection

CA;B) C(:P) i (5.2)

This gives rise to the question:

What can a computer tell about a computable function fronpitgrams without

running them? (5-3)

This chapter presents answers to some important specid ofishis question, and a special answer to
the general question. More general answers are given ifméueyt of e ective operations, to which we
will have to return later.

Properties of functions. A propertyQ of functionsA — B is presented as a predicate over the hom-
setC(A; B). The predicate return@(f) = > whenf has the propert® andQ(f) = ? when it does not.
We write Q(f) whenQ(f) = > and: Q(f) whenQ(f) =7?.

C(A; B) C ;P
\ -~
Q. A0

f>;?9

Figure 5.1: When can a propery of computations be recognized as a properof programs?

Computable properties of computable functions. A property of computable functions may be

computable if it can be expressed as a computable predieatéh®ir programs, as displayed in Fig. 5.1.

Recall from Sec. 2.4.5 that a computable predicate overanagis presented as a computable function
g2 C(P;B). We abbreviategy F =>toqg(F) andg F = ? to: q(F) again.

Decidable properties of computable functions. While Fig. 5.1 provides an ective setting for
computing with the properties df = fFgin terms off, it leaves open the possibility that a computation
of the truth valueg(F) may diverge and not tell anything. To assure that it dodsst@hething, the
extensional predicates are required to be decidable, igsepted a cartesian functiog C (P, B).
Question (5.3) becomes:

When can a property of computable functidDde decided on its programs by a
predicateq: P— B so that the encodings % fFggive

ofy 0 oF) (5-4)

Extensional predicates. If there are program§; G which encode the same functibRg= fGg but
o(F) , 9(G), then (5.4) is obviously impossible. A predicatever programs corresponds to a property
Q of functions only if

F G 3  dF)=q0) (5.5)



The program predicateghat satisfy this requirement aggtensionafor A; B. They are the congruences
with respect to the extensionality relatio/%)( A predicate may be extensional with respect to one pair
of typesA; B and not with respect to another.

5.2 Gddel, Tarski: Provability and truth are undecidable

Decision predicates. A decision predicate is an evaluator of predicates overrarog, i.e. a com-
putable functionsl: P P — B satisfying

QX = fQd x (5.6)

for all Q;x : P. Thequestionis whether a decision predicate can be decidable. Can tlgggmo
evaluation be cartesian on predicates?

Decision predicates are undecidable , unless> = ?. Suppose that there isdecidabledecision
predicated: P P— B, and letD : P be its program, satisfyind(Q; X) = fD& (Q; ) for all Q; x.
Instantiating toQ = D yieldsd(D; x) = fD£ (D; x). Intuitively, this instance of the decision predicate
says: "l am true”. But the Fundamental Theorem provides also provides Klegmgint  of the
negationof the decision predicate:

d ;0 = f Ex (5.7)

The negation ips the truth values, so that

B B

8
- : 2?2 ifq(x) =
gives  :qX) = 2 :f gg) = Z (5.8)

B B

for any predicateg : P— B. Intuitively, the predicatd @ x says”l am false” A self-referential
statement that says that it is false caused.taeParadoxX. But if d is a decision predicate (5.6) and if
is a program for its negation (5.7), then

A E o Ex @ oA x (5.9)

It follows that> = ?, since:> = ? and:? = >, and the assumption thdt ; x): P means that it must
be either> or?. If >, ?,thend( ;X) cannot output a value iB, and is not decidable.

Remark. Godel used the above instance of diagonal argument foruhgopes of his analysis of de-
cidability of provability of propositions in a formal theory of arithmetic in [61]. S&r applied similar
reasoning in [171] where he analyzed decidabilityvafidity of propositions in a given model. Both
thus applied the diagonal argument to derive contradiciuth prove negative results. Although the two
results refer to dierent logical questions, and the original versions invaliveerent technical details,
both are based on the same logical paradox. Therefore, iuthmentary predicate logic implemented

The liar paradox is often called tH&pimenides' paradaxbecause Epimenides, a poet and philosopher from Creta, who
lived in VI or VII century BC, had written thatAll Cretans are liars”.



in monoidal computer so far, the two results are isomorphishould be emphasized, though, that the
categorical approach accommodates structural and cardaptnements as a matter of principle. A
reader interested in conceptual distinctions might engsgirig that principle.

5.3 Turing: Halting is undecidable

The main result presented in Turing's breakthrough papeé6éJjlwhere he introduced his machines,
was that there is no machine that would input descriptiorarlaitrary machines, and output a decision
whether they halt or diverge. Turing presented the undeditiaof this halting problemas the negative
solution of Hilbert'sDecision Problem (Entscheidungsproblem)

Function halting. A function f : A— B halts on a total inpugi: A if it produces a total output
f(a): B. Recall from Sec. 1.4 that: X is total if
!
| X X—= 1 = = id,

~—

Recall from Sec. 2.4.5 that

f(a)# abbreviates | —2- A—l.B—= | = (5.10)

~—

Halting predicates are computable functions P P — B such that:

8 .
hP) = §> if fP x#

) (5.11)
~? otherwise

Halting predicates are undecidable , unless> = ?. Towards a contradiction, assume that there is a
decidable halting predicate, and apply it to its own neggtie in Gddel's and Tarski's constructions in
the preceding section. This time, though, we need amint negation: it should not just swap the truth
values, but it should send a true output of a predicate to ergiint computation. That is what Turing
used in his proof. Thiglivergentnegation is de ned as follows:

B B

8
= & which gives o) = _§; :: ZE:) _ : (5.12)
N

P P
The predicate qthus produces a decision precisely wlign false:

ax# 0 :  aXx (5.13)
Let be aKleene xpointof h,i.e.

h( ;%) = f gx (5.14)



By (5.11), the halting predicate also satis es
h(;x) 0 f x# (5.15)
Hence

o 0 nCixr 0f B 5 now

B B B B

EN EN

N R

Since: swaps> and?, the assumpiton thdi( ;x): B implies> = ? again, and> , ? implies thath
is not decidable.

5.4 Rice: Decidable extensional predicates are constant

Last but not least, we confront the original questidithat can we tell about a computation without
running it? For easy programs, we can often tell what they do. For cotedlprograms, we cannot,
and we tend to blame the programmers. Sometimes they atg gsgilaccused. In general, they are
not, as there are no general, decidable predicates thatnigting at all about the computations just
by looking at the programs. To add insult to the injury, agkiuch questions rst leads to predicates
over programs that are easy to program but may not termiaateremairundecidable Later it leads to
predicates that are easy to de ne but impossible to progmaarremainuncomputable

Constant functions f : A— B produce the same outpbt= f(X) for all x : A. For monoidal
functions, this means that for af] xX°: X — Aholdsf x= f X% Restricting to cartesian functions,
it can be shown that : A— B s constant if and only if

]

f = A—|1-2B

for someb : B. Since> and? as the only cartesian elements&fthere are precisely two copstant

predicates, writterr;? : A— B, provided that : A— | is epi, meaning thatA — | - X =
!
A—= 12X X impliesx =’

Swap elements. A predicateq: A— B that is not constant must take both truth values. We de ne



swap elementsf A with respect tajto be a pailas; a, : Asuch that
q@)=> and q(a)="
A non-constant predicate cannot be both extensional and dec idable , unless> = ?. Towards

contradiction, assume thatis decidable and extensional. Using the decidability aggiom, this time
we de ne a cartesian function: A— Ato ip p's truth values:

8
o =
which gives )= o fag=> 0
“as  ifqx)=7?

A

This is ag-swap negation over At swaps the elements éfinto its swap values, so that the truth values
of the predicate) get swapped:

q q

) >_\ ) - L andthus q( X) = :qx (5.17)
q ‘}A& q q

The Fundamental Theorem gives a Kleene xpoint P such that

f g=fg (5.18)
Sincepis extensional, (5.18) implies

a ) = o) (5.19)
Hence (5.19) (5.17)

o ) ="a ) =a)

The assumption thatis a decidable, extensional, and non-constant thus lealsaatradiction. Ifyis
decidable, the( ) must output a truth value. Theyg ) =: g( ) implies> = ?.

The two ways of living with undecidability. Rice's Theorem is a rigid no-go result, ending all hope
for deciding any nontrivial properties of computations byking at their programs without running
them. There are just two ways out of the triviality of the exgienal decidable properties:

a) drop the extensionality, and study the decidafitensionalproperties, or
b) drop the decidability, and study the extensior@inputableoroperties.

Approach (a) leads into the realmalfjorithmicsand computational complexity [6, 18, 136]. It studies



the algorithms behind programs and measures the resougedgchfor program evaluation. Approach
(b) leads into the realm addemanticsand domain theory of computation [2, 67, 187]. It studies the
structure of spaces of computable functions as the doméimganing of computation.

5.5 Workout

Rice's Theorem says that a computable predicate cannot aatie time be extensional, decidable, and
nontrivial. This theorem is thus usually applied by showtingt a computable predicate satis es two of
the properties, and deriving that it does not satisfy theltbne.

Determine whether the following predicates are decidable:

aPi(x)0f x@=7 g. P7(x 0 f 13"

b. Po(x) 0 f 4gx=7 h. Pe(x) 0 [[X] x"

c. P3(x) ( f x5< 1000 i. Po(x) ( fxgr#=)f xPB#

d. P4s(x) 0 f xR f xB j- Pio(X) 0 8 n:fxgn f xgn+ 1)
e. Ps(x) ( [X]2=2 k. P1a(x) 0 9 n:fxqn#

f. Pe(x) (0 f xdL3" . Pio(X) (0 f xox#

Prove your claims!

5.6 Stories
5.6.1 | cannot decide whether | lie

This chapter asked what can be decided about the computati@mprogram without running it. The
simple generalanswer is:nothing There are, of coursgarticular programs where it is easy to tell
what they do. The claim is that there is generalway to tell for all programs. More precisely, any
predicate computable over all programs but extensional, thas predicated over the corresponding
functions, must leave some programs undecided, unlesmdiplassigns the same truth value to all
programs. That is what Rice's Theorem says. Its proof sagsttiis is a consequence of the fact
that any computable predicate over programs is also predicaver its own programs, and over the
programs of its negation. A predicate over its negation astthe truth value of the statement I lie”.
That statement is false if it is true, and true if it is falsé.islan instance of the Liar Paradox . The
theorems of Godel, Tarski, Turing, and Rice are all provedhatances of the Liar Paradox. Each of
the four original proofs encodes the paradox in aedént setting. Godel encoded the formal arithmetic
in itself and discovered that de nitions of arithmetic fdions can be encoded as numbers [61]. Tarski
encoded the semantical assignment of a logical theoryeif [t571]. Turing encoded his machines and
evaluated them in a universal machine [176]. He construtttediniversal computer for the purpose of
this encoding. Rice encoded the diagonal argument in thergeftamework of recursive enumerations
[150]. Godel's encodings of functions as numbers were tis& programs in a universal programming



language. Turing's universal machine was the rst univecsanputer. Each of the four theorems used a
di erent programming language and aelient computer, but they all used the same gadget to connect
the two: a program evaluator. And they all used it to constancinstance of the xpoint from Sec. 3.2.
The four no-go theorems opened a maze of paths into the lbg&lfereference [79, 109, 163, 165, 166,
188], and an alley into computation.

5.6.2 The Church-Turing Antithesis

The Church-Turing Thesis, discussed in Sec. 4.6, presemputability theory as a quilt of diverse
models of computation, stitched together by computabledings and reductions. Church'scalculus,
Turing's machines, and Kleene's partial recursive furmsiare just parts of the quilt, together with
Post's production systems, von Neumann's cellular autameatd many other equivalent models. But
some models came to be viewed as more equivalent than otlk&sne's model became so popular
among logicians that theory of computation was called th&brecursion as a part of mathematical
logic [97, 153]. Turing's and Church's models spanned the twordinate axes of theoretical computer
science, called “track A: algorithmics” and “track B: sertiesi’ in some leading publishing venues,
conferences, and handbooks [183, 184]. On “track A”, Tummgchines are used to measure com-
putational complexity. On “track B”, Church's-calculi and type systems are used to assign formal
meanings to programs. At times, the two “tracks” were dggtished even by the geographic locations
of the respective research communities f68]

But the Church-TuringAntithesis is not just a gap between research communities. &fesinitial
con uence of ideas in 1936, [57], the models of computatidiurbated into theextensionaland the
intensiona) as soon as they were used to solve HilbeftgscheidungsproblemAlonzo Church's so-

Intensional
(machines)

Extensional
(functions)

Figure 5.2: Programming is not an operation

lution [24] was based on the operations of function abstradnd application, whereas Alan Turing's
solution [176] was based on programming a universal mactirsmulate computational processes.
Church's idea was to provide a high-level characterizatbbrecomputable functions in terms of func-
tion abstraction. Turing provided a low-level charactatizn in terms of computing machines. While
function abstraction establishes the one-to-one correfmwe between functions and their abstractions
in Fig. 4.13, program abstraction is not a routinely operatiut programmers' quest for programs, the
creative eort displayed in Fig. 5.2. The fact (worked out in Sec. 2.8tBt each computation can be
programmed in in nitely many ways is not a technicality bufagt of life. Programs do not arise by

2Ironically, the geographic origins got switched and Chisrtdgacy of high-level calculi got rst pursued mostly in Epe,
Turing's legacy of low-level machines mostly in America.



magic of abstraction as an operation, but through absbraeis creatioh The Church-Turing Antithe-
sis is the antithesis of the extensional and the intensivieals of computations: as functions and as
programs. As programs are evaluated into functions, thecied extensionality relation (5.1) aligns the
two views. The concept of extensionality goes back to Hemf@massman'dinear extension theory
[63, Ch. I], an algebra of geometry whosespring was the linear algebra that we nowadays use [64].
In set theory, thé&xtensionality Axiomsays that sets are the objects that are equal if and onlyyif the
have the same elements. It follows that the functions betwets are equal if and only if they map the
same elements to the same elements. In computation, maeyedi programs are evaluated to each
function. That fact, worked out in Sec. 2.6.1, should peshawcalled théntensionality Theorem The
concept of intensionality goes back to Grassman againheutisage evolved. The results presented in
this chapter display the gap between the extensional anmhténesional views: there are no nontrivial
extensional predicates (i.e. over functions) that aredddxe intensionally (i.e. over programs).

Non-extensional function abstraction? = The correspondence imposed by thabstraction in Fig. 4.13
does not have to be one-to-one. The originaalculus introduced by Alonzo Church in [24] was not
extensional, since thextensionality rulef -conversion, discussed in Sec. 4.6, was imposed only later.
Intuitively, the rule asserts thab = aimplies' = and hence thata= f(a) implies' = x:f. With-

out that rule, there may be, x:f with'a = f(a) for all a, and x:f is not the sole implementation

of f. The non-extensional-calculi were therefore thought to be the type-theoretidehof intensional
computation [80]. This turned out not to be the case.

The non-extensional function abstraction is essentially e xtensional. Splitting the idempotents

in any model of the non-extensionalcalculus leads to an extensional model as a computabkectetr
[70, 81, 98, 160]. A non-extensional model can be made extealsby identifying the -terms along a
computable extensional equivalence relation, withabstract contained in each equivalence class. The
mere presence of function abstraction as an operation npagsam abstraction into an operation. If a
programming language is retracted to such a model, thermaalinty programs from functions appears
to be as easy as evaluating programs into functions.

Bridging the gap? The extensional models factor out the intensional progertiThe intensional
models, by Rice's theorem, factor out all nontrivial detidaextensional properties. Neither of the two
views subsumes the other.

Beyond the bifurcation, both paths have in the meantime médesigni cantly. Church's high-level
view of function abstraction and typing provided a matheocahfoundation for the programming lan-
guage design [159, 187]. Turing's low-level approach gase to deep mathematical analyses of the
computational processes [110, 136]. The tcaacross the median moves in both directions, yet reaching
an agreement about a solution of equation (1) still requicading the language barriers.

3Creativity is a property of evolutionary processes. Maehimay evolve and create. The original computers that Turing
thought of when he de ned his machines were the persons #rébnm computations. Future programmers may be the
machines that design algorithms.
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6.1 Idea of metaprogramming

Metaprograms are programs that compute programs. The sdieaHig. 6.1. The computation is

computation{ f = \ fg = y fg

N\ N\

program{ | E
fg

metaprogram{

Figure 6.1: Program and metaprogram evaluations

encoded by a prograrR such thatf = fFg andF is computed by a metaprograf asF = fFg.
While the theory of computation arose from the idea that aaaige functions are just those that are
programmable, one of the central tenets of the practice mfpcation has been to use computers to fa-
cilitate programming computers. That idea led to the ineendf the high-level programming languages
and has driven their evolution.

The rst equation in Fig. 6.1 says that every computatfomas a progrank with f = fFg The question
arises:How do we nd a program F for a given computation Program evaluators take us from right
to leftin Fig. 6.1. How do we go from left to right? The answdigplayed alredy in Fig. 3, is the process
of programming It is usually left out of the models of computation, covelsdthe tacit assumptions
that programs are produced by people, and that people ligednerent realm from computers. In
reality, of course, people and computers intermingle. Bwene because they are drent. Early on,

it became clear that supplying the machine-readable pmgywas hard, error-prone, and very tedious.
So people came up with the idea to use computers to programuters: they programmed them to
translate high-level human code into low-level machineecod

6.2 Compilation and supercompilation
6.2.1 Compilation

An important aspect of programming and of the process ofvsoé development is that we can write
metaprograms not just to translate human programs intoimaphograms, but also to transform ard
proveprograms. This is done lyompilers The basic idea is already in Fig. 6.1 (but see also Fig. 6.14)
Besides translating programs, compilers automate sontmesy such as memory management. They
often also optimize program structure, since what is sinfile@ programmer may not be eient for

the computer.

A compiler is thus a metaprogram that optimizes program ewhdiée translating it from a high-level
language into a low-level language. Fig. 6.2 shows the idem the opposite direction. Here you
are given a friendly high-level languag& with a slow universal evaluatdy, and an unfriendly low-
level languagé with a fast universal evaluator The compilation phase combines the best from both
worlds: the friendly high-level programs are transformetbie cient low-level programs. All about



compilation{

compiler{

Figure 6.2: Compiler is a metaprogram that tranforms progricomHigh-level language tb.ow-level
language

compilation can be found in the Dragon Book [5].

6.2.2 Supercompilation

Leaving the environment-dependent program-optimizatiaside, compilation can systematically im-
prove e ciency of computations already Ipartially evaluating the evaluators on cad€his idea was
put forward and systematically explored under the naoqgercompilatiorby Valentin Turchin [174].
Much later, but independently, Yoshihiko Futamura preserim [56] an illuminating family of super-
compilation constructions, which came to be calkedamura projections

The initial setting is like in Fig. 6.2. We are given a friepdiut ine cient universal evaluatdr for a
high-level languagéi and an unfriendly but ecient evaluator for a low-level languagé.. We need

a compiler, to translate easirprograms to e cientL-programs. On the other hand, since the program
evaluatorsh and ™ are universal, they can be programmed on each other. In othigls, there is an
L-programH and anH-programL such that

fHg =h and flgy ="

Such metaprograms are calliederpreters H interpretsH to L, wheread. interpretsL to H. It is nice
that we can write a low-level interpreterin a friendly languagé, but if we want to make it e cient,
we must compile it td.. So it is even nicer that we can write the high-level intetgrél in an e cient
languagd. — because

0 1
fXayy Q fHg (Xy) @ f[H]. Xq y

Partially evaluating thél-to-L-interpreterH on H-programsX thus compiles thél-programs td_. This
is displayed in Fig. 6.3. A program transformer in the fa@in= [H] is an instance of thest Futamura
projection

An H-to-L-compilation can thus be realized by partially evaluatingHato-L-interpreter. But where is
the underlyingH-to-L-compiler? Since is a universal evaluator, there is of coursd_aprograms that
implements the partidl-evaluator and which can then be partially evaluated itg@lfng

2
XLy @ fsg (Xy)

Metaprograms that implement partial evaluators are ugwealledspecializersjust like programs that



H H H

Figure 6.3: First Futamura projection: Compilation by dmrtvaluation of an intepreter

implement universal evaluators are called interpretersy Nartially evaluatings just like we partially
evaluatecH gives

fsqg (xy) € sl xay

Fig. 6.4 displays an interesting phenomerpantially evaluating aspecializeron aninterpretergives a
compiler. A compiler in the fornC, = [S], H is called asecond Futamura projection

@ ® @
2 . S ] 2
AN R
L LI\
L LN ]
Cq L
. AN
Co
H

Figure 6.4: Second Futamura projection: A compiler by phdvaluation of a specializer on an inter-
preter

If the cost of the compiler itself is taken into account, thkare is a sense in which compilation by
partial evaluation is optimal. Can a further compilatioringde obtained by iterating the same trick?
Well, there is still a partial evaluator inside,, which means that the specializ8rcan be partially
evaluated again. The thing is that the partial evaluat@isl@C, partially evaluate$ itself. So now we
have

SLH @ fsg (s;H)



which now partially evaluates to
fsg (SiH) @ f[s] sq H

Fig. 6.5 shows that the program in the fo@g = [S], S, called thethird Futamura preojectiongener-
ates a compiler, sind€3zg = C,, andC, is a compiler. So we have yet another interesting phenomenon

AN AN L
c, LN LN

C C,

Figure 6.5: Third Futamura projection: A compiler generdip partial evaluation of a specializer on
itself

partially evaluating aspecializeron aspecializergives acompiler generator So we have
fxgqy = fCixg y and C, = fCyg and C, = fCsg

Partially evaluating these metaprograms each time imgrttve execution of some programs. Some-
times signi cantly! If a speedup by a factor 10 is incurrectledime, then applying the three Futamura
projections one after the other gives a speedup by a fac@. 10

6.3 Metaprogramming hyperfunctions

So far, we studied the role of metaprogramming in the systeagramming. System programs man-
age programs, so it is natural that many of them are metagmogyr But metaprogramming is also
an important technique in application programming. Sommetions are hard to program but easy to
metaprogram. In other words, it may be hard to write a progmoompute a function, but easy to write
a program that will output a program that will compute thediion.



How can this be? An intuitive but vague way to understand ithi® remember that, in many sports,
it is easier to be the coach, than to be a player. Metaprognscoach programs towards better
computations. A more speci ¢ reason why metaprogrammingrosimpli es application programming
is that a function, say : A A— B, may be such that

~ the functionf : A—s Bde ned by f(x) = f(x; X) is hard to program, but

"~ the functionsf, : A— B, wherefy(X) = f(a;x)fora2 A(or f2: A— B, wheref?(x) = f(x; a))
are much easiér.

This means that itis hard to nd a prografsuch thatnlfoz f : A— B, buteasy to nd a metaprogram
F such thatfFg: A— P givesffFgag= f, : A— B for everya 2 A. The metaprogrank thus
computes the partial evaluations of a computa}lilo&fforA A — Bover the rst argumenhrL%%ther
metaprogrant would give the partial evaluation§ : A—s Pover the second argument, i.eF a =

f2 : A— B. Functional programming (in languages like Lisp or Hagkislparticularly well suited
for such metaprogramming ideas. On the imperative sidelatiguage Nim is designed with an eye
on metaprogramming: as a high-level language that compldsgh level programming languages,
including C++ and JavaScript.

6.3.1 Ackermann's hyperfunction

In Exercises 4.5, we saw how arithmetic operations arige foae another, starting from tlseiccessor
s(n) = 1+ n, and then proceeding with

addition m+ ( ) : N— N as iterated successor,

" multiplication m ( ) : N— N as iterated addition,

~

exponentiation ;) : N — N as iterated multiplication.

It is clear that the sequence continues, provided that we@umt the notational obstacle of iterated
exponentiation in the form:

m™ "
which seems hard to iterate any further. But just a cosmétnge in notation, writing the exponentia-
tion in the formm ™" ninstead ofm", allows listing a recurrent sequence of recursive de msof basic
arithmetic operations:

1+0=1 1+(n+1)=(1+n)+1
m0=m m+(n+ 1) = 1+(m+n)
0=0 (n+ 1) = m+(mn)
m"0=1 m" (n+1) = m(m" n)
m™ 0=1 m"™ (n+1) = m" (m"™ n)
m™ 0=1 m"™ (n+1) = m™ (m"" n)

1Such examples anticipate the realmpafametriccomplexity: a computation may be more complex in one argurasd
less complex in another argument. Partially evaluating tive complex argument then localizes the complexity at the
metaprogram.



After the base cases settle on the multiplicative unit E, $eiquence of recursive de nitions boils down
to the equations

m"'%n = mn (6.1)
m"ko = 1
m||1+k (1+ n) muk (m||l+k n)

The question whether these equations can be subsumed uimdigivp recursion was explored by Wil-
helm Ackermant. It is easy to see that the functisSn N N N — N grows very fast:

392 = 32=6

3"l2 = =9

3"?2 = 3"3=23 =27

3"%2 = 3"23=3"3"3 = 7,625597484 987
3"42 = 3"%3=3"23"23 = 3"?7,625597,484 987

= 3"3"3"3" "B

7,625597,484987 times

Ackermann proved that it grows faster than any primitiveursive function. One way to see this
is to show that for every primitive Igecursive functidn: N' — N there is a numbek; such that
f(ny;ng;iin)< 2" ki A, wheren = {:1 n;. Another way will be sketched as an exercise at the end of
this chapter.

The arithmetic operation: N N N — N is sometimes called layperfunction Our goal is to show
that it is easy to metaprogram. Replacing the in x notatlomith the pre x notation ,(n;m) = m"kn,
equations (6.1) become

o(mm = mn (6.2)

wi(mm) = "(m;1)
where

8 .

%x ifn=0

fFOMY) = gfm fme::f(m X otherwise
g (m; £( @ (m; %) ?)
n times
is theparametrized iteratioroperation
n2N f:-M A—A

f:N M A—>A
de ned by

f O(m; x)
f n+1(m; X)

X (6.3)
f(m; f "(m; X))

2The" notation is due to Don Knuth.



Thetask is thus to metaprogram (6.3), and use it to program (6.2)

Hierarchy of recursive functions.  Andrzej Grzegorczyk [66] strati ed the recursive functimto a
tower

EO E! E 2 E 3 E4 ES E k+2
N N N N N N N
S n n 2 n3 "k

where each class also contains the data services and isl cloger the composition. He proved that
that every recursive function is containeddhfor somek.

6.3.2 Metaprogramming parametric iteration

In most programming languages, the sequential compositiggrograms, usually written as a semi-
colon, allows that the composed programs share a pararpatsed through the composition. Denoting
the parameter am, the sequential composition is thus in the form

fF;Gg(m;x) = fGg(m; fFg(m; x))

(6.4)

)

FG mxX F G m X

Let( ; ):P P— Pbe the program operation de ned by (6*4)terating this operation on a program
iterates its execution

r;:{t;izmes;f (mx) = [Fg(m;ng(m;;E%:ng(m;X))) y = fFg"(mx)

To iterate this parametrized sequential composition, weedine program operatiom: P P N— P
by

e(p;F;n) = ifte 0°(n); |5 fpg(Fir(n) ;F
whereflgis a program for the identity, armh is the predecessor af which is 0 whem is 0. If J is the
Kleene xed point ok, then for = fJgholds
(Fn) = flg(Fn) = eJFn) = fJgFn 1);F = fJg(Fn 2);F;F =
= fIRLIFFy GF = e@RO:FIF, SF = LFiFy SF

n 1 times n times n times

3In the preceding chapter, we de ned sequential compositiwhparallel composition ignoring the parameters, for $ititp.
In programming languages, most program operations areeimgmted with parameters, for convenience.



and thus
(Fn) (mx) = LFiFs, o (m;x) = fFg"™(m; x)

n times
6.3.3 Metaprogramming a hyperfunction

Given = fJglet W be the program such that
fWg(F;nm) = (Fn) (m;1) = fFg"(m;1)
so that
fIW Fg(n;m) = fFg"(m 1)
Using this W] : P— P, de ne
e(pk) = ifte 0°(k); ; W fpg(rk)

wheref gn;m) = m n. Now if E is the Kleene xed point o&, thene = fEgsatis es

fe(klgin,m) = fEk (n;m) = e(E;k) (n;m)
8
_2m n if k=0
B .B[W] (fEgk 1)) (m;m) otherwise
8
_2m n if k=0
" ZtEgk 1) "(m1) otherwise
8
2m n if k=0

'Be(k 1) "(m;1) otherwise

Thus the hyperoperation that we sought to metaprogramds (k) , since this gives

8
) = 2m n if k=0
K 4 Si(m1)  else

as desired. The construction is summarized in Fig. 6.6.

6.4 Metaprogramming ordinals

We saw in Sec. 4.2 how to represent natural numbers as pregifdaw we proceed to represent trans-
nite ordinal numbers as metaprograms. Finite descriio in nite processes are, of course, the
beating heart of computation and of language in generalsé&itences, all conversations, all books and
programs in all languages are all generated by nitely marigs from nitely many words. But the
nite metaprograms for trans nite numbers are not just drstavatar of this miracle but also a striking
example iteration and a striking display of dynamics of @gence and divergence in computation.
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Figure 6.6: The nest of metaprograms for Ackermann's hypetion

6.4.1 Collection as abstraction

Finite sets. Theset collectioroperation inputs some arbitrary elements, &g, and outputs the set
e = fep; 10 The sek can then be used as an element of anothea sefidy; eg= fdy; fep; e1ggwhich can
be used as an element®f fcy; ¢q; dg= fco; ¢1; fdo; egg= fcp; ¢1; fdo; fey; €1:99gand so on. The element
relationey; e; 2 e 2 d 2 c arises inductively, and it is therefore irre exive and widlinded.

Finitely iterated abstractions. Fig. 6.7 displays how we implement the set collection as ranwg
abstraction. Each collection step corresponds to a progtastraction:

" the sete = fep; e1gis represented by a prografnsuch thafEg= hep; e ;
" the setd = fe; dpgis represented by a prograhwith fDg= hE; dgi; and nally

the seftc = fd; cy; cogbecomes a prograf such thatCg= HD; cg; C1i.

Ironically, the notational clash between the set-theortid the computational uses of the curly brackets
here turns out to be convenient. The sequan@ed 3 e corresponds to "the time of creation” of sets
[34] and the order of evaluation of programs.

“The usage of the curly brackets in the set collecfigne;gand for the program evaluatidiFgis a typographic accident,
since the two operations are unrelated. But see the nexgagia
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Figure 6.7: The sat = fcg; c1; fdo; fep; e10ggepresented as a prograin

In nite sequences. The simplest way to generate an in nite sequence is the imoluci.e. counting
in nitely long. This means that we start from the beginnibg B, and repeat the counting step:
B — Bforever. The in nite sequence arises:

o=b  s= (b); = b s= by su= o) (6.5)

In a universe of sets, this sequence can be collected intovatheut much ado

If sis afundamentakequence, i.e. it satis es
9 < S < § < 53 < & < (6.6)
where< is the transitive closure of the element relation, i.e.
X<y 0 9 X1Xo XiiX2X92X12X%2 2y
then

In a computer, the same can be done along the lines of Figl® Farticular, the sel of the natural
numbers represented as programs in Sec. 4.2.3 can be edllatd a single program, corresponding to
the rstin nite ordinal ! .

In nite iterated abstractions. The pattern in Fig. 6.7 suggests that the sequepr®;:::;S;:::

Unfortunately, the equatiofS,g= hSp+1; Shi implies that iffSp.1gis of type X, thenfS,gmust be of
type X P. Allow nto be arbitrarily large makes the typef&yginto an in nite product. This problem
can be avoided by using the internal pairihig e : P P— Pinstead of the product types. We are
thus looking for a prograr® and the functiorN Oobtained by executing it, such that

N &

fSgx = dfSg( (X);xe = AN (X);xe (6.7)



The progrants can be constructed as a Kleene xpoint of the function

b(p;x) = dipg( (x));xe (6.8)

in Fig. 6.8. The equatioN O (x) = BN @x), derived in Fig. 6.9, implies that the inductively de ned

N NQ

Figure 6.8: The Kleene xpoing of b inducesN (x) = fSgx so thatN @x) = dN ' (X)); xe

sequence in (6.5) now unfolds from a single program

NQ@ = dNQ;se = diN Q,;si€ e = ddil Q,; € 516 o6 = dddd Q,; € SE S1€ e =
(6.9)

d ;e

NS 4 N
N O N O N O N O

O

Figure 6.9: The functiotN O= fSgiterates within the rst projectionstN @x)co = N @ (X))

SinceN @b) projects out eacls, = "(b), for all n = 0;1;2;:::, aftern iterated evaluations, it is the
least upper bound of the sequence, i.e. the minimal extemdiis well-order:

1
b < () < 2b < 3b < 4b < < N@y)=" "(b) (6.10)
n=0



6.4.2 Collecting natural numbers: the ordinal I as a program

Instantiatingb to 0 = d>;0eand (x) to S(x) = d?; xefrom Sec. 4.2.3, the sequence (6.5) becomes the
fundamental sequence of natural numbers

0, 1=950) 2=¢5%0); 3=s0); 4=5%0);::: (6.11)
and the least upper bound (6.10) becomes
0 <1< 2 < 3 < 4c«< < T (6.12)
where

T = MN@) = d$@l);0e = ddé@2);1le0e = dd¥@3);2e1le0e = ddde@4);3e2e1le0e =

Its unfolding is displayed in Fig. 6.10.

Figure 6.10: The ordindl appears as the evaluation order of the progFam NQ@0).

6.4.3 Trans nite addition

The ordinal type X ! is de ned by adjoining an element at the bottom!af The ordinal typd + 1
is de ned by adjoining an element at the top!of It is easy to see that4.! is order-isomorphic td ,
wheread + 1is not.



Extending the prograrf = N@0) with an application o before the inpu® is fed toNOyields1+ ! =
NOS(0) . The evaluation order df is thus extended it + ! with an additional step at the beginning.

De ning in generaln+ 1 = NMOs"(0) , with n additional steps adjoined at the beginning, leads to the
fundamental sequence

T=MN00); 1T+! =MNOsSI(0); 2+! =NOS(0) ; 3+! =MNOS(0) ;:::  (6.13)

But the evaluation orders of all+ T = NQ(N) are in fact the same like: they all just iterate the compu-
tation MO The order-isomorphisms of the ordinals- ! and! are implemented on the representations
n+T andT by precomposing with the predecessor or the successoldoact

Extending the prograri = NQ0) by applyings to the output yield$ +1=s NOO . Its evaluation
order is thus extended with an additional step adjoined aatetid. The general de nitioh +n =
" MO0 = §"(I") adjoinsn additional steps at the end. The fundamental sequencedddyccounting
up thenis now

T=LmM); T+1l=si(rn); 1 +2=T); ! +3=5T); | +4=&");::: (6.14)

The well-ordering and its least upper bound now become

T< I +1 < 1 +2 < 1 +3 < 1 +4 < < T +1 (6.15)
where
T+1 = NN = NOMNGO) (6.16)

The evaluation unfolding of the second component is digalay Fig. 6.11. The evaluation unfolding
of the rst component would add Fig. 6.10 at the bottom of FdL1. The ordinal typé + ! consists
of two copies of , one after the other, and the evaluatiod of T reproduces that order.

6.4.4 Trans nite multiplication

The multiplication of in nite ordinals is iterated additip just like in the nite case. While the ordinal
2 ! consists of copies of 2, the ordindl 2 consists of 2 copies ¢f,i.e.! 2=1! +!, and hence
T 2=T+T =NO NQ0)= NG(0). The fundamental sequence is now

T0=N00:; T I1=MN0@: T 2=NGO; ! 3=NOO; ! 4=NOO)::
Following (6.10), we now get (6.17)
0 <T< T 2<1T 3<T1T 4cx < T T (6.18)

where
T = NDO) (6.19)

The evaluation is unfolded in Fig. 6.12. Eag®box in Fig. 6.12 further unfolds like in Fig. 6.10. The
evaluation order thus consistslofcopies of! , as a representation bf ! should.



Figure 6.11: The ordindl + ! appears as the evaluation order of the progFam! = NO NQ0) .

6.4.5 Trans nite hyperfunction

Like in the nite case, the exponentiation of in nite ordilsas iterated multiplication again, with
12=1 1 suggesting the representatiorh_2 =T T = NsD@)

The fundamental sequence of metaprograms for nite expsnibiis becomes

10=7; 11=nNq0); !2=NBDO); !3=NNDQD;, !*=NNMOOP::: (6.20)
To iterate theN Gconstruction, we need a program transforiwesuch that

NagO = fw(d)g (6.21)

RecallingN @x), was de ned in (6.7) to unfolds tdN Q[ (X)); xe the program transformev can thus
be obtained by partially evaluating the Kleene xpoiftof the function

(p;q;x) = dfpg(g; fagx); xe (6.22)

as displayed in Fig. 6.13. The ordinal representations rscefia be reconstructed using a progriinfor
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Figure 6.12: The ordindl | appears as the evaluation order of the progfaml” = N5D().
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Figure 6.13: IffWg(q; X) = d\Wg q; fqgx ; xe thenw = [W] givesfw(g)g= NggO

the successor functian= fNg in the form

T = fw(N)g0
T+T = fnw(N)ngﬁ
T T = wWXN)O

n o_
T = wON) o



wherew® is the iterator ofw, i.e.

n 0 n 0 n (0] n (0]
W@ = w owl@) = wow wd@ = wow w wg =

Continuing with the iterations

n (0]
W(Z) W(2) W(Z) W(3) (q)

WO WO W@ WA

n (0]
W(2) W(Z) W(S)(q)

WO w® W@

n 0 n 0]
W@ = w® Wi

n (0} n (0]

we reconstruct the ordinal version of the Ackermann hypertion

n O_
T =TT = [Ty = wlmN)o
n

I times
! nn | = | n I n I n | n I n } —_— W(3)(N) O
! times
! nl+n I - | nin I nin | nin I nin _ W(2+n) N O
e T ®
I times

whereN is still a program for the successor functig(x) = d?; xe The set-theoretic version of the ordi-
nal Ackermann hyperfunction goes back to [44]. Deployed magramming language, the sequence
of programs

WON) =% wON) =%, wON)Y=$ 0 wM™IN) =%, (6.23)
is generated by iterating the Kleene xpoit of
e(ping) = ifte 0°(n); w(g); fpo(r(n);fpg(n;q))

h i n o
leading tow™ = ¥ (n). Applying the construction from Sre]c. 6.4(1).1, we get N®/ @N) as the limit
of the sequence in (6.23). The de nition wfalso gives = w(®/) N. The trans nite well-orders up
to " can thus be metaprogrammed in any programming langBage

6.4.6 Background: computable ordinal notations

Ordinal numbers arise as transitive closures of the elemeation in set theory, or as the types of
deterministic evaluations in type theory. In computerggpams are well-ordered lexicographically,
usually as binaries. In recursion theory, programs have teresented as natural numbers since Godel.
We have seen that the iterative metaprogramming inducas higely well-ordered evaluations well
beyond the natural numbers. Computable ordinal notatiane been studied since the early days of
theory of computation [25, 28, 29, 95, 177]. The iterativenpoitational processes that generate ordinals
go back to the origins of Georg Cantor's work on Biscond number clag22], and thus predate the
theory of computation by some 50 years. His explorationsasfd nite constructions can be viewed as
a radical application of iterated countintSuppose that | have counted in nitely long and then | start
again. And then | do that in nitely many times. And then |dtier that in nitely many times. . .'Such



metaprograms were at the heart of Cantor's work. Hilberidagsements may have diverted attention
from their constructive content.

6.5 Workout
6.5.1 Is there a fourth Futamura projection?

The three Futamura projections are based on the same éwalyattern. In Fig. 6.3, the rst one
partially evaluates the interpreter on theH-programs. In Fig. 6.4, the second one partially evaluates
the specializes on the interpreteH, previously specialized tbl-programs. In Fig. 6.5, the third one
partially evaluates the specializ8ron the instance of itself, previously specialized to theripteterH.
Continuing in the same way, a fourth projection would péstievaluate the specializ&3 on the instance

of itself, previously specialized to another instance sélit Does this projection improve compilation
in the same way as the preceding ones?

6.5.2 Is iteration all that hyper?

Looking at Fig. 6.6, one might wonder whether we really needaprogramming here. The function
e: N — Pis clearly primitive recursive, witle = L ;[W]M Its diagrammatic de nition in Fig. 6.6 is a

special case of the schema in Fig. 4.8. The metaprogramboilds the programs for Ackermann's hy-
perfunction recursively. The following exercises explordeether this primitive recursive metaprogram
can be transformed into a primitive recursive program. Daeadly need metaprogramming here?

a. Fig. 6.6 shows that the computationnof' ¥ n boils down to the primitive recursion &k), and just
anfg-evaluation of its outpué(k) onn andm, to getfe(k)g(n; m) = m"k n.

Answer the following questions.

i) Given the functionsf :N A— P,g:A— P,andh:N P A— P,dene

"kxy) = ff(kxay
(xy) = fg(x)ay
(kuxy) = fh(k;u;x)gy

Is it true that
f=lghM 5 =L M (6.24)

Draw the programs and explain the answer.

b. Consider the following functioA : N2 — N (de ned and studied by Rozsa Péter [148])

AO;n) = n+1
Ak + 1;0) A(k; 1)
Ak+1n+1) Alk; Ak + 1;n))



Prove the following claims:

) Akn=2"K2(n+3) 3

(x1%2:::x). Then the clasé\ contains the data services and the successor functiont @&d i
closed under composition and recursion.

iif) The function A is not primitive recursive.

iv) Ackermann's hyperfunctioti: N3 —s N is not primitive recursive.

6.6 Stories
6.6.1 Programming languages

Programming is the art of making computers do what you wantthe rstinstance, making a computer
do what you want is not all that derent from building and running any other machine: you try to
anticipate what the components will do, things get comgidaa lot of trial and error. Writing a
program directly in a machine language (e.g. as a list ofpfeidescribing a Turing machine to a
universal Turing machine) can be immensely frustratingm&garts are hard to get right, while other
parts are repetitive and deadly boring.

That was the state of airs in the early days of computer programming. Programregudy comput-

ers was similar to programming the clockwork-based catotda built for particular calculations since
XVIII century. But computers are derent from calculators. Computers can be programmed to do
anything So it didn't take long before people came up with the ided domputerscould be used to
simplify computer programming. E.g., certain xed listsmfchine instructions are repeated in many
programs. When executed, they perform some frequenthcoedng operations, such as copying data
from one memory location to another, adding binary numbeics, Each such list of machine instruc-
tions is grouped into a singf@ogram instructionand then a machine program is written, instructing the
computer to replace each program instruction with the sprading list of machine instructions. These
program instructions form programming languageA programming language whose program instruc-
tions are directly translated into machine instructionsaed anassembljanguage. A metaprogram
that instructs the computer how to replace the assemblygeyinstructions with lists of machine in-
structions is called aassemblerThe idea is displayed in Fig. 6.14. The strindsL andH correspond

to three types of programs, in three types of programminguages: thélachine languages, theow-
level languages, and thdigh-level languages. The program evaluator evaluateganog written in the
machine language. One such prograrR4js Another such program is an assembleiit least initially,

an assembler must also be written in the machine languagauge there are no metaprograms, before
an assembler is written, that would translate the assenmilethe machine code. However, once an
assembler is available, then another assembler can bemiritthe assembly language, and assembled

51f the programming task, a functiofy is viewed as a problem, then a progr&nthat computes it a§ = fFgis a solution.
Programmers thus infuse computers with their problemisgleapacity: thentelligence If computers acquire a problem-
solving capacity, and return the favor, then the processainamming will be inverted, and the intelligence will owi
the opposite direction. Arti cial intelligence can in the¢énse become dual to programming. If programming is theggsoc
of people telling computers what to do, then arti cial intgénce may be the process of computers telling people what t
do. The two processes may interleave into a conversationeleet people and computers.
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Figure 6.14: Computing machine programs from low-levegpams from high-level programs

into the machine language by the rst assembler.

It quickly becomes clear that the idea of translating humaitten programs into machine-executable
programs can be iterated. E.g., it often happens that nextd lists of assembly instructions are often
repeated in programs of a certain kind, usually within theesapplication domain. It is then useful to
group each such list dbw-levelprogram instructions into a singhégh-levelprogram instruction, and
another metaprogram is written to translate such hightlesagram instructions into lists of low-level
program instructions. A stack of programming languagesdated, and the metaprograms are written
to translate high-level code to low-level code. Alreadyha 1.950s, for the most important application
domains, programmers started developing high-level progring languages. The early ones were the
Algorythmic languageAlgol, then also FORTRAN, for FORmula TRANslations and calcolzsi in
science and engineering, and a COmmon Business-Orienteglihge, standardized in the late 1950s
as COBOL.Algol was said to be "so far ahead of its time that it was not only goravement on its
predecessors but also on nearly all its successors” [76jadt probably one of the most studied but
least used programming languages in the history of conmpataFORTRAN and COBOL are still in
use, though for dierent reasons. COBOL was largely designed by Grace Murrgpéto one of the
rst programmers, see Fig. 6.15. She did not name her largyuagt she did name a basic concept of
computation: théoug The primordial software bug rst appeared in Grace Murraypder's lab note,
see Fig. 6.16. She had long suspected that software faikesscaused by bugs, and when she nally
caught one, stuck in the computer hardware, she duly tapedhie notebook.

Ever since those early days, programming was facilitated bteady stream of diverse high-level lan-
guages, often very domain-speci c, habit-speci c, andretaste-speci c. In 1977 the US Department
of Defense (DoD) counted 450 dérent programming languages in their codebase, and @utatarge
project to design a new programming language Ada, to sugerak of them. In 1991, the Ada project
was declared a victory, and the DoD mandated that all softywaocured for them be written in Ada,
except in the exceptional, explicitly approved cases. 1@71&fter many exceptions, the mandate was



Figure 6.15: Grace Murray Hopper Figure 6.16: The original software bug

removed. Nowadays, the variety of programming languaggeeter than ever, but software engineers
seem to have adopted the linguistic diversity as a featutieenf world, and not a bug.

Programming languages seem to evolve just like naturaulages: they undergo a sort of natural (or
social, or market) selection. Some of them accumulate mandwitations They are still used by
people to tell computers what to do; but they are used by maoyplp to tell many computers to do
many things, all at the same time. So modern programmingtiiaba ow of instructions from people
to computers, but it involves a great deal of coordinatiotwken the programmers, and coordination
between computers, and cross-coordinations of all kindsstiportantly, as nearly all economic and
social processes involve software in one way or anothercdloedination involved in programming is
not always cooperative, but is often competitive, and eximesarial. As social processes are becoming
increasingly computational, computation is acquiringalatimensions. For better or for worse, security
has grown into one of the central problems of computatione Basic concepts of software and of
complexity are the main milestones on this path.

6.6.2 Software systems and networks

6.6.2.1 System programming

As software applications grew in size, they also grew in dexity. Their computational complexity
got formalized and became one of the central concerns irrislgacs, and the foundation of secu-
rity in computing and networking. Their architectural cdaxity became one of the main problems of
software engineering. Through years, a whole gamut of nastia@as devised for partitioning software
into components, and for connecting software componeissioitware systems. In order to develop,
run, and maintain application software, the programmeesirie develop, run, and maintain system
software. Some of it gets bundled imperating systemsll of it grows in size and complexity. The
realm ofsystem programming thus gradually distinguished from the realmagifplication program-
ming Such partitions of engineering disciplines tend to berofieeached, and sometimes confused.
The boundary between system programming and applicatmgrgmming is particularly vague, as sys-

5Through the 1980s and 1990s, programming language reseaschased on mathematical semantics of computation, and
geared towards semantically based language design. Thewepthat judicious, mathematically based language design
could not only increase programmers' productivity, bubgtseclude some programming errors. Many of my friends from
that research community still do not accept the idea thajnaraming languages evolve like natural languages. Some of
them believe in evolution of natural languages, and in ligiht design of programming languages.



tem programmers often adopt certain applications intar thygstems, while application programmers
sometimes embed system functions into their applicatiéhs.the other hand, the interactions of the
goals and the needs of application programming and of systegramming have left many traces and
scars on the landscape of software engineering. We merdioe sf them.

Early system programs were written in assembly languagesag&embly programming does not scale
up, and the high-level programming languages were inveatedddeployed as soon as large-scale pro-
gramming projects had to be tackled. Probably the most premtisuch language is C, which came
after B, which came after BCPL. The UNIX operating system watten in it, and used for the early,
friendly versions of Apple's OSX. On the other hand, althowgsigned for system programming, C
turned out to be very convenient for application programgnimhere it was succeeded by-€, which
was succeeded by Java, etc. Like people, languages oftennhare children than parents. Java has
aged a little (like some of us) but still occupies a partidylénteresting place, where things got a little
complicated.

6.6.2.2 Portable executables

Compiled programming languages dominated the scene aaopigpgrams were designed by program-
mers, and run by computers. This meant thatsbfware lifetimewas clearly separated into three
phases:

" design-timewhen programmers transform ideas into programs, and

~

run-time when computers transform programs into computationsjrabdtween them there is

" compile-time where compilers translate programmers' high-level protg into computers' low-
level programs.

All languages mentioned so far are compiled.

These tidy times ended with the advent of the web. Java waasetl a couple of years into the web
explosion. The web brought network interactions to a newlldvong before the web, software systems
were connected into networks, and exchanged messagesheButeissages were static: only data. The
web signi cantly expanded the scope of network interactionitially just by passing around not just
data but alsanetadata that allow web servers to send text formatting and netwiniksIto be recon-
structed on the client side. Very soon, these enhanced riefwactions inspiredlynamicinteractions,
where web servers distributed not only data and metadatalémtsome program code, to be executed
on the client side. Such executables distributed on the weebadledapplets

The challenge of serving applets on the web was that theydadgortable executableshat could be
compiled on the server side, and executed on the client Sishee servers and clients run on drent
machines, all with dierent machine languages, applets had to be compiled on ther sede from

a high-level language into an intermediary language, higbugh to allow assembly into all clients'
machine languages, but low enough to allowogent interpretation by every client. Java was designed
to compile into such an intermediary language, Yaea bytecodewhich is then interpreted by derent
interpreters at dierent machines.

Historic remark. The idea of portable executables emerged in 1969, in thg dayls of ARPANET
research. A machine-independent language DEL was spedratian interpreter was prototyped at SRI



in Menlo Park. The project was discussed and de nition ofldmguage was announced in the Network
Working Group RFC 5.

6.6.2.3 Interpreters and scripting

In theory of computation, programs evaluated by prograniuat@rs. In practice, programs are usually
coded in high-level programming languages and there aeraldayers of evaluation. At least initially,
the high-level program evaluator is usually programmed lovalevel programming language. If we
partially evaluate that interpreter, we get a compiler. sTikithe story about the Futamura projections
from Sec. 6.2.2. Since compilation provides an opportuftityoptimizations, the high-level languages
of the rst generation of were always compiled. But when w@iite systems got connected into networks,
the compilation phase of high-level code into a machine @edte had to be split into a compilation
on the server side into a portable executable, and an ietatfpn on the client side into a machine
executable. This software evaluation scenario was rehiizelava, and many variations have been
realized in other languages.

Another boost for interpreters came from aelient direction at the same time. Since the early days of
system programming, a divide of the development taskgirdgramming-in-the-smalindprogramming-
in-the-largewas felt and discussed. With the growth of software systenwsze and scope, the large
became larger, the divide increased, and new languagesdgrgmming-in-the-small started emerg-
ing: thescripting languages. Nowadays, we use JavaScript, PHP, Perl for vogjvpgonming. They
are all purely interpreted languages. Scripting for the ¥gemetaprogramming of computations with
metadata. For dierent reasons, Matlab, Mathematica, or any language wintgr spreadsheet is also
interpreted.

What do Java and JavaScript have in common?  Both are mentioned in the story about interpreters.
Both emerged with the web. Both have "Java” in their name eOthan that, they could hardly be more
di erent. One has objects and classes, the other throws awgrygth the heap. Java was designed at
Sun Inc in 1991, as a language for programming appliandes skt-top boxes and washing machines.
The portability requirement meant that the compiled codmukhbe suitable for dierent appliances.
The design was deemed "too advanced”, as the thought ofistrgal vV was still some years away, and
the web was only just conceived. So the project was shelvatlaBouple of years later, in May 1995,
the designers of Netscape web browser came to Sun Inc to makdoguage that could be compiled to
portable executables, and got Java. They also needed gor@tez for web scripts, and when they settled
on Java, they wanted to make the syntax of their scriptinguage maximally similar to Java. One of
them, Brian Eich, speci ed a Java-like syntax for a scrigtlanguage over a weekend, prototyped the
needed interpreter in 10 days, and it shipped in Netscap@atav 2.0 in September 1995. The name
JavaScript settled a couple of months later.

6.6.3 Software

Software makes computation into a large-scale process. bakie concepts of computation become
tools of computation [88]

"~ theprogram evaluators become thénterpreters whereas

" thepartial evaluators become thespecializers



Partially evaluating programs for those basic componesteigtes compilers, compiler generators, and
other varieties of familiar or less familiar program traorsfiers.

Programming program transformers is an instance of mejagmuming. Metaprogramming can be
construed as the main feature of programmable computatitat: programs themselves can also be
computed, and the computations that compute programs earstives be programmed. And so on.

If programs describe computations, then software is theatiee comprised of descriptions. If pro-
grams are generated by applying some program construdtenmses (induction, recursion, parallel and
sequential composition, bounded and unbounded search, @icsome basic operations (logical and
arithmetic), then software is generated by applying safvetterns and architectures to build systems
from programs. If the basic operations are letters, theqraras are words, software components are
sentences, software systems are stories.

But some stories cannot be told in a linear narrative: "tipgened, and then that happened, and then
something else”. You have to pop up a level, make some akistmacand tell a story about the story.
Similarly, when a computational task does not yield to aipygjystandard program constructions, like in
the case of the Ackermann function in Sec. 6.3, then you paplagel up, make new abstractions, and
metaprogram. Instead of composing operations to procdas ytau compose abstractions the process
algorithms. The Ackermann function and the trans nite dingy cannot be programmed using the
recursion schema, so they get metaprogrammed. The insnitig de nition, cannot be reached by
simple counting, but they are reached by iterating, i.e. diynting the counting processes. This took
in the preceding chapter us to the constructions of trams ardinals as primordial metaprograms, and
back to Cantor as the originator, along the lines mention&kc. 1.6, of the nite descriptions of in nite
processes that we now call programs. A particular "progrdoe to Cantor will play a central role at
the end of the next chapter as well.
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7.1 From functions to processes

Now we progress
~ from computations as computable functions
" to computations as computational processes

A function produces its output as soon as it receives itstinphie function compositions are instant
and costless. A process, on the other hand, takes time and gpprocess an input into an output. The
space and the time are presented as the states and theastatkotns. A state is anything that a process
may update: a state as a state of the world, a state of memstiateaof a living room oor. A function

g: X A— B depends on the state X, which determines the applicable instargge A— B. It
will be applied when an inpudi: A becomes available. A procegsX A— X Balso depends on
the current state but it updates it to a future stasd = g, (a). It is often convenient to view a process
g: X A— X Basa pair of functions

D E
qa = g9 (7.1)
where
!
id . : : .
g =X A 9,Xx B=5 B instantiates to the input-output mags: A— B like before,
whereas
!
id , .
g = X A 9,%x B3 X determines the state update maps A — X presenting the

transitionsx 7! X0 = g (a).
The computational process proceeds witi7! x%°= g (X% a0 etc.

A process is a pair of functions.  We worked out in 1.6.c that a function to a product can be rexm/
its projections whenever it is cartesian. This may not besiptes for monoidal functions in general,
since a function into a product may contain more informatiwamn its projections. A process, viewed as
a function, may not be cartesian. It is, however, assumedittisaa function of this special kind, which
can be recovered from its projections. They are bundledthegdy the pairing, mainly for notational
convenience. Intuitively, this assumption means thatwedomponentg; andq of a process have
the same side-eects on the same inputs. Formally, the side@ behaviors of functions can de ned

as the equivalence classes of monoidal functions on whelpalring is surjective.

State transitions and traces. The mapping

g X A — X B
hai 7! h xobi

is conveniently written in the form

x 2 X0
q

so that gprocess tracetarting from an initial statg, induced by a sequence of inputs fréaecan capture



both the state transitions and the outputs:
a, a; as; D an
= =bn
xo‘ﬁllxﬁ?zd32 XZ%%Z xnlﬁn Xn

wherex, = g (X 1;8) andb; = g (% 1;&) fori = 1;:::n. As mentioned in Sec. 2.2, the principal
di erence between states and inputs is that the state is deéetrny the environment, in advance of
running the process, whereas the input is entered by thersyat runtime.

Examples

Let the functiong: X A — B represent multifunctional drill, for drilling holes, titgning screws,
cutting wood, etc. Its dierent functiongy, are realized using derent attachments: X. The state
spaceX is thus the box with the drill bits, the screwdrivers, the Waaws, etc. The type& and

B are the tasks and the goals. A process mgdeX A — X — B of the same toolset can take into
account the changing state of the components: the wear andftine drill bits, the broken and replaced
screwdrivers, the battery charge level.

If g: X A— Brepresents a general-purpose computer, the state Xpeae be a set of progranis

the typesA andB the interface formats, argican be a program evaluatoﬁ, with programs as states.
A process modejf: X A— X — Bofacomputer could present programs not as mere abstrats ter
of type P, like we do in theory, but as sequences of instructions,eclts the practice. The states of a
program, available for updating, can capture not only tHeesof some external program parameters,
but also track which instructions are ready for evaluatlike, in the toy example in Fig. 7.1. The state
space can be the s¥t= fxg; X1; :::Xg; Xog Wherex; is the program with " on linei. The nal line,
where the program execution halts, is assumed to be empty.offter lines contain the instructions
which get executed and then pass the control to each othmending on the current values of program
variables. The state transitions represent the procegsotom this particular example, the presented
process run is an execution of a program resulting in theesegpuof transitions:

X0 7! X1 7V X7V X3 7! Xa 7! X57! X3 7! X 7! X37! 7! x5 7! X 7! Xg7! Xg

At each step, an input is consumed and an output is produdleeif ampty. To capture this aspect,
assume that the inputs and the outputs are

A= f;0L12::9
B = f ;“Enteral:”; “Enter a2:}:::;"Enter a5:"; “Sum=0"; “Sum=1"; “Sum=2";::9g

where the symbol represents the empty inputs and outputs. If a user eaters3, a; = 2,a3 = 2, and
nally a4 = 0 to request the sum of the previous entries, the executime twvill be

= = = =Enter n1.” 3= = =

Xg 7 Xp N Xo N Xz 7! Xg A Xg 1 X7 7!
o 7 oxe T 27 T o T
= ='Enter n3." 2= = = (7 . 2)
Xo N Xz 7! Xga A Xg 1 X7 7!
% 7 = X3 7!—Entern4: X4 ZO: X 7 = Xg 7!—Sum=7 Xo



I main() f

int sum = 0;

for (i = 1; i <= 100; ++i)
printf("Enter a%d: ", i);
scanf("%lf", &number);
if (number = 0) f

break; g

sum += numbery

printf("Sum = %.2If", sum);

main() f

int sum = 0;

for (i = 1; i <= 100; ++i)

| printf("Enter a%d: ", i);
scanf("%lf", &number);
if (number = 0) f

break; g

sum += numbery

printf("Sum = %.2If", sum);

main() f

int sum = 0;

for (i = 1; i <= 100; ++i)
printf("Enter a%d: ", i);
scanf("%lf", &number);
if (number = 0) f

break; g

| sum += numbery

printf("Sum = %.2If", sum);

main() f

int sum = 0;

for (i = 1; i <= 100; ++i)
printf("Enter a%d: ", i);
scanf("%lf", &number);
| if (number = 0) f

break; g

sum += numbery

printf("Sum = %.2If", sum);

main() f

int sum = 0;

for (i = 1; i <= 100; ++i)
printf("Enter a%d: ", i);
scanf("%lf", &number);
if (number = 0) f

break; g

sum += numbery

printf("Sum = %.2If", sum);

7!

7!

7!

main() f
I int sum = 0;
for (i = 1; i <= 100; ++i)
printf("Enter a%d: ", i);
scanf("%If*, &number);
if (number = 0) f
break; g

sum += numbery

printf("Sum = %.2If", sum);

main() f

int sum = 0;

for (i = 1; i <= 100; ++i)
printf("Enter a%d: ", i);

| scanf("%lIf", &number);
if (number = 0) f

break; g

sum += numbery

printf("Sum = %.2If", sum);

main() f
int sum = 0;

I for (i = 1; i <= 100; ++i)
printf("Enter a%d: ", i);
scanf("%If*, &number);
if (number = 0) f

break; g
sum += numbery

printf("Sum = %.2If", sum);

main() f

int sum = 0;

for (i = 1; i <= 100; ++i)
printf("Enter a%d: ", i);
scanf("%If*, &number);
if (number = 0) f
| break; g
sum += numbermy

printf("Sum = %.2If", sum);

7!

7!

7!

main() f
int sum = 0;
| for (i = 1; i <= 100; ++i) f
printf("Enter a%d: ", i); 7 |
scanf("%lf*, &number); .
if (number = 0) f
break; g
sum += numbery
printf("Sum = %.2If", sum); g

main() f

int sum = 0;

for (i = 1; i <= 100; ++i) f
printf("Enter a%d: ", i); '
scanf("%If*, &number); 7 .

I if (number = 0) f

break; g

sum += numbery

printf("Sum = %.2If", sum); g

main() f
int sum = 0;
for (i = 1; i <= 100; ++i) f
| printf("Enter a%d: ", i);
scanf("%If", &number); 7' 7'
if (number = 0) f
break; g
sum += numbery
printf("Sum = %.2If", sum); g

main() f
int sum = 0;
for (i = 1; i <= 5; ++i) f
printf("ltem%d=", i);
scanf("%If", &number);
if (number = 0) f
break; g
sum += numbery
I printf("Sum = %.2If", sum); g

Figure 7.1: Execution of a C-program to compute and prinstira of up to 5 user-entered inputs

7.2 Simulations as process morphisms

The left-hand diagram in Fig. 7.2 shows a cartesian funcsio — Y as a morphism between func-
tions g andh. Such morphisms can be thought ofiagplementationsA morphisms: g — h imple-
mentsg in terms ofh by reparametrizing the states aloBg X — Y in such a way that every instance

Ox: A— Bofgisrealized as an instanbg: A— B of h. The commutativity of the left-hand diagram
in Fig. 7.2 means that for any inpatboth function instances outpht= hsy(a) = g«(a).

The right-hand diagram in Fig. 7.2 shows the same functias a process morphism from to r.
Such morphisms are callesimulations A simulations: g— r is again a reparametrizing function
s: X— Y, but this time the instanceg,: A— Y Bsimulategyx: A— X Bnot just by realizing
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Figure 7.2: A cartesian functiomas a morphism between functions and a simulation betweeargses

their input-output functions as, = g, : A— B, but also by tracking their state updates along
!

Box—S vy

r.,= A——

SX

For every input, both processes not only produce the same oliput,(a) = g, (a) but for every state
transitionx 7! x%performed byg, the process responds by the transitiosx 7! sX°. In summary,

B0 = ga

sxﬂ?b s¥ = s qga) = ry(a)

7.3 When is a process computational?

A function is computable when there is a program that evaitd it. A process is computational when
there is a program whose execution simulates it. What dégestban? E.g., Fig. 7.1 displays a compu-
tational process. Its world is a program and the states ofvtirlel are the program instructions marked
by “1 ”, ready to be executed. The computational process proggdssm instruction to instruction, and

possibly from one memory state to the next, each determithimgext update. A computational process
is such process of updating a stateful program. At each gteprogram instructions are still evaluated
by an abstract evaluator, but the sequence of evaluatiana hmre concrete computational meaning.



Program execution is a computational process realized by a program evaluaitiew
>= PBp AP B (7.3)
which evaluates progrants: P on inputsa: Ato produce, in the notation of (7.1),
" update F "a: Pand
" output F a: B

whereby the update is available for further evaluationsthaautputs are accumulated. Program execu-
tions are program evaluators that produce program updataddition to the data outputs. The notation

is a reminder that the output type contain®-aomponent. The programs that do not just apply
operations on data but also control the state changes #ed stdteful

Execution traces. While computable functions produce their output valuesaintty, computational
processes produce execution traces. In (7.2), we saw antexetrace of the program in Fig. 7.1. In
general, an abstract procagsX A— X Bis computational when there is a progrgn X — P
such that every step ofis simulated by a program execution: P A— P B, where

a; az; ag; ,
induces X+1 = Gy (a+1) and bis1 = dy (&+1)

X0 T o B o T X3 7 . (7.4)
inducesQx+1 = fQxga andbi+1 = fQXg ai+1

Qo™ Q% Q™ Qx 1

The simulation requirements from Fig. 7.2 are instanti@edq, = fQxg andq, = fQxg .

7.4 Universality of program execution

The notions of universality for functions and for procesaesillustrated in Fig. 7.3.

A function : P A— B is universal when any functiog: X A— B has an implementation
G: X— P evaluated by . The implementation requirement imposed on the functiompimiems
in Fig. 7.2 boils down t@ = (G A), written more insightfully in the forngy = fGxg The imple-
mentations oX-parametrized functions to universal evaluatorare theX-parametrized programs.

A process is universal when any procegs X A— X B has process morphis@: X — Sto

. The simulation condition in Fig. 7.2 requires that the éques g, = Q Qx andqg, = fQxg hold
for all x : X. Hence the universal simulations. A state sp&de said to be universal when it carries a
universal process for every pai B.

The Fundamental Theorem of Stateful Computation. Programming languages are universal state
spaces. In particular,

a. program executions ,Ei = P A—— P B are universal processes; and

b. universal processes: S A— S B make the universal state spaSento a programming

language with the program evaluatorg = S A S B= ® B =




Ox = fGxg
Q g = Qx
B s B
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X
g = q =
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Figure 7.3: Universality for functions and for processes
P B P B
#
[ 1]
X
no
q =
P BN
ILAAN
X A X A
no hi
Figure 7.4: A Kleene xpoint® of g = B qgsatises©® = © B ¢

Proof of a. For any giverg: X A— X B consider the function
!

g= P x A-%p x BL Bp

Let © be its Kleene xpoint, ag, qisplayed in Fig. 7.4. Thq,]siimuiat'Q: X — Pcan then be de ned

to be the partial evaluatio® = © . Fig. 7.5 shows tha = © is a simulation ofy by ,?, satisfying
the condition in Fig. 7.2 on the right.

Proof of b. To see that a giveAB-universal process : S A— S Binduces a program evaluator,
as claimed, take any functian: X A — B and extend it to the xed-state process:
!

g = X A—AXx x AXSx B

Fig. 7.6 shows that any progra@: X — Sthat simulately also evaluatestg= G = fGg
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Figure 7.6: A functiorg is evaluated by when the xed-state proceggsis simulated by

7.5 Imperative programs

For functions, the concept of computability is simple: gveomputable function has a program and
every program evaluates a unique computable function. Femegses, there is a wrinkle. On one hand,
we just showed that every computational process can be aietliby executing a program. On the
other hand, however, it isot truethat every program executes a unique computational proSmssae
programs do not simulate a process. Other simulate seas@licannot tell them apart. In the former
case, we say that the program is not full; in the latter thi iitot faithful. A program that is full and
faithful is calledimperative

A programQ may not be full when for soma and x, the execution reaches a state that was not an-
ticipated byQ, in the sense thatQx "(a) , Qy holds for all statey.. The simulation condition
Qx (@ = Q gy(a) cannot be satis ed for any process and the progran® is not full. It is not



faithful if there are processeg § with
k= Qx =8 and Q = Qx =Q g but c, G

The programQ thus simulates botly andd; but some inputs lead to di erent stategx(a) , Gx(a)
which Q con ates intoQ qy(a) = Q Gy(a).

To characterize programs that full and faithful programs,use the followingotations:

bCo;bCl qx - bCo;bCl - id
x = @& P P X 1= B! P P! (7.5)

For simplicity, we often elidegg* and draw the projections asii§ p = (@ P) ip p. This can be
assumed without loss of generality Sections 2.3.1-2.3.3.

Padded execution. A paddingis a part of a program that does not get evaluated but remedislale
to pass state to later evaluation steps. A padded programiwags be brought in the forfa = d~q; F1€
whereF is the padding. Such programs are processgzadded executions

ig = % AT P oA P Bé (7.6)
to getiFg: = foFcds B = fFidi B. The role of the padding ders from construction to construction.
Its role in imperative programs is clear already from theimdtion.

De nition. A program : X — Pis said to bamperativeif it satis es the two conditions displayed
in Fig. 7.7. The conditions correspond to the commutatigityhe arrow diagrams in (7.7).

X

Figure 7.7: isfaithfulif x = idx. Itisfullif (  x) B § p=§ b



(7.7)

T
>
———-a--->
T
>

Every imperative program induces a unique computational pr ocess executed by a padded pro-
gram. The process is de ned as the dashed agow ( x B) fp ( A) in (7.7). The second
condition gives ( B) q={ p which means that is a simulation ofg by § g and hence full. The
rst condition x = idimplies thatqis the only process which simulates byf g since

Q=1 p= aqa 3 = x Qo= «x 1= 1

Hence is faithful.

Every computational process has an imperative program. Given aprocesy: X A— X B
dene€:P X A— P BasinFig. 7.8 and |e¢ be its Kleene xpoint. Then Fig. 7.9 shows that
I P B P B
d;e
S e
X
q =
e

X A X A
: . . nh o i n o
Figure 7.8: AKleene xpoint® of & satises €x = q;; € gy, and €x =qy

hi
xel d;e
= B—— X X X P—>5

is a simulation ofy by f g It is easy to see that the conditions = idand ( x B i p=1 p
from Fig. 7.7 and (7.7) are satis ed, and thais thus a losless simulation.

Summary and reserve. Stateful computations are executed as imperative progr&ng computa-
tional procesg): X A— X Bis embedded into a program execution prodggsP A— P B



X A X A X A
Il him
Figure 7.9: x= x; € x is asimulation ofj by { gsincef xg = g,andf xg = qy.

along an imperative program: X >— P. A sequence of program evaluations (7.4) oSimulatesq
faithfully, distinguishing its states. The other way arduthe simulation of imperative programs is also
full, which means that every imperative induces a computational processWhile the execution of
any imperative program is projected back to the state spacef the simulated procesgsalong a pro-
jection x: P— X, note that the projections are not process morphisms andtttaful computations
are generallynot retracts of program executions, just their subprocesshs.only retracts of program
executions are other program executions, sharing the saiversality property. See Ch. 8 for more.



7.6 Workout
7.6.1 Lossless simulations

Idea. A simulation is called lossless if it records the statesitrsinulates. The idea is that the execution
trace should be something like:

a; a; az;
v X1 7 X2 y i X3 (7.8)

tho; Quoe BT x1; Qe A xo; Quee Fd® x5 Qe

Lossless programs can be re ned to record all of the prevétaigs and acummulate the execution traces
as they go. They are processeddsslessexecutions. A lossless program is obviously faithful, ut i
may not be full.

Construction. Any programQ : X — Pfor a processg: X A— X Bis expanded into a lossless
one using® : X X — Pwith

O(xx% = dx Qxle and Qx= ©(x;X) (7.9)

Given a program execution process: P A— P B for general program®, the lossless versions
Q should be executed using the lossless simulptorP A— P B satisfying

iQ§a= x; Qx a jO¥ a= Qx a (7.10)

Draw the programs as diagrams and prove that they work ageedqu

7.6.2 Program execution as a polymorphic operation

In Sec. 2.5.3, theun -instruction was presented as ¥rmatural family of surjections

AB
runy

C(X A;B) 4« —— C(X;P

indexed over all pairs of type&; B. For each pair, the family was induced by the program evatuat
in Fig. 2.13, naturally with respect to cartesian function&ig. 2.14. The cartesian functions form the
categoryC . In a similar way, the program executions induce a familywfextions

AB
exey

C(X A;X B) «—— C(XP (7.11)

whereC (X; P) denotes the set of imperative programs over the state sfathe construction of the
execution operationexe”® for all pairs of typesA; B is displayed in Fig. 7.10. Each of thempsly-
morphic in the sense that the outer rectangle commutes for all t)pand all imperative programs
: X — P. It follows that for every pai; B, the instructionexe”B is induced by the universal pro-
gram execution procesxes® (idp) = f g However, while theun-instruction was natural with respect
to all cartesian functions, thexe-instruction is not natural with respect to the cartesiarction extend-
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Figure 7.10: Program execution as a polymorphic surjeatfdmperative programs

ing imperative programs. Explain why. Show that #hee-instruction is nevertheless induced by the
padded program executions from Workout 7.6.1.

7.7 Story

Universality from abstract to concrete. In this chapter, we closed the loop of universality. We
started the tour of computers as universal machines in Ch.delming computable functions as those
that are programmable over the universal type, represethie programming language in a monoidal
computer. From chapter to chapter, we derived more and noorerete programs. In the present chap-
ter, we showed that abstract programmability of computhbietions implies concrete programmability
of computational processes. This descent from abstragramo evaluations to concrete program exe-
cutions can be interpreted as an ascent from the ChurchgfTiiesis to the corresponding Antithesis
sketched in Sec. 5.6-2 Church viewed computation as discharging the functioriegons charged
by function abstractions. Turing viewed computation asa@ss arising from the interactions of in-
ternal and external states, or short-term and long-term ariesy He modeled the process performed
by human computers in oces, as a process performed by abstract machines. The Toadgine can
be viewed as an interface between the internal sttesindand the external stated the world E.g.,

to multiply integers, | store the multiplication tables atheé carryovers in my internal memaory, write
the intermediary results in an external memory, and go bac&ad what | have written and add up the
intermediary results, again using internally stored talaled the carryovers, this time for addition, and
writing the nal result externally. Turing mechanized susthteful processes as sequences of operations

1The climb from the Church-Turing Thesis to the Church-Tgréntithesis is not a historic development but logical. His-
torically, Church's and Turing's models emerged at the séime, in the year of con uence [57]. It is a historic fact that
they developed independently (although Church was Twgithgisis advisor). Itis a logical fact that Church's viewlged
into the extensional view of computation, embodied in domtheory and functional programming, whereas Turing's view
evolved into the intensional view, underlying complexitgories and stateful programming.



of an abstract machine, using its internal states as shiori-inemory and external tapes as long-term
memory. The two are very derent. Short-term memory enables our awareness of selfeatdong-
term memory tells us how to go home, how to build another h@né who are our friends. The process
of jointly updating the internal and the external states sygeci ed as a list of instructions — a program.
Turing's crucial insight was that the programs, descriktimg workings of particular machines, can be
executed as inputs of a universal machine, just like numtemsbe added and multiplied as inputs of
particular machines. A universal machine can execute amegs that any machine can execute. Yet he
found that a universal machine is not universal enough t@dets own Halting Problem, as we saw in
Sec. 5.3. This negative result was the main point of [176F pbsitive result was that a couple of years
and a world war later, Turing's abstract machines crygtadliinto electronic computers, human comput-
ers evolved into programmers, and the world changed faréet universality has many dimensions.
We return to it at the end.

Process calculi. A couple of decades of programming later, Turing's Haltimglifem and the other
no-go theorems from Ch. 5, saying that no nontrivial praperdf computations generally can be read
o from their programs, grew into the practical problem thaigpammers often weren't sure what
exactly their programs meant, i.e. what they did. Componati behaviors turned out to be not just
undecidable in principle, but hard to comprehend in practithe e orts to solve this problem led to the
idea of mathematical semantics of computation [48, 158]. 1&8stract machines re-emerged, this time
not as low-level models of computers but as high-level modétomputations. Stateful computations.
State machines were previously used by Mealy to synthegizgits [118] and by Moore to distinguish
externally observable computational behaviors from tim@rnal implementations [124]. Robin Milner
reinterpreted them as computational processes [119]. IneWs work, Moore's idea ofGedanken
experiments, as a semantical link between observable lmehand their implementations, became a
stepping stone into the vast aregpodfcess calculas metalanguages of computation [77, 121, 122]. The
diagrams on the blackboard behind Milner in Fig. 7.13 regmeprocesses in his calculus of bigraphs,
to which he arrived after some 30 years of work. The idea ofikitions between processes, sketched
in Sec. 7.2, appeared at the beginning of that journey, if][12arose from the insight that observable
computational behaviors do not boil down to computable fions but always include side-ects and
often involve state updates. In monoidal computers, the-si@cts are what makes computable func-
tions monoidal: some of them diverge, some raise exceptathsrs produce many dérent outputs on
the same inputs, due to possible, probable, parametrizeddeterministic aspects of computers and
their environments. Already Turing proved in [176] thatrthare always some computations that must
diverge. Milner added in [119] that the interactions of int and external states imply there are always
other side-eects besides divergence.

Idea of simulation. A pair of processes implementing the same input-output mapput causing
di erent side-eects is displayed in Fig. 7.11. A similar example was thetisigpoint of [120]. Jack
wakes up and proceeds towards the fridge to get an ice creanglass of juice. The only inputs that
Jack enters all say “keep going”, so we take the input typeath b 1 and ignore it. We take the typ
of desired outputs and the two state spaesdY underlying the two dierent processes implementing
Jack's quest to be:

B = ffridge;ice creamjuiceg X = fXo; X ; X%; %i; X0 Y = fyo; ;i Y9

Consider the processgs X — X Bandr: Y— Y B, displayed in Fig. 7.11. In the processlack

goes to the fridge and gets the ice cream or the juice, whiaghte happens to rst lay his hand on. In
the process), Jack decides in advance whether he wants juice or ice craaanthe process branches
accordingly at the beginning. If the decision is to get iomacn but there is only juice in the fridge, then
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Figure 7.11: Two processes of getting a juice or an ice cream & fridge

the process will deadlock after Jack reaches the fridge. Ditto the othay around. The two processes
have the same input-output behavior, since t@o!” -inputs lead to the same possible outputs

n 0
(fridge; ice cream)fridge; juice)

The di erence between the two process is thatways terminates if there is either juice or ice cream
in the fridge, whereag deadlocks if Jack's initial choice is not available in thelfre. Formally, this

di erence is captured by the fact thatan simulatey but g cannot simulate. The simulatiors: g— r

is realized by the cartesian function

ss X — Y
Xz 7! Yz

where zis f, i, or j, and is empty or not. Whenevermakes asteg 7 %2 r makes a stepx? s
id

To see that there is no simulation in the opposite directiate thatr starts withyg 7 ys andq with

eitherxg 4 X orxg 4 xg. A simulation ofr by g should mapy to eitherx or xg. In the rst case,
g will be stuck whenever there is no ice cream, wheiread! proceed toy; . yj- Sinceq is unable
to follow r's step, there is no simulation. Similarly in the second cisg is simulated byxs.

Coalgebra. Incategories, process are presented as coalgebras andtsimsiare captured as coalgebra
homomorphisms [3, 13, 86]. The underlying methodcoinductionprovides a common ground for
impredicative reasoning about computational processesnmputer science and natural processes in
mathematical analysis [69, 141, 142, 146, 157].

Metaphysical troubles with simulations: the Cartesian dou bt. Simulation is a concept with deep
repercussions. Its consequences resonate through theatoams of modern science from their origin

in the work of René Descartes, looking on from Fig. 7.12. daetes did not use a mathematical for-
malization of simulation like the one in Sec. 7.2 (mainly &ese the notion of formalization was yet
to be formalized), but he drew its fundamental logical copssces (and on the way invented some of
the main formats of mathematical formalizations). If éient processes can simulate each other and no
observations can distinguish them, then how can | know waieh | am observing? If mechanical toys
simulate animals, and all animal functions can be simuldtedausal mechanisms, then how can | be



Figure 7.12: René Descartes Figure 7.13: Robin Milner

certain that | am not surrounded by mechanical simulatiofisia type of reasoning led toartesiarf
doubt the driving force behind Descartes' investigations. $balpdated the starting point of Aristotle's
metaphysics, the question“Why is there something, ratresr hothing?”, and made it into the starting
point of modern science. Proceeding along this path, sa@enethodologies strive to address doubts
about the reality of our observations and the soundnessrafanclusions. Ever since Descartes, each
generation raised the doubt that we might be living in a satiaih time and again, in their own styles
and languages, aware or unaware of Descartes' meditattong & [42]. The doubts whether reality
is real or simulated nowadays |l the space from combinatiophysics through popular philosophy to
action movies. Descartes' own resolution of cartesian tauas to authenticate reality by observing the
reality of the doubt itself*Cogito, ergo sum”— “l am thinking, therefore | exist”. Even if all animals
around me are simulations, the simulations are in my minat $sast my mind is really there. Or is it?
Turing raised the stakes by askiff@an the mind be simulated?”

Descartes, Milner, Turing are not discussed together very often, probably for a goadore But
their pursuits of the problems of simulation got entanglesbag computers. Milner formalized process
semantics and studied what is observable, how processesatgmeach other, and how to tell them
apart. Turing speci ed abstract computers by reconstngctihat human computers do and when his
abstract computers became concrete as electronic compliavondered whether electronic computers
could simulate human computers and how to tell them aparsc&yees modeled natural processes as
mechanical processes, noticed that one could simulatethiee, @and wondered how to tell them apart.
The common thread of the three stories of simulation wildllea into the next and nal chapter.

Observations are simulations.  The notion of simulatiors: q— r starts out from a simulating pro-
cess and a simulated process Sincer makes the same steps@st observegy as its own subprocess.
If two processq® andg®induce the same subprocegs— r, thenr cannot tell them apart, as shown
in Fig. 7.14. The procesy’ andq®areobservationally indistinguishablfor r. Simulations convey to
the simulator what is observable and lIter out the irrelevamplementation details as unobservabie.
observe is to simulate internally.

2Cartesiuswas Descartes' name in Latin. The system of coordinateshidatsed (though never explicitly de ned) in his
geometry is therefore known as thartesian coordinatesHis philosophy is theCartesian philosophyand his doubt is
the Cartesian doubt The word “cartesian” ceased to be capitalized in mathesadis it is used very widely, as cartesian
coordinates led to cartesian products, which led to canmesiuares, cartesian liftings, at least twoedent meanings of
cartesian categories, both @rent from the cartesiamonoidalcategories, which also have at least twoetient mean-
ings...
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Figure 7.14: Processe8 andg®are indistinguishable for the observer

A universal simulator is a universal observer. When aprocesg: X A— X B, implemented by a
programQ: X — Pinthe sense of Fig. 7.3, consumes inpitsay; as; : : :and produces a computation

X0 ﬁlzbl X1 ﬁsz Xo ﬁh:m X3 A

wherex+1 = 0y (&) andbis1 = gy (&), then this computation is observed by a universal simulato
:P A— P Bas the execution d@

Qo™ QT Qe Qx 1

whereQx+1 = QX "a andbi:; = QX g. If two processes are indistinguishable for the universal
simulator, then they are indistinguishable for every sati; if there is an observable distinction, the

universal simulator will observe it. By specifying what isservable, a universal simulator as a universal
observer determines a process semantics.

Universal simulations.  When a universal process,: Pp A— Py B simulates another universal

process ;: P, A— P B, all processes that ; observes are simulatior® — Po. Observer
oS world is simulated by the simulator ;. Descartes'cogito says that there is still at least one

process that , can observe directly:  itself. The universal process ; observes itself through the

identity simulationPy _d Po. However, the universality of ;, as discovered by Turing and discussed
in Ch. 2, implies thaPy is a retract ofP; along
!

. ia= A= f
Idp0: P()quplq gP()

Even 's identity may be simulated by ;. In the world of computers'Cogito, ergo sum”may be
false. The thoughts that | am observing may be simulated. In the clexpter, we show that does
not matter Universal simulators may simulate each other, but theypaideceive each other more than
each of them can deceive itself on its own.



20230334



8 Program-closed categories:
computability as a property

8.1 Programorder . . . . . . . . e
8.1.1 Well-order . . . . . . .
8.1.2 Consequences ofwell-order . . . . ... ... ... ... ... ..
8.1.3 What ifPis well-ordered? . . . . . . ... ... L.

8.2 Program-closed categories . . . . . . . . . . . . e .

8.3 Programming languages are isomorphic . . . . . . . .. ... ... .. ...
8.3.1 The Isomorphism Theorem . . . . . . . .. .. .. .. ... .......
8.3.2 Simulations between programming languages . . . . . . . ... ...
8.3.3 The isomorphism construction . . . . . .. ... ... .. ... ....

8.4 Upshot: the closures . . . . . . . . . . . . . . . . . .
8.4.1 Cartesianclosure . . . . . . . . . ...
8.4.2 Programclosure . . . . . . . . . . ...

8.5 Workout . . . ..
85.1 EXErcises . . . . . . . e
8.5.2 Application: Associative pairing monoidoracle . . . . .. .. ... ..

8.6 SOy .
8.6.1 Prehistory of well-order . . . . . ... ... ... ..
8.6.2 Towards categorical computers . . . . . . . . . . ... . e .

143



In this chapter we prove that any two programming languaggtsare universal in the same computable
universe must be isomorphic. The isomorphism preservesé@anings of their programs.

The proviso is thatthe programming languages arewell-ordered Real programming languages are
always well-ordered. It is natural to assume that they arkk-avdered in monoidal computers. We

did not mention the well-ordeing until now only because nohthe basic constructions depended on
it. The meaning-preserving correspondence between tlggagis in di erent programming languages

does depend on their well-ordering.

8.1 Program order

Digital computers run digital programs on digital data. (&irthe digits are well-ordered, all programs
and data in digital computers are well-ordered lexicogicadly, like words in a lexicon.

Abstract computers run abstract programs on abstract \d&taeverse-programmed a lot of structure of
concrete digital computers using the abstract progranuat@is underlying theun -instruction, with no
recourse to the program order. In this chapter we take thgrg@mno order into account. The programming
language is still just theun-instruction with the “syntactic sugar” on top of it, but tifect that the
derived programs are well-ordered is a powerful new prognarg tool.

8.1.1 Well-order

Total order. An order relationon a typeA is presented as a decidable predicatg (A A— B
satisfying the rst three conditions in

u u u v»v w) u w u v™ru V) u=yv u v_u v (81

wherex yandy xabbreviateX Yy)= >. The fourth condition in (8.1) makes) into total order.
A diagrammatic version of (8.1) is in Fig. 8.1.

Bottom. The typeA is well-orderedwhen it is totally ord%red and moreover every inhabited digulie
predicatep: A— B has the bottom, a minimal inhabitant‘p: A. Formally, this is written

?:9C:C"8u:u:Cu 8.2
P, ) o0 p( ) pw 3 (8.2)

The diagrammatic version of (8.2) is in Fig. 8.2. Itis slighhore general, in the sense that the predicate
R is parametrized in the form: X A— B, and a minimal inhabitant is assigned for eviryX along
pi X— A For simplicity, this parametrization is elided from (812)

Inhabited (or nonempty) predicates.  Theempty predicatés the constant
!
B

— ?
?An = A— |

A decidable predicatp: A— B is thusnonempty or inhabited when there ip(u) = >, in which
caseu is called aninhabitant of p. Note that the decidability of the truth valyga) for a particular

1The tacit assumption that dérent variables do not interfere with each another makey eséom instance tacitly parametric
[138].
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Figure 8.1: Diagrammatic version of (8.1): the total orddoms for ( )

a: A does not entail the decidability @fu) for all u : A. It may be undecidable whether acdecidable
predicate is inhabited or emptif.the emptiness of is undecidable, the existence of its bottory may
be undecidable evenjifitself is decidable.

. . c . . .
Finite inma. When it does exist, the bottom, is obviously the greatest lower bound, or in mum
with respect to () of the elements satisfyong The nite in ma can be computed in the form

uf v = ifte(u v;u;v) (8.3)

c
The operation extends to all inhabited decidable predicgteand can be construed as an instance of
search or minimization from Sec. 4.4.1. The in mum, is then written X: p(x).
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Figure 8.29a: p(x;a) =) p X ¢ o(¥) " 8ap(xa) =) ¢ (X a

8.1.2 Consequences of well-order

c c _ . . . .
The bottom = . Aisthe in mum of the identically true predicate
!

B

>

>p = A— |

Descending sequences are nite.  In a computable universe, a descending sequence is contignie
viewed as a cartesian functian: A— A wheres(X) x. The claim is that any sequence down a
well-order must stabilize after nitely many steps. Wrigiis; = s'(a) for somea : Aandi = 0;1;2;::,
the formal claim is:

S S 9 s ) 9 n8k suk=% (8.4)

This claim is a special case of (8.2) or Fig. 8.2, wh¥rs instantiated tdN, the predicatps: A— B
is ps(a) = bs(0; @) and the predicatps : N A— B is

bs(na) = ifte s, =a; >;
ifte s, a_ S 2 Sw1; ?; bs(n+ 1;) (8.5)
A computation ofps thus descends down the sequesge s1 S ::: compares its entries with

returns> if s, = a, ? if 5, a(becausesx S aforallk)orifs, abuts.: = s, (because
Stk = S a for all k). Thusps(ae\’ is true if and only ifa = s, for somen. Axiom (8(:2) now says
that there ne = s, for somen,and . Sy, for all otherm : N. It follows that Sy+x = D for all k.
Simplifying the notation from o, 10 [5], (8.4) boils down to

C C
9 SIS [Sl=s [d (8.6)

Decidable Axiom of Choice: Monotone unbounded cartesian su riections split. With all decid-



able types well-ordered, the functions can be restrictdldononotoneones, i.e. where yimplies
f(x) f(y). Afunction f : A— Bis alsounboundedf for everyb : Bthere isa: Asuchthab f(a).
Any function f : A— Binduces a predicates: B A— B de ned

pi(b;a) = (b f(@) (8.7)

When f: A— B is cartesian, theps: B A— B is decidable. Wherf is unbounded, then
pi(b; ): A— Bis nonempty for everp. De ning f : B— Ato be

c
fo = b (8.8)

induces the correspondence
f(b) a | b f(a (8.9)

which makesf into theleft adjgint of f with respect to the order. It is not hard to work out that the
e !
functions f = A—f BL A andf = BL A—f B are idempotent, i.eclosure operators

with respect to the order. Per Sec. 2.3.2, splitting thesmjibtents determines tHeclosed subtypes
Af of AandB' of B

! |
Af = x:Ajx= f(% Bf = y:Bjf(y)=y (8.10)

|
Clearly AT = A holds precisely wheri is injective andBf = B when it is surjective. The monotone
unbounded injections and the surjections between wetsrdlways splif. The former is an easy
conseqguence of the unboundness of the function and theowdling of its range. The latter is the
well-ordered version of the Axiom of Choice. In return, theidm of Choice allows vaeII—ordering any

set and splitting any surjection. Restrictifigo A" along the splitting off lands intoBf and reduces
it to a type isomorphism.

| T (8.11)

! !
The inverse of the restriction df from Ato Af is the restriction off from Bto Bf. The typeB' is
thus the range of, in the sense

ox: Ab=f(x) 0 b:Bf 0 b=ff(b (8.12)

2Cantor seems to have derived this from his principle thateai can be well-ordered, as suggested in [131, letter teltead
of 5 November 1882]. But the issue of well-ordering the remisintermingled with the issue of how many real numbers
are there, which attracted the well-known violent attacksnf Kronecker and others. So Cantor is circumspective aisd it
di cult to be certain what he is saying. Later he even tried toveléhe Well-Ordering Principle from other axioms [22,
I11.4. Nr. 5 (Uber unendliche lineare Punktmannigfaltigkeiten)]. la #nd, his Well-Ordering Principle got replaced with
Zermelo's Axiom of Choice [117].



The left adjointf : B— Ais thus a splitting (left inverse) df: A— B if and only if f is surjective.
|

Otherwise it points to the least inverse image$ of the rangeB of f and maps the elements that are
out of the range of to the inverse images of their closest approximations froova that do lie in the
range. In general, the Axiom of Choice is valid precisely wiegery surjection has a splitting, a choice
function. Since surjections are obviously unbounded for @er that may be around, it follows that
the Axiom of Choice is valid for the monotone functions in ammynputable universe with well-ordered
programs. See Sec. 7.7 for further comments.

8.1.3 What if Pis well-ordered?

Then every decidable type is well-ordered. It was established in Sec. 2.3.1 that any typeorre-
sponds to an idempotenf : P— P, in the sense that the elements A correspond to the programs
X=a(X). Any order onP thus induces a relation

"y 0 a® AW (8.13)

This relation is decidable whern, is cartesian. This is when the typeis called decidable, since its
characteristic predicate

AP — B (8.14)

(1BN}

X 7! x= a(X) (8.15)

is then decidablé.In general, any order oR induces orders on all types in a compuable universe, but
that order can only be decidable on decidable types.

Monotone programming. We saw in Sec. 2.6.1 that any given computable function i9ded by

in nitely many programs (unless = ?). Since any decreasing sequence of well-ordered programs
is nite, for any computable function there must be an inaihcreasingsequence of programs that
encode it. That sequence cannot be bounded, since the daggeequences below any bound would
be nite. For any computatiorf : A— Band any bound : Pthere must therefore always be a program
F bsuchthafFg= f. If this requirement is writtefiF ,g= f, then the programmability requirement

in (2.2) becomes

n 0
89g2C(X AB) 8 2C(XP) 9G2C (X;P: G- =g (8.16)

In the presence of well-ordering, this re nement of (2.2)l&sivable by adapting standard well-ordering
arguments. However, since they are neither succinct nari spe the present framework, we omit
them and simply strengthen (2.2) by (8.16). The sense intwthiis strengthening is conservative is
immaterial for the present goals. The fact the real programgrtanguages are well-ordered assures
consistency. In the context of the partial evaluators (2.8} amounts to monotonicity:

[G]Ix G [G]x x (8.17)

The other basic program constructors can therefore alsdbgen to be monotone for all programs

3There are typed where , is decidable although, is not cartesian. They are not on the path of the presenttivarra



p.q: P

p; ¢ (p;0); (pka); dp;ge (8.18)

8.2 Program-closed categories

A program-closed categorig a monoidal compute€ whose programming languadsds well-ordered.
Unfolding the de nition from Sec. 2.5.1 and removing the wadancies, the program-closed structure
of a categonC boils down to

a) adata servicdh A — A— | on every typéA, as described in Sec. 1.2,
b") a distinguished typ® of programswith decidable well-ordef ): P P— B, and

c”) program evaluators or equivalently the induced prograncwiensig : P A— P Bfor all
typesA; B, as described in Ch. 7.

Examples. It was explained in Sec. 2.5.1 that any Turing-complete fanagning languag® induces

a monoidal computer. It induces a program-complete cayeg®isoon as it is well-ordered. All of the
programming languages based on numerically represernibeladts are well-ordered lexicographically.
The only languages where the well-ordering is not automatit needs to be explicitly speci ed, are
the natively diagrammatic languages.

8.3 Programming languages are isomorphic
8.3.1 The Isomorphism Theorem

Any two programming languages in a program-closed categogyisomorphic. More precisely, for
any pair of programming languag®s and P; with program execution§gy: P A— Py Band
ip:P1 A— P; Bforall typesA; B there are functions: Pp— Py and : P, — Pp such that
for all programsx: Py andy: P;

(¥) = x V) =y ixgp =1 (X i W =1iyn (8.19)
8.3.2 Simulations between programming languages

According to the Fundamental Theorem of Stateful Companidti Sec. 7.4, any programming language
is a universal state space, and its program evaluators arersal simulators. It follows that any two
programming languagd® andP; simulate each other. This means that for any pair of tyhdsthere
are simulationstg : Pp— Py and#; : Po— P; as in Fig. 8.3. These simulations preserve the
extensional meaning of programs, in the senseftkgt = §#o1xp andi#10y = fyg, as required in
(8.19). But this is just the second half of (8.19). There is@mmson why#g; and#19 should satisfy the
rst half, to form an isomorphism. Each of them could map maxyensionally equivalent programs
from its domain to the same program in its range, and they needse all of the programs from the
extensional equivalence classes in their ranges. The &iio$ given by the Fundamental Theorem of
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Figure 8.3: Programming languages simulate each other

Stateful Computation thus preserve the denotational sersaand extensional meanings of programs,
but may fail to preserve the operational semantics andsigaal meaning. The composite simulations
! !

o1 P() #11: P]_ #10 P() o1 P]_ (820)

#10

#oo= Po P
reinterpret each of the languages in itself without chagdive program denotations, but may modify
their operational behaviors. However, we have seen in SBcthat thepaddedexecutions simulate
processes as subprocesses of universal simulators. Treetfeua imperative progranfs, : Po>— P
and$®,o : Py >— Py that embed the languag®s and P; into each other and make the program exe-
cution processeby: Pp A— Py Bandfpg :P1 A— P; Binto each other's subprocesses.
Theideais now to extract an isomorphism from two embeddings usingresttuctive version of the
Cantor-Bernstein constructions [74, 161]. It will be basedthe well-ordering of both types, and the
monotonicity of their simulations. If the construction aflifand faithful simulations in Sec. 7.5 looks
complicated, note that the same idea can be also realizag tislosslesssimulations

Boix = dx; #orxe Bigy = dy;#ioye (8.21)
derived from any given pair of simulations both ways:

#o1:Po— P #10: Pr— Po

h01ipo>— Pl h10:P1>— Po

and executed using the execution processes from Workout. Ahether they arenperative or loss-
less any pair of monotone, meaning-preserving embeddings feid compositionsvill do. We write

4For this reason, process calculi do not identify processgfmairs of simulations both ways, but only aldnigimulations,
where a single relation provides simulations both ways.



either of them in the form

Fio
EOOC P, P O&n (8.22)
Fou

where ! |

EQO = PO ﬂ P]_ ﬂ P() Ell = Pl ﬂ PO ﬂ P]_ (823)
All simulations preserve the meaning of programs by deamti The monotonicity and the injectiveness
X Ein Xy =) Ein gijy EinZ gijy =) X=Yy (8.24)

are achieved through monotone programming (Sec. 8.1) dfriatipe or lossless simulations (Ch. 7).

8.3.3 The isomorphism construction

We prove the Isomorphism Theorem using the embeddings f822) satisfying (8.23) to extract an
isomorphism

id Py P1 id (8.25)

satisfying (8.19). The approach is similar to some of th@fgof theCantor-Bernstein Theorenwhich
asserts that there is a bijection between two sets whenewer are injections both ways [74]. The dif-
ference is that the set-theoretic arguments prove thawibteace of the injections implies the existence
of a bijection, whereas here the task is to construct acturpms for the invertible computations
and from some given programs for lossless or imperative conjpuisi#o; and#10. The idea is to
recognize the “invertible components” #§; and#1 and to assemble and from these components.
The components can be recognizeddsits of elements 0Py andP; along#o; and#1o.

Orbits. For all x: Pgandy: Py and#yo and#,1 from (8.23), the sequences
_ 2 _3 _ 2 3
X #ooX HooX  H#ooX y #uy #ny #uy (8.26)
induce the equivalence relations
(u i vVV 0 9 nus= EQV_E;U =v (8.27)
P fori = 0;1. The (' )-equivalence classes are calteits. We denote byd]® the orbit ofu: P..

Orbit bottom.  Since#y; and#1¢ are by (8.24) strictly increasing and monotone, every abitends
in nitely, but in a well-order it can descend only nitely. Wile it ascends by reapplyinggg or #11, it
descends bﬁoo and#,, constructed in (8.9). The de ning propertyu v () u jvimplies that
~i is nonincreasing if and only if; is nondecreasing. Since are also injective, it is easy to show that



v = #;uimplies#;v = u. Whenv is not in the image o, thenv  #;#;v. Using (8.3) to de ne

Xo = X X1 = HooXn f X
_ (8.28)
Yo = X Y1 = #1¥n f Vi
yields the nonincreasing sequences
X X1 X X3 Yo Y1 Y2 VY3 (8.29)

like (8.4). According to Sec. 8.1.2, such sequences stabdfter nitely many steps. Each of the
sequences in (8.29) thus reaches its least element aftéteacount, and they are in the form

(R C 1
X X1 X X3 [X] Yy Y1 Y2 Vs y (8.30)
C . C . .
where [u]' combines the notation of (8.6) and the fact thdu]' is the in mum of the orbit []'.

Putting (8.26) and (8.30) together and unfolding the deamis of x; andy; in (8.28) we get the general
form of the orbits:

[X° = C[x]O #2x #ox X FooX Foox
700 700 00 00 (8.31)
C —_ —2 .
M = " y? #2y #y vy #uy #y

where#,,: Po— Po and#,,: P1 — P are the partial inverses &, and#1, de ned by

8_ —
2 (m) if pi=#) #(p)

#(p) = ifte b = #i(p) s H#(p)ie = otherwise

(8.32)

The indices arg, j 2 0, 1gand§ij is from (8.8).

Alternating orbits.  The simulations#y; and#, establish a bijective correspondence between the
Po-orbits and théP;-orbits:

Po X #10#01X #10#01#10#01X
[\
#01 #10
\/
P1 #o1X #Ho1#10#01X #Ho1#10#01# 10/ 01X
(8.33)
Po #10y #10#01# 10y #10#01# 10001 10y

AV AN

P1 #or#10y #ort1of o110y



Formally, the displayed orbits are
[X° = #10[#014" [#01y1® = #oil#100]"
[#014" = #01[X° [VI* = #1o[#oy]°
Their disjoint unions
[ = [4° + [#orX* V] = [#oy]° + [y (8.34)

ordered as in (8.33) are thaternating (Pp + Pp)-orbits of x andy. Note that an alternating orbit is
completely determined by any of its elements.

Alternating orbit bottom.  Going backwards alongo; and#;o, i.e. descending dow,, and#, , as
far as possible, the alternating orbits look like this:

O [X] #10#01 [X] \ _01 10X /
#01 [X] #1001 10X #10X
(8.35)
#10 \ / 10_K #orY
#01#10 / 10_01y

How do we know that they look like this? First of all, an alt&ting orbit must have a bottom, since
a chain descending in nitely through the disjoint uni®g + P; would contain an in nite descending
chain inPg or P1, which is impossible because they are well-ordered. Sotamaking orbit must have
a bottomu: Py or v: P;. Theclaim is thatu is the bottom of the alternating orbit if and only if it is the
bottom of thePy-part and not in the image &o; and similarly forv.

To prove the claim, consider two arbitrary elemexits, andy: P; of the same orbitf] = [x]°+[y]* =
[V]. The rst subclaim is that

. C 0 c
the bottom of[X] = [y] is eitheru= [X]"orv= " y~-.

c
Otherwise, ifu: Py is the bottom of k] = [y] but u , [x]°, then#,,#,,u U exists inPy and

#o1#10U 7QP #,0U 7110 u extends the orbity] = [y] below Uy which contradicts the assumption thais

|ts bottom. Else ifv: Py is the bottom of k] = [y] butv , y ! the same reasoning extends the orbit
belowv and leads to contradiction. Tlsecond subclainis that

~ . . C 0 C l —_— C 0
if the bottom of[x] = [y] is [X]",then y~=#1 [X]", and

c
" if the bottom of[X] = [y] is y then [x]° = #10 yl.



c _c c
Otherwise, if [x]°is the bottom an& = #o;  [x]® butv, ~ y?', then#,#,v Vv exists inP; and

C . C S C .
#1oftorV 7 BV = [X]° extends the orbit below [X]°, which is absurd. If y!is the bottom but
#10 yl, T [¥° the analogous extensiomutatis mutandisalso leads to contradiction.

Assembling isomorphism from alternating orbits. Since every program froty or P; has a unique
alternating orbit and the orbits are disjoint, they pastitPy + P;. The isomorphism will be de ned
by assembling the bijections within each part of this parit Within each alternating orbitx] =
[X1° + [y]* = [y], there is a bijection between]P and |y]* realized by#o or #o1. Since the bottom of
the alternating orbit does not lie in the range of eithigr or #10 (or else it could be extended further
down), the bijection must be realized

_ c

" by #o, if the bottom is~ [x]° and
_ c

* by #1 if the bottom is~ y .

The idea of the assembly is to establish the i%omorphism gldime thick arrows of(8.35) Remem-

Bering that tge second claim above implies thdg]° is not the bottom of K] g [y] if and only if

[XI° = #10 Y L for anyy from the corresponding;-orbit, and similarly for y ! we de ne the
testing predicatesg: Pp— Band 1:P;— Bhby
1 1
C_ 2= Ch iy c ,.— ch g
o® = [{"=#10 H#ox 1(y) = y =% #ioy (8.36)

(BN}

C — C c — C
The exclusive disjunction of [x]° = #10 ytand~ y!=#g [X]°from the second subclaim above
now gives

o(®) 0 : 1(#01%) i(y) 0 : o(#10Y)
These equivalences assure that the functionBp— P; and : P; — Pg speci ed by
g fo(X : g f i(y) B
#Hiox If o(X) E #Hory i 1(y) 2
) = o= = = 8.37
9 -8501x otherwisés v -S#loy otherwise)S ( )

are each other's inverse. Singg, and#y; are simulations and o and ; are decidable, and also
preserve the meanings of programs. (8.19) is satis ed amdhdorem is proved.

8.4 Upshot: the closures

The upshot of this chapter is that a monoidal category wita darvices may be program-closed in at
most one way. If universe is computable, in the sense thaf a#f functions are programmable, then its

programming language is unigue up to isomorphism: any pragran be computably translated from

any language to any other language, where the evaluatiensreserved and the executions simulated.
Computability is an intrinsic property of the universe, not an external structure

If you have been writing lots of very derent programs in very derent languages, the claim that
program can be esctively and faithfully translated between languages mayndérd to digest. If you
have been studying derent models of computation and remember some of the cdedbttanslations
in support of the Church-Turing thesis, believing that eatcthem can be replaced by an isomorphism



may be even hardeWhat is going on?Let us take a closer look.

Structures vs properties. Let us rst clarify what it means that computability is a peapy, not
structure.

There are many ways to well-order and count the elements ef.aBut any such well-ordering can
be transformed into any other by a permutation of the undeylget, and counting its elements always
outputs the same number. The size of a set imitisic property

There are even more wayspartially order a set and the outcomes are generalyjsomorphic. Thatis
why a partial ordering is aaxternal structurghat needs to be explicitly speci ed, since the underlying
set does not determine it. On the other hand, a given parti@rainiquely determines the in ma and
the suprema, if they exist. Completeness under in ma andesog is therefore aimtrinsic propertyof

a partial order. The same holds for categories, where in m& suprema become limits and colimits.
If they exist, they are determined by the underlying catggop to isomorphism, and completeness
under limits and colimits is therefore amtrinsic propertyof the category again. Cartesian products, as
a special case of limits, are also determined by the unaeylgategory and do not need to be speci ed
separately. As explained in Sections 1.2 and 1.4, a catégaoartesian if any pair of arrows into a pair
of types is representable as a single arrow into a single typieh is then their cartesian product. This

ah; gh 1Y h

ab 7! rebi

Figure 8.4: Pairs of cartesian functions are representabfanctions into cartesian products

representability, displayed in Fig. 8.4, makes the categartesian. If there are two representing types,
they must be isomorphic. Being cartesian idrarninsic propertyof a category.

Monoidal products, on the other hand, areeaternal structurghat needs to be explicitly speci ed,
since a category may be monoidal in manyetient ways. . .

8.4.1 Cartesian closure

A category isC cartesian if and only if it has data services and all of its ph@ms are cartesian
with respect to these services, in the sense of Sec. 1.4,a6&€th= C. The category is moreover
cartesian-closedf the arguments of any multi-argument function can be sapdrand each of them
can be evaluated on its own. In monoidal computers and pmegtased categories, this is done by
partial evaluators, as explained in Sec. 2.2.2. In carnediased categories, this is done by the abstrac-
tion operation, as mentioned in Sec. 1.7.3.1 and displaydeig. 8.5. This is a categorical view of
Church's -abstraction discussed in Sec. 4.6.1., A multi-argumenttiang: X A— B on the left

N !
is abstracted toa:g = X— (X A)AL BA on the right, and can be recovered from it by the

application operation going left. Like in Fig. 8.4, the twperpations in two directions form a family
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Figure 8.5: Cartesian closure

of A; B-indexedX-natural bijective correspondences. This representaloifimulti-argument functions
into B by single-argument functions inexponentdike B” is what makes the cartesian categ@y
closed. See Sec. 1.7.3.2 for the logical interpretationhefd@xponents as generalized implications.
Since the exponents are unique up to isomorphism (as chécled 1.6(j)), being cartesian-closed is
anintrinsic propertyagain. Now we get to the point.

8.4.2 Program closure

The monoidal computer structure, as presented in Sec., am8unts arA,; B-indexed family ofX-
natural surjections, as displayed in Fig. 8.6. While the sides of Fig. 8.5 determine each other along

run x

Figure 8.6: Program closure

the bijection between them, here we only have a surjecti@way. Saying that this structure is unigque
means that the functions on the left, if they are computaid¢ermine their inverse images along the
run-instruction. — How do they do that?

In computational terms, the answer lies in gadymorphism of theun -instruction In categorical terms,
the same answer goes under the nameatdrality.

Suppose we have two program closure structaneg andrun 1, like in Fig. 8.7. Instantiate the typ¢
to Py rst. Going forward along

rung : C (Po;Po) —» C(Py AB)
id 7! 0

and back along the surjection

rung : C (Po;P) — C(Po AB)



run?

()

Figure 8.7: Program closures embed into each other

we get o1: Pp— P71 which by naturality gives
run§(Fo) = runt( o1 Fo)

forall Fo 2 C (X; Py). Switching 0 and 1, instantiating to P;, and repeating the same givag: P — Py
with

I’Uﬂi(Fl) = runo(lo Fl)

for all F1 2 C (X;P1). Naturality and surjectiveness of the monoidal computiercgure (i.e. the poly-
morphism of therun-instructions and the programmability of all functions)agantee that there are
meaning-preserving program transformatiogs and 19 between any two programming languages.
The situation isalmostlike Fig. 8.7 — but not quite. The program transformatiogsand 19 may not
be injective or related with each other in any way. To getdtije program transformations likéy;
and#1 in Fig. 8.7 and (8.22), we had to switch from functions to gsses spent Ch. 7 on developing
program executions as process simulations. Hencimjaetions#o; and#g in Fig. 8.7.

Using the two semantics-preserving injections betwees¢b®of programs in two languages, we could
now extract a bijection by applying the usual set-theor€témtor-Bernstein Theorem. Since the injec-
tions commute with theun -instructions, they are berwise: everyn®-inverse image of a function is
mapped to theun -inverse image of the same function, and vice versa. Thettmjes will thus also
be berwise, and putting them together will give a bijectishich commutes with theun -instructions.
This provides a simple and succinct explanation of the tijecsimantics-preserving translation be-
tween the programs in any two languages, based on basicezay.thThe Cantor-Bernstein Theorem
implies that all programming languages are isomorphic.

One issue is that the set-theoretic approach only proves thigection exists but does not tell what it is.
Since the bijection is natural, this approach even provesence of programs for the bijection, yet the
in nitary aspects of the construction preclude nding them



Another issue is that the set-theoretic Cantor-Bernstamstructions assume (and imply [55]) the boolean
complements. In the case at hand, the assumption is thabthglements of certain extensional pred-
icates are decidable. This directly contradicts Rice'soram from Sec. 5.4. This is where the well-
ordering of programming languages became essential. Téetige construction of a bijection from the

e ective constructions of injections in Fig. 8.7 was basedtorThere are many programs for every
computable functionand every computational process, laddan be programmed in many languages,
but they all compute the same things in the same way and carahsldted to each other faithfully
and invertibly. There is no Tower of Babel but all languages raanifestations of the same capability
of speech. There are many programming languages but all andestations of the same property of
computability.

8.5 Workout
8.5.1 Exercises

a. Draw programs as diagrams for the in ma in (8.3) and forgingrema with respect to the same order.
b. Draw program (8.5) as diagram.
c. Prove that every decidable type is well-ordered as soéhisas

d. Recall from Sec. 2.3.1 that any computable typeorresponds to a computable idempotet:
P— Psuch thatx = a(X) just for x : A. Prove that p is cartesian if and only if the characteristic

predicate a: P— B is decidable, wherea(x) = x 2 a(X) .

e. Given a monotone unbounded cartesian funcfiolA— B and f : B— A de ned by (8.8),
verify that

i) f f(X xandy f f (y)holdforallx: Aandy: B;
! !

' I
iy f= A B Aandf=B—— A—" B are idempotent;

|
i) the splittingsA¢ of f andB; of f are isomorphic;
iv) there isx: Asuch thatf(x) = yifandonlyif f f (y) =y, i.e.y: Bs.

f. Verify that the isomorphism constructed in Sec. 8.3 pres®the program executions, i.e. that both
of its componenets are simulations.

g. Given a programming languadewith program execution machindgg: P A— P B, show
thatP> = P Pis also a programming language, with the program executiachinesj if : P2
A— P> Bdened

iFo;Fif = §FiD (8.38)

Use the Isomorphism Theorem to conclude that every progitased category supports an isomor-



phism

hb co; b cqi
P P C P (8.39)
d;e
satisfying
ba; yeg = x bk;yeg =y dlacy; kece= z (8.40)

While the operations de ned in Sec. 2.3.3 for all monoidahgputers satis ed the rsttwo equations,
making the pairing injective, they did not satisfy the thinge, making it surjective. Program-closed
categories support all three.

8.5.2 Application: Associative pairing monoid oracle

Given a surjective pairing (8.39) satisfying (8.40), it Mabbe nice to re ne it to also satisfy the monoid
equations

dg; gere= dp; dy;ree tl;pe=p=dp;fe (8.41)
say on another programming langudtje P. Then we could de ne the tupling operatiods": P— P
for all nite arities n by
8 .
§ f ifn=0
dp1; p2;::i;pne = 8.42
P1; P2 Pn g Zn} yer{s ( )

~dpidpod n;f ee ee ifn>0

The empty tuple would be represented by the minimal progrardiscussed in Sec. 8.1. Equations
(8.41) mean that the following diagrams commute

id d ;e P f id (8.43)

jv)
a
0

P

making P;d ; e ;f)into a monoid. One idea is to talk&to comprise of (the programs of) thpairing-
functionsp: P— P, de ned by the pairindp(x) = dp; xefor somep: P, and to de nedp;Ge=p q. Re-
alizing this idea in a program-closed category will leadaan example of an interesting phenomenon:
theoracles

a. Use the monotone increasing unbounded cartesian fosdip e ;d ; pe: P— P induced by the
surjective pairing, and the well-order Bf to show that the minimal programsatis esd ;ye=y =



dy; f efor everyy: P.
b. Construct an invertible function: P— P such that

(dk;yeze) = dx;dy;zee (8.44)

c. De ne the set of pairing functions together with the wiees of their pairing property as follows:

_ n o
P = f, :P— Pjfdpge= df(p);ge (8.45)

Prove the following statements.
i) P is a submonoid of the monoidP( ;idp) from Sec. 2.6.3.2;

ii) There is a retraction
O _
chp _ =P (8.46)
(@]

such thathf; i = hg; i if and only if there is an invertible function: P— P such that
f= .

iii) Show that functiond ; e: P P — P dened bydp;ge=p G, withp § dp;qge satis es
(8.41) and is therefore a tupling monoid.

8.6 Story
8.6.1 Prehistory of well-order

The story of well-order, like the story of types in Sec. 1, hégins with Cantor'®rder typeq19]. As
equivalence classes of ordered sets up to isomorphismi, tykess anticipated one of the tenets of the
categorical approach, but Cantor's contemporaries boigteside. The assumption that all sets can be
well-ordered anticipated one of the tenets of programntiidyCantor himself avoided that assumption
wherever possible. Why was that?

Mathematics begins with counting. Counting the elements &6t imposes a well-order on it. Cantor
developed the theory of counting past in nity. The well-erchblayed a central role in his work. But
the idea of counting and well-ordering past in nity takedto® used to. The well-order obtained by
counting the reals clashes against the intuition of theiocoaus order of the real line. Cantor's notable
contemporaries thought that the idea of well-ordering #as was preposterous. For Kronecker and
Poincaré, such ideas were a youth-corrupting mathenhatiakady [39]. Cantor tried to compromise
with the powerful critics by concealing and marginalizimghis publications some of his central ideas.

The task of extracting a bijection out of two injections agsigrom the claim that all numbers, nite and
trans nite, are linearly ordered. If a s€ is not larger tharP, andP; is not larger tharPg, then they
should have the same number of elements. We sayPthatnot larger tharP; when there is an injection
o1: Po>— P1; and thatP; is not larger tharPg when there is an injectiong: P; > Pg. We say that
Po andP; have the same number of elements when there is a bijectid®y, P; : . What we now



call the Cantor-Bernstein Theorem says that the bijedteppaexists whenever the injectiong and

1 exist. WhenPy andP; are well-ordered and the injectiong and 1 are monotone, then a bijection

can be actually constructed, like in Sec. 8.3. The bijectioas e ective as the injections and the
well-orders from which it is constructed. Cantor was awdrsome such well-ordered construction. He
claims it in his letters to Dedekind [131] indirectly but esgedly. Yet he followed Dedekind's advice
and worked hard and long to build the bijection from the itigts without the well-order assumption.
We now know that being able to extract a bijection from tweations between unordered sets implies
that all predicates are decidablét canonly be constructed or programmed if the sets are well-ordered.
Cantor didn't know that, and kept trying. To avoid the welter, he developed nonconstructive, error-
prone arguments, and never published a proof. Dedekindgelol in his famous monograph about
numbers [41] one of the proofs discussed in the correspaedeith Cantor. In the manuscript found in
his Nachlass he attributed it to Cantor. In the rst edition, the refecerwas removed [74]. The tangled
history of the non-constructive unordered versions of tlaatGr-Bernstein Theoreh{74] obscured
the e ective well-ordered construction that Cantor appears @ ltmnceived. It is probably fair to
say that he used well-order to construct functions well kefbe notion of constructing functions was
recognized. Once it was, the constructive versions of thet@@@ernstein theorem were published
in a quick succession, as John Myhill's [128] and Hartley Bs§[152] isomorphism theorems for
computably enumerated s&ts he Isomorphism Theorem for program-closed categoriesrigar but
simpler than Myhill's and Rogers' recursion-theoretic siens, and it might very well be closer to
Cantor's earlier versions. We will never know, but we canttryemember that we won't.

8.6.2 Towards categorical computers

Computable functions are de ned as whatever can be impléden any of the many equivalent models
of computation, or in any of the usual (Turing-complete)greonming languages. The models and
the languages vary vastly and the particular features tendake irrelevant at least some details of
particular implementations. Categories provide math&mlatools for abstracting away the irrelevant
implementation details into black boxes and displayingrtievant structure$. The case for studying
computable functions categorically is simple and obvidist even that story is not simple.

The earliest categorical treatments of computable funsteeem to go back to the 1960s work of Yuri
Ershov, Fig. 8.9. A fast-moving student of the great MaltaeMovosibirsk, Ershov picked up Myhill's
work on creative sets and recursive isomorphisms, and aiwedua program towards extracting the
isomorphism-invariant structures, abstracting away ttedevant implementation details by describing
all constructions in terms of program enumerations of camdge functions [50, 49]. By 1971, work-
ing towards higher-order recursion, he spelled out theesam-closed category of enumerations [51]
— apparently unaware, still in Novosibirsk, of the name, libgical meaning, or any previous work
on cartesian-closed categories. A full account of the sirecof Ershov's category was worked out by

5In elementary toposes, the Cantor-Bernstein Theorem isaqut to the Law of Excluded Middle [55].

8For more than a century, and still all over the web, this taeowent under the name “the Schroder-Bernstein Theorem”,
in recognition of E. Schroder's deeply awed argument, lghed as a proof of “Cantor's Conjecture”. It was stiently
complicated that it took several years before the error wasd.

"See [133, 111.7] for a succinct explanation of the meanind #re impact of these theorems.

8In linguistics, sociology, and anthropology, the questrf@thods to separate the relevant structures from irreleletails
has been callestructuralism Separating the essential concepts from the irrelevaniemgntation details has, of course,
also been one of the central problems of software engirgédrom the outset, driving its history from the high-level
programming language revolution, brie y recounted in S26, through modular and object-oriented programming,aand
host of ongoing movements. Category theory is perhaps @ctsiralist programming language of mathematics”.



1977 and presented in a book [52]. But when Ershov visitedX8eon a Fulbright Stipend in 1980,
his talks were picketed by the protestors accusing him ofptioity in the antisemitic suppression in
Soviet academia, derived from his administrative dutié@s ffp 363—365]. The incidents overshadowed
Ershov's presentations and assured that Soviet mathaamaticestricted view of the logical content of
cartesian-closed categories was counterbalanced bynwessthematicians' restricted view of the com-
putational content of that same structure. Despite theegelibalance, the information trickled and Er-
shov's category of enumerations was the obvious steppomgesexplicitly cited in some cases, into the
realizability toposes, the extensional universes of sétss@mputably realized functions [85, 126, 127].
A bridge between Ershov's theory and the related work ores@h-closed categories was proposed by

Figure 8.8: John Myhill Figure 8.9: Yuri L. Ershov  Figure 8.10: Pieter Hofstra

Giuseppe Longo and Eugenio Moggi [112, 113]. This was airélael mid-1980s, but Moggi had not yet
started working on his PhD, which would take him to the greg@astures of denotational semantics. (It
would also take denotational semantics to the green pasticomputational monads [123]). Still in the
1980s, DiPaola and Heller proposgaiminions an algebraic structure that allows capturing the patyiali
of computable functions, which the cartesian structureeldoes not accommodate [135]. Then in the
1990s, the denotational and the topos-theoretic modelsegpthe wide alleys for categorical analyses
of theextensionabspects of computation [1, 134] and the categorical anslgkthe intensional aspects
faded to the background.

The closest relatives of the monoidal computer emergedi2@90s, in the thesis work of Lars Birkedal
[15] and in theTuring categoriegproject of Robin Cockett and Pieter Hofstra [30, 31]. Ourgpamm
evaluators roughly correspond to Birkedallsiversal objectsand Cocket-Hofstra'sTuring objects
All three are categorical variations on the themeao€eptable program enumeratiofs82] captur-
ing the interpreter-specializer view of programmabiliy8B, Sec. I1.5]. Ershov also started from this
approach. The obvious derence between Birkedal's, Cockett-Hofstra's, and the omal approach
is that Birkedal embeds the acceptable enumerations (a&sraal objects) into theveakly closed par-
tial cartesian categorigsabbreviated t®WWCPC-categoriesCockett and Hofstra study them (as Turing
objects) in cartesian categories with a streamlined versidiPaola-Heller's domain operation [135]
to handle partiality, whereas the monoidal computer prssine acceptable enumerations (as program
evaluators) in monoidal categories. Formally, this makestonoidal computer slightly more general,
since it allows other computational ects besides the partialtty Such di erences appear marginal in

9The dominion of a function is de nable in the monoidal comgruby copying the inputs and deleting the outputs of a
function. To make this operation idempotent, we must asghatesuch totality testing is costless, in the sense thaigdioi
twice is the same as doing it once. This narrows the space délmsomewhat: e.g. the quantum computer is a monoidal
computer, but not a monoidal computer with costless teséind not a Turing category.



the context of the overarching foundational goal of modgthre intensional computation, with programs
as rst-class citizens. A closer look, however, uncovei they are not.

Both the WCPC-categories and the Turing categories areftarit partial combinatory algebras (PCAS)
an essentially algebraic structure that also plays a demt@ in the theory of realizability toposes
[111, 134]. It was proved by Birkedal in [15, Prop. 3.1.18tldny Cocket-Hofstra in [30, Thm. 4.9] that
their respective models can be characterized as the idempmampletions of partial combinatory alge-
bras. The evaluation structures on the universal objecf8@PC-categories and on the Turing objects
in Turing categories arise as retracts of partial combiwyaadgebras, just like the program evaluators
arise inuniform monoidal computers in Sec. 2.6.3. But it was shown therettt@atiniformity induces
monoidal computers with very special properties. Standasdoidal computers arise by takifto be
the set of expressions in an arbitrary Turing complete laggusay Python). The program evaluators
are the actual interpreters of the language. Programmimgubges are generally not essentially alge-
braic, because they contain coalgebraic and impredicatipeessions, like while-loops and function
calls. While the essentially algebraic frameworks of the R@ccategories and the cartesian categories
with dominion operations support the essentially algelsajnature of PCAs, the monoidal framework
of monoidal computers also supports the more general atagtrising from general program evalua-
tors. More speci cally, the polynomial extensions of PCAs &uilt inductively, like all algebraic and
essentially algebraic structures, and they support arctivédy de ned abstraction operation, akin to the

-abstraction [134, Ch. 1]. Although the terms that it incsieee inexorably partial [10], this operation
assigns a canonical program to each computation in any P&&Aebmodel. For models based on general
programming languages, this is impossible. Otherwisey sissignments would make computable the
search for minimal programs, and allowextive evaluation of Kolmogorov complexity, which leads to
well-known contradictions [110, Thm. 2.3.2]. In a @rent direction, mentioned in Sec. 5.6, a slew of
results from the 1980s [70, 98, 160] implied that the meragmee of an abstraction operation makes
any model of computation essentially extensional, in tiseédhat it contains a computable extensional
retract [81], even in the absence of extensional reductiimsummary, the problem with capturing pro-
gram evaluation by essentially algebraic operations isitkaables an operation of program abstraction
that is as eective as the operation of program application. In reatitpning programs is an ective
operation, but programming is an evolutionary process. dseharges the stored information, the other
charges logical depth [14]. That is why computers evaluaiagle instruction and not two.
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What?? 1

1 Whatam I? . . . . . . . . e 165

2 What are we becoming? . . . . . . ... 68 1

3 What computes? . . . . . . . . . e 916
1 What am 1?

René Descartes started from the questidrhat am 1?” and derived themind-body problem Alan
Turing arrived at the concept of the computer as a solutiah.LBwvere showed how to express such
answers in categories. You can still see Descartes in Fig, Turing in Fig. 2.20, Lawvere in Fig 1.10,
and a computer in Fig. 3.

The mind-body problem. Categories are universes of functions. They are exterlsidmast by de -
nition: two functions are equal when other functions canelbthem apart. Programs are intensional by
de nition: every computable function can be programmed enyndi erent ways. This book explored
the gap, the echoes, and the bridges between the extenammh#ie intensional views of computation.

The world extends around me, all the way to the horizon. Edagythe sun rises and many days are the
same like the previous one and like the next one. But someataydi erent, and some day the sun will
not rise. My body is a part of the world. It is the horizon segigng the internal world from the external
world. It extends through the places that | occupy. It is esignal almost by de nition. My mind is
intensional by de nition: there are many dirent views of the world. There is a gap, the echoes, and
the bridges between my body and my mind.

Descartes distinguished the body and the mindeasextensandres cogitans the extended things
the thinking thing[42]. The gap between them gave rise to the possibility, oead in Sec. 7.7, that
the world is a simulation projected to the mind. Descartesspit of this possibility came to be known
as theCartesian doubt Descartes resolved it by observing that the mind can obstself and assert:
“I am thinking, therefore | exist”. But he left open timeind-body problem “How does the mind arise
from the body?” How did | come to think? What am I? The body s$raiis images of the world to the
mind; the mind rearranges the objects in the world using dayblt is a curious arrangement even for
God's creation. Descartes and his contemporaries beliatanost of the tra c between the mind and
the body was routed through the pineal gland. His diagranoef ihworks is in Fig. 1. Neuroscience
has in the meantime arrived at more precise explanations.miihd constructs an intensional universe,
with voices, images, numbers, sentences, music, dance, doehms, delusions, experience, science,
conscience, regrets, predictions, death. How does alttirae about?

The mind-body solution. Descartes noticed that the mind can observe itself. Turdtiged that the
mind can simulate itself. It is universal, in the sense thean think about anything. The states of mind
observe and change the states of the world. They can obsadvehange themselves as special states
of the world. Cats and dogs also observe and change staties witld but only very exceptional dogs
might be able to observe themselves and exclaim: “Cogigg sum”. And even they would not be

1Allergy Warning: This part may contain traces of philosophy.
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able to follow Descartes into meditations about their aigihs. Only a mind or a computer can do

that. | can do that by updating the internal state of my mirgether with the external state of this text

that | am typing. Turing presented the mind as a machine dastghat: updating the internal and the

external states together. When | write this sentence anteptbto the next thought, Turing's machine

writes on a tape and proceeded to the next internal staterddemted the states of mind (the short-term
memory) as internal machine states and the states of the {tbd records we keep to remember them)
as symbols written on a tape. His abstract machine uses ttmakmemory to write messages to its

future self like we do when we collect memories. In the futuhe machine reads old messages and
writes new messages to its future future self.

,@ind

ﬁgdy

Figure 1: Descartes' mind-body link Figure 2: Turing's machine

Turing's machine, displayed in Fig. 2, was his solution t®¥érsion of the mind-body problem, which
arose from the sudden death of his best friend Christophecdfo, at the age of 19. Trying to come to
terms, Alan initiated a correspondence with Christopheriher, explaining to her, still in the voice of
a child, the fundamental question that they both faced:

As regards the question of why we have bodies at all; why wealmncannot live free
as spirits and communicate as such, we probably could dotsthéxe would be nothing
whatever to do. The body provides something for the spitibdd after and use. [78, p. 83]

This question provided an impetus to Alan's work. Within aipke of year$, he built a mathematical
model of the “spirit™:

The behaviour of the computer at any moment is determinedhéwymbols which he is
observing, and his “state of mind” at that moment. [176, S§c.

That s, in essence, what it takes for to achieve the uniligred mind! The state transitions of a Turing
machine are in the form

hojo; aoi ' h O1; &l (1)

This means that this machine, whenever it nds itself inestgt(“of mind”) while observing a symbol
ap in the current cell on the tape (“the world”), then it will upte the statey 7! g, overwrite the
symbolag 7! a;, and move along the tape to the next cell in the directicéhfl;rg i.e. left orright.
Since the behavior of a Turing machine is completely deteeghiby a set of quintuples in the form (1),

°The date of Turing's memoir to Mrs. Morcom is thought to be 882. The date of his discovery of the computer is 1935,
published in 1936.



a machine that reads and executes such quintuples can wranlamachine. It is universal. That was
the tectonic move of Turing'&€ntscheidungsproblermpaper [176]. The sets of quintuples (1) are the
programs for Turing's universal computer.

The mind-body is an implementation detail. All you need is universality. The idea of updating
together short-term and long-term memory as internal atetexl states allowed Turing to implement
the universal computer. According to the Church-Turingsifighere are many other implementations.
Any universal computer will do. In the book that you are ahgsiwe started from the abstract univer-
sality of program evaluators in Ch. 2 and reached statefulpeaation in Ch. 7. An implementation of
concrete Turing machines in the same framework can be faufidlb]. The universal computer is a toy
model of the mind-body interactions that enable us to comfusing paper as external memory), solve
problems (twiddling their physical realizations), play situ(extending our bodies by the instruments),
carve our thoughts in marble, y in space. Turing's mind-padachines are intuitive for us because
they are toy models of ds But understanding other realizations of universalityaags our intuitions.
This seems to have been Turing's principle of the methodpanced brie y and almost reluctantly at
the end of his doctoral thesis [177, §11].

It doesn't matter what you are. A computer is not a thing but a structure. It can be built fromthing:
electronic circuits, neurons, organelles, pebblesxpressions, channels in a network, morphisms in a
category. The mind does not depend on the material from wtiehbody is built. Any universal
computer can simulate any computer, and in particular aiwetsal computer. Just like there are many
di erentlanguages describing the same world, there are mamyuters computing the same functions.
All you need is universality.

All minds are created equal. Whether you are organic or arti cial, gay or straight, blamkwhite,

or a mixture of any of that, your computable functions are sheme, as long as you are universal.
Whether your program evaluators are realized as composjtar term rewriting, or state transitions, or
as thinking, you can evaluate programs for the same furstid output the same outputs on the same
inputs. That is the moral of universal computer. Turing meweralized much, so he stated his message
in terms of a protocol, derived from a party game.

The Turing test. The Turing test is an authentication protocol. Authentizaprotocols are conversa-
tions where one party, call them Alice, proves to anothetypaall them Bob, a claim that Bob cannot
directly verify. E.g., when Alice claims that she is AlicedaBob is an electronic banking website, then
they run an authentication protocol. Or Alice may claim thgtainting was made by Salvador and the
buyer Bob needs to make sure that it is an authentic Salvaadoting. It is often hard to prove such
claims. In Turing's test, Bob needs to authenticate thaté\is a human and not a computer. Can
a computer simulate a human? He proposed that the questfdshe tested through conversation,
like in theimitation gamegplayed at the time in parties, where Bob's task was usuallgutihenticate
Alice's gender [178]. In a famous passage fr@iscours Descartes had argued that the property of
being human could be recognized through use of landuagiering made the same argument, but in

SIntuitive constructions cease to be intuitive after theyehaeen regurgitated too many times.

4“If there were such machines having the organs and the sHfamenonkey or of some other animal that lacked reason, we
would have no way of recognizing that they were not entirélthe same nature as these animals; whereas, if there were
any such machines that bore a resemblance to our bodies #&atkuiour actions as far as this is practically feasible, we
would always have two very certain means of recognizingttiegt were not at all, for that reason, true men. The rstid tha
they could never use words or other signs, or put them togathee do in order to declare our thoughts to others. For one
can well conceive of a machine being so made that it utterslsy@nd even that it utters words appropriate to the bodily
actions that will cause some change in its organs (such aseifouches it in a certain place, it asks what one wants to say
to it, or, if in another place, it cries out that one is hurtihgand the like). But it could not arrange its words drently so



the presence of the universal computer, he arrived at thesitepconclusion: that a machine may be
indistinguishable from a human and win the imitation game.skhrted his paper “Computing machin-
ery and intelligence” [178], published in the jourrdind, by asking: “Can machines think?”. The
guestion echoed widely, and soon after the paper appeaBstisBlicited and aired several lectures and
discussions based on Turing's work [181, Ch. 12—-14]. Whilerig's deep analyses were often hard to
discern from the noise that they provoked, his general hogigat the end of the century [...] one will
be able to speak of machines thinking without expecting todmgradicted” got picked up by young
researchers [181, Arti cial Intelligence]. Some 9 yearteafTuring's machine intelligence manifestos
in the summer of 1956, John McCarthy organized the legerdarymouth workshop which introduced
the new era ofarti cial intelligence (Al), or at least a new name for it. Turing had ended his life two
years earlier. With the recent advances in machine ledtniregseem to be catching up with the closing
remarks in Turing'sMind paper:

An important feature of a learning machine is that its teaahid often be very largely

ignorant of quite what is going on inside, although he maly Is#i able to some extent to
predict his pupil's behavior. [...] This is in clear contragith a normal procedure when
using a machine to do computations: one's object is then Ve laaclear mental picture
of the state of the machine at each moment in the computafitiis object can only be
achieved with a struggle. The view that "the machine can dolyvhat we know how to
order it to do', appears strange in the face of this fact. lligent behaviour presumably
consists in a departure from the completely disciplinecalgitur.

Not knowing what is on the mind of another intelligent ent#ya feature of interactions between intel-
ligent entities, not a bug. That is why intelligent entitesmmunicate: to know more. Communication
opens the gates of cooperation, deceit, and all kinds ofurgst All universal computers are computa-
tionally equal, but in network interactions, some are mayeaéthan others.

2 What are we becoming?

Our bodies are extensions of our minds. We extend our bodiggny directions. We cover them with
garments and armor. We use tools and weapons. We live withadsi feed them and feed on them.
Speech embodies and connects our minds. We extend speediitihg,wvriting by calculations, then

as to respond to the sense of all that will be said in its presess even the dullest men can do. The second means is that,
although they might perform many tasks very well or perhagiteb than any of us, such machines would inevitably fail in
other tasks; by this means one would discover that they wetirggenot through knowledge but only through the dispoaitio
of their organs. For while reason is a universal instrumeat tan be of help in all sorts of circumstances, these organs
require some particular disposition for each particuldioac consequently, it is for all practical purposes impbiesfor
there to be enough derent organs in a machine to make it act in all the contingenaf life in the same way as our reason
makes us act.” [42, 8§57]

5The London Mathematical Society and BBC Radio lectures wletiwered in 1947, the same year when the “Intelligent
Machinery” memo was written, his most incisive and visigndiscussion of machine epistemology, now available as
[180, Year 1948] and [181, Ch. 10]. It was delivered as arriatiereport for Sir Charles G. Darwin, the Director of the
National Physical Laboratory (a grandson of Charles Damvid a prominent eugenicist on his own account). It is an
astounding document, including what seems to be the daslgsearance of the idea thining neural networkg181,
Sec. 10.7. Education of machinery]. Lord Darwin withdrevport for Turing's work because he found his appearance
“smudgy”. You couldn't make this stuup: see the commentaries in [181, Ch. 10] and [36, Part IHg Themo sank into
oblivion, never to be seen for 20 years, barely read untihtiaa century. Turing abandoned work on computers, returned
to Cambridge, and devoted the couple of years until his daiathe age of 42 to exploring computational aspects of life
[179].

8] write this in late 2022.



put it all together in computers. Our garments and armoistand weapons, animals, languages, and
computers grow in and become parts of our bodies. The musigid the instrument become one. We
y using airplanes and dive using submarines. We cannot ylime without them and they don't need
to without us.

As the interest in disciplined, industrial-scale programmnbased on th&clear mental pictures of com-
putations” that Turing speaks of in the above quote, overshadowed teegt in machine intelligence,
one of the architects of disciplined programming stated ‘thhe question of whether a computer can
think is no more interesting than the question of whetherbmsrine can swint. But submarines and
computers change where we swim and how we think. This booldatthave been written or read
without a computer, and the computer couldn't write or rdasithout you and me. Musicians cannot
play music without instruments (including their voicesntig, feet), and instruments cannot play mu-
sic without musicians. Musicians with instruments form aohestra, and the orchestra forms them.
They listen to other orchestras and the other orchestrias lis them. We use computers to think, and
computers use us. We program computers, they program usudithem we program ourselves, they
themselves, everyone everyone.

The Turing test is extensional.  Hardware is enclosed in boxes. Software is hidden behindnthe
terfaces. The observable behaviors that may distinguishiahs from computers may be realized by
di erent hardware, implemented by drent software, but the derences are not observable. Rice's
theorem from Sec. 5.4 con rms Turing's point that it may na @ecidable who is human and who
machine. Some humans are arti cial, some machines arealafiesting is ongoing.

From universality to life. ~ John von Neumann (Fig. 2.18 and 4 in the Appendix) noticetitheu
equip a universal computer with sensors and actuatorsnigather materials and produce copies of
itself. But self-reproduction de nes life. In this sensie lis computation. Genes can be thought of as
programs, ribosomes as program evaluators. Von Neumarte Wilectures about life as computation
on his deathbed and died before nishing them [130].

From self-simulation to self-negation.  The consequences of universality stretch beyond the horizo
of logic. A universal computer can process its own desaigias programs and simulate itself. Sim-
ulating its own descriptions, it may diverge, or it can copy anultiply itself, as we saw in Ch. 3. It
can update, and modify itself, as seen in Ch. 6 and 7. It carepsovarious forms of negation of itself,
as discussed in Ch. 5. This makes it incomplete and undecitiean also systematically deceive itself
[143]. The halting problem is undecidable but the decision problémhaltable. In his work, Alan
Turing proved that it cannot be decided in general whethenaptitation would halt. That resolved the
decision problem. In his life, he proved that in special sasme can be perfectly capable to decide
when to halt. That resolved his imitation game.

3 What computes?

The principle of metaprogramminty am computing how | will compute’is an echo of Descartes'
principle of mind“l am thinking, therefore | exist” Descartes proposed self-observation as the foun-
dation on which the reality of observations can be authatdit and compiled into science. Turing
expanded that foundation through the self-simulation b#igas of universal computers. If thinking
processes the internal states of mind, computing also heesternal states of the world. Philosophers'

"E.W. Dijkstra, apparently on the CMU message board in 1986.



self-observations have been expanded by computers' smlfgming. Things got complicated. The
large-scale process of computation is the process of pemglenachines working together. It can be
construed as echoing the structure of the computer: peojigrnal states of mind interact with the
unbounded external state space of the world. Everythingliénl the horizon, everyone is a network
node. Communication between people and computers starfdgramming. In the rst programming
steps, people had to adapt to machines and speak their eEgudut the evolution of computation
buries the hardware deeper and deeper into boxes, risesfthae higher and higher up the stack of
language interfaces, and makes the network links longetamggbr. The rst revolution of computation
gave us high-level programming languages. It enabled petoptontrol computers. The subsequent
evolution of networks and Al reversed that process, englitmmputers to control people, driven by
people's business models where they get rich by controlimmgputers that control people. At the end
of the day, the ongoing computational processes seem tmiaptitheir object functions on their own,
and people don't seem to be in control of anything, leastidhamselves. The communications between
people and computers that started as programming and evioitcea conversation may have devolved
into noise. Maybe that is the way it should be.



Thanks

| started programming to get away from high school math. ktan 80% pay cut to get away from
programming when | became a graduate student of math athtttdmiversity. My pay quadrupled
when | progressed from a lecturer in the UK to a software rebea and developer in Palo Alto. This
was all in the 1990s. | took a 66% pay cut when | returned to exvéal This book evolved from
lecture notes for prerequisite courses for cryptographdy sacurity. | started drawing string diagrams
because the task was to teach foundations as fast as passitiat students can understand modern
crypto. Some cryptographers said that it was ridiculouslitivas spending time on computability when
cryptography was mostly based on complexity, but | didn'okrhow to make anyone understand the
di erence between hard and easy computations without unddirsjacomputations. It is possible that
this would have been easier had | not studied rhatBe it as it may, what you have here is a book
of prerequisites for prerequisites for cryptography: catapility as a foundation of complexity as a
foundation of secure communication. | will do my best to mighe volume about complexity and then
the volume about security science. Both are, | think, abalftvaritten. Security is what keeps us alive,
but also a big industry, so things get complicated and youl fég Iters. The odds are that | will
probably fail to produce what I am hoping to produce, butpibduce something. My whole life has
been a history of failures, and each time something bettaeaaut, unimaginably better than what | was
trying to do. A series of completely undeserved lottery wiisandomized computation. This is where
| should thank God and my mother Temra (née Biljana), whal diefore Sarajevo got besieged and
Yugoslavia fell apart; and my father Leontije whom | only knfrom vacations, and from the mirror.

A market is a computer computing the prices of goods. Sci@aecomputer computing explanations
of observations. This book is an output of that computer. Whter, the publisher, the printer, are its
peripherals. We bear responsibility for the paper jams. cdmtents come from a queue. While working
on this book, | was employed (in chronological order) by thaversity of Oxford, Royal Holloway,
University of Twente, the University of Hawaii at Manoa, aiod a year by Radboud University. | re-
ceived additional research funding from AFOSR, DARPA, NSRR, and from industry consultancies.
None of them is responsible for this book of prerequisiteprefequisites for a nonstandard approach
that might become useful some day (if the things we do turrt@be as bad as they seem). But some
of them have been consistently supportive of nonstandaasyimuch more so than most academic
communities. That is remarkable, whichever way you thinkualit. Every organization is a group of
people. Some of them become your friends, some keep disbartde=come a part of your big picture.
While working on this book, | was supported, encouraged;alisaged, corrected, and simply helped
(in alphabetic order) by Andre Scedrov, Bart Jacobs, BolckmeBrad Martin, Dominic Hughes, John
Baez, Muzamil Yahia, Noson Yanofsky, Peter-Michael SeiRalph Wachter, Samson Abramsky, Tris-
tan Nguyen. | am sure | am forgetting someone. Please forgive

As always, between every two words that | wrote, there wasla lvhite thought on my wife Abby
Avelar, and on my children (in reverse chronological ordera, Temra, and Stefan. You pull out the
little white thoughts and all words get mixed up. You pull thut words and what is left is my life :)

INo irony intended.
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1 On categories and functors
1.1 Categories

A categoryC is speci ed by
" afamily (set or class) abbjectsjCj,
" for all A; B 2 jCja set ofmorphismsC(A; B),

~ for all A; B;C 2 jCjthe sequentiatompositionoperation (): C(A;B) C (B;C) — C(A;C) sat-

isfying
C(A:B) C (B:C) C (C:D) — 2 €D , ca:c) ¢ (c:D)
CAB) () 0) )
C(A:B) C (B:D) — C(A: D)

for all A;B;C;D 2 jCj, which is just the associativity (y 2) = (x y) zofall composable
morphisms; and
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~ for all A 2 jCjanidentity morphism id2 C(A; A) satisfying

id C(AB)

C(A; B) C(A;A) C (A:B)

C(A;B) id O) (2)

C(A:B) C (B;B) C(A; B)

0)
for all A; B 2 jCj, which is the unitarityx id = x=id x.

If a category has a single object, then the conditions inrdiag (1—2) boil down to the familiar monoid
conditions. Formally, a categoyis ajCj jCj-indexed monoid.

Isomorphisms. An isomorphismX Y is a pair of morphisms in a category

X< Y €))

-
f

suchthatig=f f andf f =idy.
Terminology. In this book,
" objectsare usually calledlypes(because they are in a computer),

~ morphismsare usually calledomputable functiongditto), and

" sequential compositionis usually drawn as string between boxeén a string diagram).

1.2 Six concrete categories

Categories of structures over sets are cafledcrete The following concrete categories can even be
speci ed without mentioning any structure on sets as objeatith all structure carried by the mor-
phisms:

" Set — sets with cartesian (total, single-valued) functions;
Set_— sets with partial (single-valued) functions;
Setp — sets with multi-valued functions (a.k.a. binary relasjn

Setg — sets with multi-valued functions into multisets (bags);

Sety — sets with linear functions;

1n this book, we usually calitypes” what category theorists cdlbbjects”; and we callfunctions” what they call‘mor-
phisms” The reason is that in monoidal computers the objects aestgpd the morphisms are computable functions. In
this section we discuss categories where the objects aneaset revert to the general terminology.



" Setp — sets with convex functions (a.k.a. stochastic relations)
In all cases, the objects are thus the same:
jSetj = jSetj = jSetpj = jSetg] = jSety] = |Setp]

The hom-sets are de ned as follows:

n 0
Set(A;B) = f:A— B 4)

n 0

Set(AB) = f:A— B jfQ)=_ (5)

) s [ 3

Setp(A;B) = xf:PA— PBj8U P A:f u = f(U)z (6)
8 u2u ’ 9
2 . B X B

Setx(A;B) = zf: XA— XBj8t2BA:f Ugjal F= Uajf(a)i @)
' a2A a2A '

where the set-constructors are de ned

~

A = A+ {_gis the partially ordered set consisting of the elementa ek incomparable and the
fresh element taken as the bottom;

PA = f0 < 1¢* is the free semilattice of subsetsAand| is their supremum;
BA = N2, is the free commutative monoid of bags frevand s their sum;

V A=< 4%, isthe vector space over the ekl and basis;

n P o)
" DA= d2[0;1]8, | a2aUa=1 isthe convex hull ofA.

andX denotes any oB;V ;D. The subscript£ 1 " reminds that vectors are always nitely supported,
ie.

n _ _ 0

Ry, = 2RMj#a2Aj ., Og<1

whereR s a rig? and thus contains 0 and 1. In thea-ket-notationjai 2 R%, denotes the basis vector
induced by the generatar2 A. A general vector is therefore always in the foas 55 Ugjai where
all but nitely many coe cientsu, are 0. The morphisms detp, Setg, and Setp and Sety can
equivalently be viewed as matrices:

Setp(A;B) = fo<i1d A (8)

Setg(A;B) = NEA )

Sety (A;B) = <BA X (10)

Setp(A;B) = f2[0;118,%j8a2 A  fa=1 (1)
b2B

It is instructive to show that the function compositionstiesto the matrix compositions

2A rig is a“ring without the negatives? Distributive lattices, rings, and elds are special cade®e semilattices happen to
be distributive lattices.



" in Setp:

X
g f = jci% oo " fba%m (12)

" in Setg, Setp, andSety :

<ok b
g f = jci Ocb  Toal (13)
a2A b2B

c2C

Viewing the entries of the latticl) < 1gas truth values, (12) boils down to the relational compositi

@9 fla 0 9 b2Bigew”™ foa (14)
1.3 Functors

A functor
F:C—D

whereC andD are categories speci ed as above, is given by
" the object parfF: jCj— jDj and
" the morphism parfag: C(A; B)— D (FA;FB)

together satisfying th&unctoriality requirements

C(A; A) C(A:B) C (B:C) — 2 C(A;Q)
/
1 Faa Fas ‘ Fec Fac (15)
S |
D(FA;FA) D(FAFB) D (FB;FC) —— D(FAFC)

meaning thafF(id) = id andF(x y) = Fx Fy for all composable morphismsy.

WhenC andD are monoidal categories, as speci ed in Sec. 1.5, then thetduF: C— D is said to
be monoidal when it is given with the isomorphisms

FI F(A B) FA FB

naturally indexed ovelA; B 2 jCj. What does it mean that they are indexed "naturally”?



1.4 Natural transformations

Let CandD be categories ané; G: C— D as above. Aatural transformation
t:F—G:C—D

is de ned to be a family of morphismig; 2 D (FX; GX) indexed byX 2 jCjsuch that for allX;Y 2 |Cj
and allu 2 C(X; Y) the following squares commute

FX —tx=> GX
Ful lGu (16)
FY —tv—> GY

The natural transformationis an isomorphism when all of its componetys FX — GX are isomor-
phisms. This means that there is a natural transformafio — F such thattg’( tx = idgx and
tx tg)( = idG)(.

1.5 Equivalence of categories

An equivalenceC ' D is a pair of functors

F
C< D (17)

~—
F
together with the isomorphism$ F F XandF FY Y, natural inX 2 jCjandY 2 jDj. This

generalizes the isomorphisms in Sec. 1.1 from objects efjcaies to categories themselves as objects
of 2-categories.

Exercises

a. For the categorieSetp; Setg; Sety ; Setp, prove the equivalence of the morphism presentations in
(6—7) and the matrix presentations (8—11). In each caseifg@ebijection between the hom-sets in
the rst and in the second form, and verify its functorialitye. that the identities and the composition
are preserved.

b. Show thasSet _is equivalent to the subcategory ®étp in the matrix form with as morphisms those
matrices that contaiat most onel in each row, and all other entries 0.

c. Show thatSet is equivalent to the subcategory ®étp in the matrix form with as morphisms those
matrices that contaiprecisely onel in each row, and all other entries 0.

d. Show thatSet is equivalent to the subcategory ®tp in the matrix form with as morphisms those
matrices that take valuesi6;1g [0;1].

e. Spell out the monoidal structure and the data servicascewlby the cartesian products et |,
Setp, andSetp.

f. Prove that the total, single-valued functions in eachhef above examples yielget as the largest



cartesian subcategory:

Set ' Set ' Set, ' Setg ' Sety ' Set, (18)

g. Show that an equivalence can be recognized on either gbitgponents. Recall that a function
f : A— Bhas an inverse if and only if it surjective and injective, f@r everyy 2 Bthere isx 2 A
with fx =y, and for allx;x° 2 Aholds fx = X0 ( x = X% The claim is now that a functor
F : C— D has an equivalence mate if and only if

" F is essentially surjective: for evely 2 jDj there isX 2 jCjwith an isomorphisnFX Y, and

~

F is full and faithful: for all X; X° 2 jCjthe functor componenExxo induces a bijection
D(FX:FX9 C(X:X9).

Given a functorF with these properties, construct its m&®: D — C such thatX FFX and
FFO Y naturally inX andY.

2 On idempotents

A retractionis a diagram in the form

R i‘_; X (19)
|
whereq i = id. The typeRis called aretract of the typeA. Given a retraction (19), the composite
=i qisthe induceddempotent A function : A— Als said to be idempotent when it satis es
= . The composite =i qisidempotent becausp i = id.
The other way around, given an idempotent , a pair of functiongy;i such thatlg i = id and
i q= is called asplitting of . The equations that characterize idempotents and théitirsgps are

summarized in the following commutative diagram.

AN

N

o———— X

(20)

NS
X
[ 7N

A
v

X
q
R
It is easy to see that any two idempotent splittings are isphio. WhenX is a set, then any idempotent
%: X — X induces the retract

R = fx2Xj%x) = xg

with the role ofR—— X played by the inclusion and the role ¥f— R played by itself. Retrac-
tions of sets are precisely the quotients where every elgmiga class comes with a chosen elements.
Note that the Axiom of Choice says that every quotient carndeneled to a retraction.



Any categoryX can be embedded into tieategory of idempotend$ , going back to [7, IV.7.5], de ned
a
X 92 X(X;Y)j% Y%= %
X;Y2iX

f2X(XY)j& == wy (21)

X (% &)

The embeddingK — X sending every type& to idy is the absolute completion of, under the
absolute limits and colimits, which are de ned as those #natpreserved under all functors. It turns out
that the absolute limits and colimits are just the idempiogetittings [137]. See [16, 1.6.5] for a broader
context. Any idempoterfts X — X in X splits inX by the retraction

%

0 w .
A)\%/ idly (22)

Any splitting R of an idempoten®s X — X that may already exist iX is isomorphic inX to %as
the added splitting (22). & Y — Y is another idempotent iX with a splitting S, then there is a
one-to-one correspondence between

~ the functionsf 2 X(R; S) and

f.

" the functionsf 2 X(X;Y) such tha& f

B B B
S
S
Y]
B
B

N qR\
A A A

Figure 1:f inducesf = g f g, which inducesf =is f gR

Note that the conditio& f = fisequivalenttd &= f = f. The fact that the underlying category
C of any monoidal computer is equivalent with the categorydeimpotents® over the monoidP of
computable functions on its programming langu&ge worked out in 2.6.3.2.



3 What numbers are not

How much is 3? We use 3 ngers to count 3 apples, 3 coins to pay for them, 3suwfitweight to
weigh them. The number 3 arises as the property shared bgthefs3 elements. Frege formalized this
by de ning the number 3 as the set of all sets of 3 elementspl,1-83]. Just as the second volume
of Frege's book on the arithmetic of such numbers was in pisdrand Russell noticed a paradox in
Frege's system, and described it in a letter to Frege [711p4-126].

Figure 2: Gottlob Frege Figure 3: Bertrand Russell Figure 4: Janos Neumann

Russell's paradox. Call a setordinary if it does not contain itself as an element, andraordinaryif

it does contain itself as an element. E.g. the set of all satsdinary because it is not a cat; whereas the
set of all sentences de ned in less than 20 words is extraargdibecause we just de ned it in less than
20 words. LelO be the set of all ordinary sets, akdhe set of all extraordinary sets, i.e.

O
E

fXjx<xg

fxjx2xg

The paradox arises from asking whether the €egsdE themselves are ordinary or extraordinary. For
each of them, both possibilities lead to a contradictiort. Useconside©.

" If Ois an ordinary set, the® 2 O, sinceO contains all ordinary sets. But théhcontains itself
as an element, i.e. it is extraordinary.

" If Ois extraordinary, the® < O, because only contains ordinary sets. But théhdoes not
contain itself as an element, i.e. it is ordinary.

Both possibilities, that the s€contains itself as an element, and that it does not, leadaataadiction.
Hence the paradox. The underlying logical schema, knowhediagonal argumentwas used earlier
by Georg Cantor to show that the real numbers are not coentabtl later in Godel's Incompleteness
Theorem, presented in Sec. 5.2, and Turing's proof of unidddity of the Entscheidungsproblem,
presented in Sec. 53.

3Cantor also applied his diagonal argument to the elemeatioalto construct his “inconsistent” sets [131], but theagax
that he noticed in the end got attributed to Russell, whoemesl it to Frege, and clari ed its impact to Dedekind, and
perhaps even to Cantor. Cantor's “inconsistent” sets, atutian of the paradoxes, were clari ed still much latemagned
to classes, and attributed to von Neumann.



Comprehension. Seeing his life's work shattered by Russell's observatiBrege responded with
remarkable honesty. He admitted that there was a problethiraed to solve it. The solution that
gradually Itered through set theory is that collecting afitities with a certain property does not always
yield a set. Frege's original proposal was that every prypéormalized as a predicate(x), induces
the setfxjP(x)gof all x that satisfyP. That is how we forntlassesn the Hilbert-Bernays set theory.
Russel's argument was that this leads to a paradox if theiqaedP(X) is instantiated tox 2 x. To
avoid this paradox, the sets are built inductively, by thev@set constructor, and the sets of elements
satisfying a certain property, presented as a predicatequly be carved out of previously constructed
sets, using the axiom a@omprehensionA predicateP(x) can thus be comprehended within any given
setA as its subsetx 2 Aj P(X)g A di erent solution, proposed by Bertrand Russell, was to replac
sets with types [155]. A type-theoretic view of the set-tiledic comprehension constructor expressed
as a categorical adjunction is described in [108]. Whethey aire comprehended within the set of nite
sets, or built as a type, numbers arise from of counting, @sgmted in Sec. 4.2.

From numbers to life. The static view of humbers as things or properties, espobgguhilosophers
from the Pythagoreans to Frege, was superseded by theiireuigw in [185], authored by the 17-year
old Hungarian wunderkind Neumann Janos, Fig. 4. His life e XX century version of the tragedy
of Dr Faustus, also presented as the comedy of Dr Strangelovéhe US, Janos became John von
Neumann, whom we saw in Fig. 2.18. He was, with Einstein, drthe rst members of the Institute
of Advanced Studies. He contributed to paradigm shifts gidocomputation, quantum physics, game
theory. Having seen Nazis in action early on, he graduaflycresed from logic to the nuclear weapons
and died at the age of 53, probably from exposure to radiattche nuclear tests that he insisted on
attending. On his deathbed, he worked on a series of leguoeing that life, as the capability of self-
reproduction, arises from computation. The lectures wexemndelivered, but appeared posthumously
as [130].

4 Work

Work 1.6: Types and functions
D E

a. i) The function (+);() can be constructed as a parallel compositiontdfand (), but we need to
feed them the inputs. To feed two functions, we need two sopien and two copies oh. For
this we run two copies of the copying data serviceN — N N, one to get m= hm;mi and
one to gento get n= m;ni. The two copies can be run in parallel, givihg; m; n; ni. To get
the inputs for ¢) and () in the formhm; n; m; ni, we swap the middle pair ihm;m;n;ni. The
data ow is thus

N & N ) 0O
_—

N N——N N N N—N N N N N N

hmni —— s hmm;n;ni — hm:n;m;ni — > hm+n;m ni
The algebraic form of this function is thus
D E
+s0) = () () N &N

and the corresponding string diagram is in Fig. 5, top left.



Figure 5: String diagrams for exercise 1.6.a.

ii—iv) The string diagrams are in Fig. 5.
b. The bottom-up data ow through the diagram is as follows:
hyi 70 hy; xi 70 hy; v o X 70 hy; Xy, o xi 70 hy; O; X y; X xi 7!
7TERE(Y; 0 x5y %909 78 h f(y; 05 x5y x.9(x) 70 e h f(y; 0505y, % 9(X)
Fig. 1.12 thus displays the function that maps the inptg to the output g h f(y;0; xi;y; X, g(X) .

c. i) The rst equation holds by

A®
A B A X A A
a b = a = a = aZ|
ha;bi
Xl X X X

The assumption thdt is total is needed at the rst step, and marked in red. The &gy that
this equation implies thdi is total, is obtained by setting=_.



i) Towards the second equation, rst note thak; gi = ida g always holds:

A B A B

IEIETI

A } B = =

N -
NEE A B A

The assumption thdttis single-valued on the other hand means

A B A B |A |B |A |B
h h
A B
h

X X

Postcomposing both sides with g and using (23) leavason the left anch ah; ghi on the
right.

iii) The third equation is analogous to the rst.

d. Sinceais single-valued, itsatisesp, a=(a a xand o a=Mci=(b ¢ xgives

A A A A
X X

Sincea andc are total, it follows that

A A A A

Work 2.6.1: How many programs?

a. We show that = ? impliesC" 1.



i) An equational proof would be:
"= f>g = f2g = (24)
Draw the string diagrams.
i) Any f: A— Binduces |
f=P A B> p (25)

Foranyf;g: A— B, (24) impliesf = §. But then
! !
P B =g (26)

f=ALIpp_»B = APIPp

i) For arbitrary type<C; D, de ne
! !

h=Cc>242 p——D k= D24 p——C

Applying (26) tok h;id : C— C givesk h = id. Applying ittoh k;id : D — D gives
h k= id. The functionsh andk thus form an isomorphisi@ D.

iv) Taking D in answer (iii) to be the unit typegives an isomorphisr@ | for any typeC. Answer
(ii) implies that the only function om is the identity, and that for every tyfggthere is precisely
one functionC — | andl — C. These two functions must be the isomorphi8m 1, and the
only function onC must also be the identity.

b. We show that- , ? implies that for anyf 2 C(A; B) there are in nitely manyr 2 C (I;P) with
f =fFg

i) If >, ? in P, then the pairh>;>i ;h>;?i ;h?;>i;h?;?i in P2 are all di erent. But since
d:e:P2>— P,denedin Fig. 2.9, is an injection, the programis; >e; d>; ?e; d?; >e; d?; ?e
in P are all di erent, and hence there are at least 22 di erent elements if. Generalizing
to n, the assumptior , ? implies that there are"ai erentn-tuples of>s and?s in P". But
the encodingd ; ; ; e:P"— Pof n-tuples of programs as programs is also an injection,
sinceP", like any type, is a retract d®. Hence the claim that there must be at ledstli2 erent
programs irP. Since the above arguments hold for amyhere is no nite bound, which means
that we have actually proved thaimust be in nite.

i) For an arbitrary functionf 2 C(A; B), consider the equal functions
! ! !

A->sB P—>B = A—>B = A-B P—5B

displayed in Fig. 6. IfF is a program forf, and if p>q;p?q;p g are the encodings for the
functions>;? and , with fp>gg= >, fp? gg= ? andfp gg= , then we have

n 0 n o n 0
(Fkprgipg = F = (Fkp>gipgq but

(Fkp>g;pg . F (Fkp>g ipq



Figure 6: Di erent compositions of

where ( ; )and (k ) arethe program composition operations from Sec. 2.2.8.ifiéqual-

ities are satis ed by all programs as soon as these operations are injective. It can be proved in
a straightforward but lengthy reasoning that any choiceoafigosition encodings can be made
injective. A reader willing to skip ahead can nd a simpleckithat does the job in Sec. 7.3.
Composingf in parallel with each of the™di erentn-tuples of> and?, and then projecting
away the outputs of thegetuples, as above, yields'2li erent programs encoding the same
function f. Since this can be done for anythere must be in nitely many.

Work 2.6.2: Church numerals

The arithmetic operations on the Church numerals can beedkas follows.

a. The successor can be de ned in two ways:

TR

The program should thus be:

N\

b. The Church-Rosser addition:



c. The Church-Rosser multiplication:

n __o . no
What is the idea behind this solution? We needk; ") (xy) = fxd* y. Giventhatk (zy) = fzfy
holds by de nition ofk, what should be substituted faso thatfzgy = fxg (y)?

Work 2.6.3.1: Universal program evaluator

a. We show that the function de ned in (2.18), satis es thegram evaluator requirement from Sec. 2.2.1.
Given an arbitrary functiog : X A— B, the task is to nd a family of program& : X — P



such thag® fGng (ia(@) = gx(a). The construction is displayed in the following diagram.

B B

Yzl Yﬂ A

~Z
%
(@]]

no
g = 27)

) bl

X A X A

We rst de ne
I

g = x P2%x A%sB_p

Since :P P— Pisaprogram evaluator, there@: X — P such thafGg= g. But then
!

x Al x p2,p_ 9,8

g =
!
= x AX'x pERp P P58
G " é
= A—AP A—25B
b. The program transformetﬁ : P— Pis de ned to be theP-indexed program fr?r the computation

iB ﬁ %A, aa)displayed inFig. 7. If = ngEtheniB f gh=ig f Fgﬁ qh = qu; and hence

f:qB EFP iA-



B
ng _
A
A B
N A
q ]
P P P P

n o n_ o
Figure 7: Ifis  , g*= Eptheanoj:qB BE _ ia

Work 2.6.3.2: Idempotent completion of submonoid

a. Every idempoten¥of P becomes irP not only an object, but also no less than 4 efient mor-
phisms:

%

O/C id %Q %
_
%

Note that the6loop on the right is the identity o%as an object oP , whereas thésloop on the
left is an idempotent on id as an object®f . The remaining tw&emorphisms between the objects
id and%display%as a retract of id if? . Every object ofP is thus a retract of id. I&is another
idempotent irP, then an arbitrary 2 P satisfying' =& ' %s amorphism 2 P (%; &making
the upper diagram in the following derivation commute.

%
e A —

F%

Fpém FP

%

(__
! m____
2



The lower diagram de nes the claimed extensioh P — C of F: P — C. TheF!-images of
the idempotent8tand&as objects oP  are determined by the splittings of the idempotdfigand
F&in C, which exist by the assumption abaDt The Fl-image of' 2 P (%; &is induced by the
splittings and the factthd&' = F& F' F%

. The assumption that evefy2 jCjis a retract o> means that there is an idempotent
!

A .
a= PToan,p (28)

The object part of the claimed functor C— P is a choice of such idempotents. The arrow part

and the fact that it establishes a bijectiof®;B) P ( a; s) can be obtained from the following
diagram

(29)

Te—-—T
Te-—T

dening f=ig f qg®*whichisinverted byg® ¢ ia=f.

It is easy to see that theis completely determined by a choice of retractions (28)t \Buat if A is

a retract ofP in several ways, and induces severalatent idempotents oR which all split onA?

We prove that all such idempotents are isomorphi® in, and thus determine isomorphic functors
: C— P . Suppose that we are given some retractions= i gand § = i° qg°as on the

following diagram:

i
(P AT e ) (30

Thenu=i° gandv=i° qformanisomorphisma %inP ,sinceu= Q u ajusties

U2P (A Q,v= a v Qjustiesv2P (9; a)andtheequations v= sandv u= §
make them into an isomorphism, since tRédempotent A is the identity on the® -object 4,

whereas ¢ is the identity on §.

. Since : C— P mapsP as a subcategory @ into P as a subcategory & , its mate will have
to preserveP as well, and thus map id jP jinto P 2 jCj and every 2 P as' 2 P (id;id) back
into itself as' 2 C(P; P). Mapping the other objec&2 jP jinto P62 jCjboils down to choosing the
splittings of the idempoten&2 C(P; P), which exist by assumption. The construction is an inganc
of exercise a above, where the funckors taken to be the inclusioR || C . Note that it boils down
to choosing particular splittings for the idempotentsRoThe equivalence claim is straightforward.



Work 2.6.3.3: Relating products and pairing

c.ii) For convenience, writBiasA and&asB, and suppose that the functois chosen so th&t=
and&= g (which is always possible with no loss of generality). Thiea tle nition of gives
% &= a B. The convolutiorfo?& A? gisshownin Fig. 8 on the left. Its splitting oh B

L.

w e
d ' € hb cp;b cqi
AN
A B = A B
w e
hb cp;b cqi d ' €
A| B

Figure 8: The convolution ofp =ia g*and g=ig Q& and its splitting

is shown on the right. On the other hafél, &= A g also splits omA B, by the de nition of .
So the idempotent® ? &and% &have the same splitting. The isomorphi$h? & % &in P
is then constructed like in work 2.6.3.2.b., using a diagliten(30).

d. The algebraic proof that a monoidal structupe¥; |) over a monoidR; ;idp) must collapse to
the same monoid is known as teekmann-Hilton argumer#5]. It uses the unit laws and the
middle-two-interchange law, discussed in Sec. 1.3.2,inghe form @ f)?(s t) = (9?9 (f?1),
to derive

- 1=,? |:(| Idp)7(|dp |):(|?idp) (Idp7 |):idp idp = idp and then
2 = idp)?(de )=(? idp) (dp? )=(? 1) (12 )=

A variation on the second argument also shows that the biopeyation is commutative. Al-
though we started from monoids, the associativity was nesed, and can also be derived. The
isomorphisml P follows from | = idp, since the splitting of an invertible idempotent must be
invertible.

Work 2.6.3.4: Reducing Eto E

b. The equatioma g = ip p ia ig follows from Fig. 9, by evaluating both sides on a programnt tha
encodes ig. Instantiating toA = B= Pgivesia g = ip p ip ip . Postcomposing both sides with
g” Pand usingg i = id proves thaip is the identity. It follows thag® is also identity and hence



Figure 9: IffFgy g(Xy) = fFg pdx;yethenia g = ipp ia ip

q”, F, or eIsengZa = [F]aa, as displayed in Fig. 10.

Figure 10: If rz idptheang’; f[F]AgD = [Fla

Work 3.6.1: Lazy branching

Lazy branching:



- ift” - IFTL
b F G b F G b F
Work 3.6.2: Stateful xpoints
a. LetG: P be a program fog p (p;X);x;a = fGg(p;x;a). Dening : X— Ptobe x =

[G] (G; X) gives
g x;xa) = g [C](G;¥);xa = fGy(G;xa) = f[G](G;X)ga = f xga
Draw the diagrams generalizing gures 3.5 and 3.6.
b. Given a program transformer. P X— P,deneg: P X A— Bhy
gp;xa) = f(p;x)ga

and apply the preceding exercise.

Work 3.6.3: Qing, kuine,...
a. A narcissist is a Kleene xpoint of the function

t(p;X) = fxgp

b. LetW be a Kleene xpoint of the function
wip;xy) = px p xfxgy
The virus generator is = [W].

¢. A Qing and aKueen can be constructed as Smullyan xpoints of the prajesti

a(p;g; X) = g hp;0;x) = p



Work 4.5.1: Fibonacci

Since the pairs of adult rabbits produce pairs of baby rapbie count the pairs. Writing, and by,
respectively, for the numbers of adult pairs and baby paitiene n, the population growth rules are:

b0:1 bn+1:an
a=0 an+1 = @ + by

Adding up the two pairs of equations to get the total numbeabbitst, = a, + b,, we get
to=1 the1 =th+th 1
But since the step,+1 depends on two predecessors the induction requires twachass, i.e. also
t1=a;+bi=byg+ay=1+0=1
Writing Ty, = hj; ti+1i, the induction is thus
To = ;i The1 = Mpet; tn + thaad
To capture this two-step induction, d&in (4.13) to beN N giving

b:N N g:N N—N N
T:-N—N N

whereb = hl; 1i andq(x;y) = hy; X+ yi. Instantiating Fig. 4.5, the string program for rabbitshiss

To complete the workout, explain the evaluation of this paog, as a special case of Fig. 4.9.



Work 4.5.2: Recursion
a. i) The truncated subtraction, aronusis usually de ned by
m 0=m m (n+1)=r(m n)

wherer is the predecessor. The corresponding string program is

ifte |

iv) The recursive de nition
©=0 (n+1)= (nN+n+1

gives the string program

ifte

Lo ] )
N

=]



Work 4.5.3: Search

a. In arithmetic,gﬁ is the smallest numbensuch thaim m m= n. The recursive de nition is thus
B - mo’jm m m) nj
wherejx yj=max(x Vy;y X
Since max#; b) = b) + b is clearly recursivejx Vj is recursive. Using the unbounded search,

we can thus de nen= MU jm® nj, which is the following diagram

IFTE

b. i) Dene Epk xy) = ifte 0°(k): x; p (r(k); h(xy):y) . If Fis the Kleene xed point of,
i.e.

frg;xy) = ifte 0°(K); x; fRg(r(K); h(x;y);y)

then setf = FOR(; h) = f[F] kgreduces to

8
3x ifk=0

fkxy) = Pt (r(9:h(xy):y) otherwise




Work 5.5: Rice

a. P1(x) ( f xgt=7isundecidableby Rice's Theorem, because itis
extensional: fxg=fyg =) f xg4="fygd =) P1(X) = Py(y).
nontrivial: Letfi be a program such that
figx = n (31)
forallx. ThenP, 7 , P, 8.

b. Po(x) ( f 4gx= 7: We cannot tell whetherP; is decidable without the particular encoding of
programs by numbers. Just likle any word in a language careblaréd to denote any chosen con-
cept, the number 4 can be declared to encode any chosen @aimpuihere are thus the encodings
whereP, is decidable, e.g. because it is trivial, since 4 could eaadbtal function, or an empty
function. And there are also encodings whé&eis undecidable because the number 4 encodes a
program evaluator that runs

c. P3(x) ( f xd25< 1000 isundecidableby Rice's Theorem, because it is

extensional: fxg=fyg =) f xg25=fyg25 =) P2(X) = Pa(y)

nontrivial: Using the programa from (31) again, this time we haw@, 999 , P, 100.
d. P4(x) 0 f x@ f x&Bisundecidableby Rice's Theorem, because it is

extensional: fxg=fyg =) P4(X) = P4(y) follows from
fxg=fyg =) (fxg2 fxg3) (  (fyg2 fyg3)
=) Pa(x) = Pa(y)
nontrivial:  Using the progranm from (31) anda with
fligx = n X (32)
we haveP, 7 |, P, ¢ .

e. Ps(x) ( [X]2 = 2 is decidable because J] is a cartesian function. The valug]R can be
computed and compared with 2.

f. Pg(X) 0 f xdL3" isundecidableby Rice's Theorem, because it is
extensional: fxg=fyg =) f xgl3=fygl3 =) Pg(X) = Ps(y)

nontrivial:  Using the programa again, which de ne total functions, arfdwhich always diverges,
we havePg R | Pg(").

g. P7(x) (0 f 13 ": We cannot tell whether the computatiofii3gis de ned onx because this
depends on which computation is encoded by the number 13hanid a matter of convention.



h. Pg(x) ( [[X]] x": is undecidablebecause it is always false, sinces cartesian and therefore
always de ned.

i. Po(x) ( fxgr #) f xdB# isundecidableby Rice's Theorem, because it is

extensional: fxg=fyg =) Pg(X) = Pgy(y) follows from

fxg=fyg =) (fxgr#)f xB#H ( (fygr #=) f yB #)
=) Po(X) = Poly)

nontrivial:  Using the programa from (a), and the progranmsde ned
8
P 2" ifx=n
g -Bx otherwise
. ngo_ . .
thenPy 8 , Py 8. The reason is tha® is %vgrywhere de ned, and in p%rtolcular on Band 8,
and thusPy B8 = >, whereas8 7 #whereas8 7", so that the implication8 7#=) 8 8"

is false, and thu®Pg 8 = ?.
j- Po(®) 0 8 n:fxgn f xgn+ 1) isundecidableby Rice's Theorem, because it is

extensional: fxg=fyg =) P1o(X) = P1o(y) follows from

fxg=fyg =) 8n:(fxgn fxgn) (0 8 n:(fygn f ygn)
=) P1o(X) = P1o(y)

nontrivial:  Using the programa from (a), anda(X) = n  x we havePg b, Po9.
k. P12(xX) 0 9 n:fxg#is undecidableby Rice's Theorem, because it is
extensional: fxg=fyg =) P11(X) = P11(y) follows from

fxg=fyg =) 9 n:fxgn# () 9 n: fygn#
=) Pu(X) = Pu(y)

nontrivial:  Using the programa from (a), which de ne total functions, and, e.g., a prografor
ti(n) = x:n+ x+ 1= 0, which is always unde ned, we haw® | h , P11 'bl .

[. P12(X) () f xox#isundecidableusing the construction from the proof that the Halting Peail
is undecidable. 1P, is decidable then we can de ne

(33)

8
P1a(x) = _§> T P10

if 1 P12(X)

so that P12(X) #= : P12(X).



Let be a program for P1o. This means thatP1o(X) = f gx, and in particular

Pio( ) = f g (34)

But now
(% (34) (33)
Po( ) 0 g #( Pio( )#0 - Pi( )

where () follows from the de nition of P1,. So the assumption th&%, is decidable leads to contra-
diction. ThereforeP1, must be undecidable.

Work 6.5.1: Fourth Futamura projection?

Using a specialize® de ned byfSg(x;y) = [X] y, the three Futamura projections in gures 6.3-6.5 are

Cix = [H]x = fSg(H;x) = f[S]Hgx
C, = [S]H = fSg(S;H) = f[S]SgH
Cs = [S]S = fSg(S;S) = f[S]SgS

The pattern is thus th&; is recovered as an image alofig.1g But the process settles @3 = fC3gS
because

flSisgs @ fSg(S; S) @ [s]s

where
(1) f[X] ygz = fxg(y; 2 holds by the de nition of [ ], and
(2) fSg(x;y) = [X] y holds by the de nition ofS.
Work 6.5.2: Hyper
a. i) The assumptio = Lg; hMmeans
f(0; %) = 9(x) f(L+ ki x) = h(k; f(k;x); X)
and implies
Oy = (XY) CArkxy) = (ki fkx);xy) (35)
On the other hand, the desired conclusion L; Mrequires

"Oxy) = (xy) A+ kxy) = (kTfk x)gy; X y) (36)



Draw the diagram to see the dirence! Under which condition can (36) be derived from (35)?

Work 7.6.1: Lossless simulations

P B B P B
d;e d;e
i ¢
X
— Q
X M
= = X
q
hb gyib cqi
d;e
@
Q
X A X A X A
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Figure 11: 11-year old Alan Turing as seen by his mother
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