
20
23

03
34

Programs as Diagrams

From Categorical Computability

to Computable Categories

Dusko Pavlovic



20230334



20
23

03
34

Contents

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

What? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

1 Drawing types and functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Monoidal computers: computability as a structure . . . . . . . . . . . . . . . . 25

3 Fixpoints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4 What can be computed . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5 What cannot be computed . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

6 Computing programs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

7 Stateful computing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

8 Program-closed categories: computability as a property . . . . . . . . . . . . . 143

What?? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

Thanks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

Appendices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

iii



20230334



20
23

03
34

Preface

Pythagoreans discovered that the world was built of numbers. Their rituals with numbers, allowing
you to measure some sides of objects and to compute the size ofother sides, were calledmathemata.
Systematized intomathematics, those rituals demonstrated that the world was regular and predictable.

The world spanned by computers and networks is de�nitely built of numbers. Mathematics, in the mean-
time, evolved beyond and away from the Pythagorean computing rituals. While programmers program
computers in a great variety of languages, mathematicians study mathematics in a great variety of com-
pletely di� erent languages. A great variety of languages is a good thing, provided that the languages do
not isolate but diversify the views of the world and that there are multi-lingual communities to connect
them. Many mathematicians speak programming languages; many programmers are conversant with
mathematics. The language of categories seems convenient for both, and to some extent connects the
communities.

In this book, we use a categorical language based on string diagrams that is so basic that it must be
contained in every mathematical model of computation, and so compact that every programming lan-
guage must project onto it. It evolved through many years of teaching mathematics of computation. The
diversity of the mathematical and the programming languages makes such teaching and learning tasks
into lengthy a� airs, loaded with standard prerequisites. By peeling o� what got standardized by accident
and following the shortcuts that emerged, and then peeling o� what became unnecessary after that, we
arrived at a mathematical model of computation generated bya single diagrammatic element, which is
also a single-instruction programming language. I know it sounds crazy, but read on.

The presentation is self-contained, assuming enough con�dence and curiosity. The early chapters have
been taught as undergraduate courses, the middle chapters as graduate courses. The �nal chapters con-
tain the results that make a point of it all. Without a teacher, a reader familiar with categories is hoped to
get easy access to the basic concepts of computability, a reader familiar with computability to basic cat-
egory theory, and a reader familiar with both is hoped to makeuse of the many opportunities to improve
the approach.

The ”workouts” and ”stories” should probably be skipped the �rst time around. They used to
be calledExercisesandHistoric Backgroundbut that was misleading. The workouts concern the issues
that the reader might like to consider on their own �rst. Someare presented as guided exercises, but
some are much more than exercises, and some are just asides. Most are worked out in Appendix 4. The
stories are sort of like philosophical gossips, precisely what the math is meant to defend us from, so you
are welcome to skip them altogether.
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What?

1 What are we talking about? . . . . . . . . . . . . . . . . . . . . . . . . . . . .. vii
2 What is computer science? . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . vii
3 What is computer science about? . . . . . . . . . . . . . . . . . . . . . . .. . . viii
4 What is computation? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii
5 What is a computer? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

1 What are we talking about?

We spell out the basic math behind computer science. Everyone knows what is a computer. Most people
also know what is science, almost as con�dently. Computers run programs. Programmers program
programs. Why is there a computer science?

2 What is computer science?

Science inputs processes that exist in nature and outputs their descriptions. Engineering inputs descrip-

World Mind

science

engineering

Figure 1: Civilisation as a conversation

tions of some desirable processes that do not exist in natureand outputs their realizations. Fig. 1 shows
the resulting conversation staged by scientists and engineers. Computers and programs were originally
built by engineers. After lots of computers were built and lots of programs programmed, they formed
networks, and the Big Bang of the Internet created cyberspace. The cyberspace clumped into galaxies,
life emerged in it, botnets and viruses, in�uencers and celebrities, genomic databases, online yoga stu-
dios. We live in cyberspace. Our children grow there. Like our cities, freeways, and space stations, it
was built by engineers, but then life took over. Life in cyberspace is not programmable and it cannot be
engineered anymore. Economy, security, epidemics are natural processes, whether they spread through
physical space or cyberspace, or through a mixture. Cyberspace is the space of computations, spanned
by the networks of people and computers. They act together, evolve together, and it is hard to tell who
is who. They are the subject of the same science.

vii
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3 What is computer science about?

Biology is about life, and life comes about by evolution. Chemistry is about molecules, and they come
about by binding atoms. And so on. Every science is about somebasic principle (or two, in the case
of modern physics) and when you come in to study it, on day one they tell you what it is about. You
study biology and the �rst lesson goes: ”Biology is about evolution”. Not so when you study computer
science. What is the basic principle of computation? What isX in the following equations?

evolution
biology

=
chemical bonds

chemistry
= � � � =

X
computer science

(1)

The answerX = computability is usually taught in a “theory” course in the �nal year of computer
science. Many students avoid this course. Computer scienceand computer engineering are often taught
together, which makes many courses avoidable. Those who do take a “theory” course learn that a
function is computable if it can be implemented using a Turing machine, or the� -calculus, or recursion
and minimization schemas, or a cellular automaton, or a uniform boolean circuit, or one of many other
theoretical models of computation. The Turing machine and the� -calculus stories go back to the 1930s.
The other models go back to the surrounding decades. Each of them is a story about a di� erent aspect of
computation, as seen by di� erent people in di� erent contexts. Each makes the same class of functions
computable, but in each case they are encoded di� erently. TheChurch-Turing Thesispostulates that
each of the de�ned notions of computation is the same, modulothe encodings. What is their common
denominator?

4 What is computation?

The process of computation can also be viewed as a conversation. Fig. 2 shows the idea. Programs are

Functions Programs

programming

running

Figure 2: Computation as a conversation

the mind of a computer. Functions are its world. Programmerscall anything that takes inputs and pro-
duces outputs a function. They analyze functions and synthesize programs. Computers run the programs
and compute the functions. While running a given program is aroutine operation, programming requires
creativity and luck. That is why the two arrows in Fig. 2 are di� erent. The di� erence impacts the sci-
ences concerned with complexity, information, evolution,language [14]. The computational origin of
this di� erence is described in Ch. 5. A version with the symmetry of running and abstracting restored is
displayed in Fig. 5.2.
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5 What is a computer?

We interact with many di� erent computers, many di� erent models of computation, many di� erent pro-
gramming languages. But they are avatars of the same character in the same story. We speak di� erent
languages in di� erent societies, but they are manifestations of the same capability of speech and social
interaction. What makes a language a language? What makes a sentence di� erent from the bark of a
dog? What makes a program di� erent from a sentence? What makes a computer a computer?

Computers and programs are the two sides of the same coin. Programs are programs because there are
computers to run them. A computer is a computer because thereare programs to compute. While Fig. 2
displays the two sides of the coin, Fig. 3 distinguishes the head and the tail. The equation identifying
them is the general schema of computation, overarching all di� erent models of computation and un-
derlying all di� erent computers. This is their common denominator. This is what makes a computer

Output

State Input

function

Output

program

State Input

�

computer

programming

running

Figure 3: Any computer can be programmed to compute any computable function

a computer. It is also the main structural component of the monoidal computer, described in Ch. 2,
formalized in Sec. 2.2.1. The “running” surjection is spelled out in Sec. 2.5.3. All capabilities and
properties of real computers can be derived from it. An abstract computer can thus also be viewed
as a single-instruction programming language, called Run,with run as its only instruction. The main
computational constructs are derived in chapters 3–6. The conceptual insights and the technical step-
ping stones into further research are in the �nal chapters. The string diagrams, convenient for building
programs fromruns and for composing computations are introduced in Ch. 1.
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1.1 Types as strings: Data passing without variables

Whatever else there might be in a computer, there are always lots of wires. In modern computers, most
wires are printed on a chip. In higher animals, the wires growas nerves. In string diagrams, the wires
are drawn as strings.

1.1.1 Types

Sets are containers with contents. Types are just the containers. When you add or remove an element
from a set, you get another set, but the type remains the same.The di� erence is illustrated in Fig. 1.1,
sets on the left, types on the right. When the elements keep coming and going a lot, programmers use
types to keep them apart. A set is completely determined by its elements, whereas a type is determined
by a property of that characterize its elements, no matter how many of them there might be. E.g.,
there is only one empty set, but there are as many empty types as there are colors of unicorns: the
type of blue unicorns is completely di� erent from the type of green unicorns, although they are both
empty. In Fig. 1.2 on the left, the types are drawn as strings.The same types are drawn on the right but

Figure 1.1: Sets are containers with contents. Types are just the containers.

distinguished by names and not by colors. The strings separate di� erent data items. Their names (or
colors) tell which ones are of the same type.

1.1.2 Strings instead of variables

When we write a program, we usually plan how to process some asyetunknown data, that will become
known when the program is run. In algebra and in most programming languages, suchindeterminate
data values are manipulated usingvariables. In computers, they are moved around through wires, de-
picted as strings. They carry the data and thus play the role of variables. The type annotations constrain
the data that can �ow through each string. In Fig. 1.2 on the right, the strings are typedA; B;C andD,
and the variablesx : A, y : B, u : C andv : D, corresponding to each particular wire, are also displayed
(just this time). Di� erent variables of the same type are represented by di� erent strings with the same
type annotation.
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Figure 1.2: Types are wires drawn as strings.

Intuition: types and sets as waves and particles. While sets provide a foundation of mathematics,
types provide a foundation of computation. If sets are collections of particles of mathematical objects,
types can be viewed as collections of data waves processed incomputations. Drawing types as strings
in diagrams supports this view.

1.1.3 Tupling and switching

Product types. An n-tuple of data is carried by of ann-tuple of variables through ann-tuple of parallel
wires. The wires of typesA1; A2; : : : ;An run in parallel correspond to the product typeA1� A2�� � �� An, as
displayed in Fig. 1.3. Ann-tuple product is the type of ann-tuple of values or variableshx1; x2; : : : ;xni :

x1 x2 xn

A1 A2 . . . An

� � � � � � � �A1 A2 An

Figure 1.3: Parallel wires correspond to product types

A1 � A2 � � � � � An. Some of theAis may be the occurrences of the same types. IfA1 = A2 = � � � = An

are the same typeA, then the product ofn copies of this type is writtenAn.

The unit type I satis�esI � A = A = A� I for any typeA. The typesA� I , I � A� I � I , Im� A� In all boil
down the typeA. Weaving any number of strings representing the typeI around the string representing
any typeA boil down to the stringA alone. The string representing the unit typeI is thusinvisible1.
Since the typeAn is presented asn copies of the stringA, the unit typeI can be thought of as the product
of 0 copies ofA, i.e. I = A0. If an element ofAn is in the formhx1; : : : ;xni then an element ofI should
behi.

1Having invisible graphic elements will turn out to be quite convenient. Having invisible points in geometry and empty
instructions in programs is not just convenient, but necessary [43].



20
23

03
34

Twisting the wires like in Fig. 1.4, corresponds to changing the order of the variables in an algebraic
expression. In type theory, this operation is a function&: A � B B � A where&(x; y) = hy; xi .

A B

AB

x y

xy

&

Figure 1.4: The wires are twisted to get the data where needed

1.2 Data services: copying and deleting, cartesianness

When the same value, determined or unknown, is needed in several places in a program, or in an al-
gebraic expression, that value can be denoted by a variable,and the variable can becopiedwherever
needed. Since it may be unknown whether a value will be needed, a variable denoting that value may be
declared but unused anddeleted. Thedata servicesboil down to the operations of

ˆ copying � : A A � A, and

ˆ deleting (� : A I .

The intuition is that� (x) = hx; xi and (� (x) = hi. In string diagrams, these functions are depicted as

A A

AA (�

� (1.1)

To be able to writehx; x; xi : A3 we needhhx; xi ; xi = hx; hx; xii and to assureI � A = A = A � I we need
hhi; xi = x = hx; hii . This is taken care for by equations (1.2).

(� � id) � � = (id � � ) � � ( (� � id) � � = id = (id � (� ) � �

= = = (1.2)

� = &� �

= (1.3)

Equation (1.3) makes sure that the two copies are equal, in the sense that� (x) = hy; zi implies y = z.
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Workout 1.6d asks that you showx = y = z. While functions in general will be drawn as boxes on
strings, the identity function id :A A, mappingx to x, is drawn as an invisible box, just like the unit
typeI is drawn as an invisible string. An example of use of data services is in Fig. 1.5.

x y

xx yy

Figure 1.5: Data servicing:hx; yi 7! hy; xi 7! hy; y; x; x; xi 7! hy; x; y; x; xi 7! hy; x; y; xi

Copying and deleting the empty tuple. The data services on the unit typeI boil down to the identity

map. Intuitively, sincehi is the empty tuple, deleting leaves it unchanged and(�
I =

�
I id I

�
. Since

I � I = I , copying the empty tuple giveshhi; hii = hi and� I =
�
I id I

�
.

Cartesianness. If types are thought of as sets, then the product types are thecartesian products of the
corresponding sets, the unit type is the singleton set, and the data services are the function s copying and
deleting the set-elements. In categories, cartesian products are de�ned by requiring that the morphisms
into A � B correspond to the pairs of the morphisms toA and toB, as brie�y explained in Sec. 1.7.3.1,
and in detail in most books on categories, such as [104]. We shall see in Sec. 1.4 that data services
make product types into cartesian products with respect to precisely those functions that preserve the
data services, which will be calledcartesian. But we are here to study computable functions, and many
computations do not preserve data services. The functions that may not preserve data services will be
calledmonoidal, since the product types for them are monoidal. String diagrams conveniently capture
all of them.

1.3 Monoidal functions as boxes

The 2-dimensional text of string diagrams. A function f : A B maps inputs of typeA to outputs
of type B. A processg : X � A B is a function that maps causes of typeA to e� ects of typeB,
possibly also depending on states of typeX.

The set-theoretic concept of function is more restrictive.It requires that the possible inputs and outputs
are collected in sets and that there is a unique output for every input. Programmers deviated from these
requirements early on, and have been using the more relaxed concept of function at least since the
1960s. Theoretical computer scientists deviated even earlier when they developed the� -calculus as a
formal theory of functions that can be fed to themselves as inputs [27]. This seemed like an inexorable
property of computable functions, that take their programsas inputs. The task of �nding set-theoretic
models of such functions was tackled in the denotational semantics of computation [2, 58].

In many programming languages, in type theory, and in category theory, functions are speci�ed as black
boxes. Theblackness does not mean that the boxes are painted black, but that no light shines in or out:
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the interior of the function box is hidden from the user. A functionality implemented in a black box is
accessed through its input and output interfaces, which aredrawn as strings. A functionf : A B is
drawn as a boxf hanging from a stringB above it, and with a stringA hanging below it:

B

A

f

The inputs �ow in from the bottom, and the outputs �ow out at the top. This bottom-up processing is a
drawing convention. At least four other drawing conventions are equally justi�ed. The idea is that the
processed data or resources �ow through the strings in one direction, which is the direction of time, and
that there are no �ows in other directions, or between the strings. The two dimensions of string diagrams
thus display where the data �ow and where they do not �ow. The �ow through the strings bottom-up,
and they do not �ow between the strings.

The two dimensions also correspond to the two ways to composefunctions.

1.3.1 Composing functions

The functionsf andg are composedsequentiallywhen the outputs off �ow as the inputs tog, provided
that output type off is the input type ofg. The functionsf andt are composedin parallel when there
are no �ows between them. In string diagrams, the sequentialcompositions are thus drawn by hanging
the functionsf andg on one another vertically, whereas the parallel compositions are drawn by placing
the functionsf andt next to one another horizontally. The typing constraints are:

A
f

B B
g

C

A
g � f

C

A
f

B U t V

A � U
f � t

B � V

The string diagrams for the sequential compositeg � f and for the parallel compositef � t are displayed
in Fig. 1.6. If a functionh : C D is attached above to the compositeg � f : A C, the three boxes
hanging on four stings will look the same as if we attachedf : A B belowh � g : B D. String
diagrams thus impose the associativityh � (g � f ) = (h � g) � f as a geometric property of the notation.
Similary, if h : C D is adjoined to the right of the compositef � t : A � U B� V, resulting triple
composite will forget thatf was adjoined on the left oft beforeh was adjoined on the right. The string
diagram notation thus also imposes the associativity (f � t) � h = f � (t � h) as a geometric property.

The units for the composition operations are the identity function idA and idB for the sequential compo-
sition, and the identity idI on unit typeI for the parallel composition, in the sense of the equations

idB � f � idA = f = idI � f � idI (1.4)

If the the identity functions idA and idB are thought of as the invisible boxes on the stringsA andB, and
the unit typeI is thought of as the invisible string, present in any diagramwherever convenient, then the
unitary laws (1.4) are also imposed in the string-and-box diagrams tacitly, as the geometric properties of
the invisible strings and boxes.
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B

A

f

g

C

U

V

t
f � t

g � f

s

W

Figure 1.6: (g � f ) � (s � t) = (g � s) � ( f � t)

A string diagram is read as 2-dimensional text because the strings assure that it can either be read �rst
vertically then horizontally, or �rst horizontally and then vertically, but not diagonally. The two ways of
reading a string diagram impose the algebraic law that constrains the two composition operations:

1.3.2 The middle-two-interchange law

A string diagram, as 2-dimensional text, can be read from left to right, or from the bottom to the top.
In Fig. 1.6, we can thus choose to �rst go vertically and compose f with g and s with t sequentially,
and after that to go horizontally and compose the sequentialcompositesg � f andt � g in parallel, to
get (g � f ) � (t � g). Alternatively, we can also choose to go horizontally �rst, and compose in parallel
f with t, andg with s, to get f � t andg � s, and then we can go vertically, to produce the sequential
composite (g � s) � ( f � t). These two ways of reading the string diagram in Fig. 1.6 thus correspond to
two di� erent algebraic expressions, but they describe the same composite function:

(g � f ) � (s � t) = (g � s) � ( f � t) (1.5)

This is themiddle-two-interchangelaw of the function composition algebra. This algebraic lawis hard-
wired in the geometry of string diagrams. More precisely, the assumption that a string diagram describes
a unique function implies the middle-two-interchange law,which identi�es the two ways to read a string
diagram: �rst horizontally or �rst vertically.

1.3.3 Sliding boxes

The net e� ect of encodings of algebra by geometry is that some algebraic correspondences are encoded
as geometric properties. E.g., the equations in the captionof Fig. 1.7 can be derived algebraically from
the middle-two-interchange law. On the other hand, they canalso be derived by sliding boxes along
the strings, as displayed in Fig. 1.7. They are thus a geometric property of the string diagram displayed
there, as three of its topological deformations. In general, any pair of function compositions, expressed
algebraically in terms of� and� and the same function boxes will denote the same composite function
if and only if they correspond to two string diagrams that canbe deformed into each other by some
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f

g

t

=

f

g

t =

f

g t

Figure 1.7: (g � id) � ( f � t) = (g � id) � (id � t) � ( f � id) = (g � t) � ( f � id)

geometric transformations that may twist or extend strings, and slide boxes along them, but without
tearing or disconnecting anything.

Untwisting. The boxes also slide through the twists, and the twists can beuntwisted.

&

f t

=

&

ft

A B

A B

AB

&

&

=

A B

1.4 Cartesian functions as boxes with a dot

A function is said to be

ˆ total if it produces at least one output for each input, and

ˆ single-valuedif it produces at most one output for each input.

The diagrammatic depictions are in (1.6):s : A B is total if it satis�es the left-hand equation, single-
valued if it satis�es the right-hand equation.

B

A

s =

A
A

s

BB

=

A

BB

s s

(1.6)

(�
B � s = (�

A � B � s = (s � s) � � A

The left-hand equation says thatspreserves the deletions: whenever an inputa can be deleted by(�
A

�
a
�

=

hi then the outputs(a) that can be deleted as(�
B

�
s(a)

�
= hi. The right-hand equation says thatspreserves
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copying: when an inputa is cloned by� A(a) = ha; ai and two copies ofsoutput


s(a); s(a)

�
, the output

is the same as when the outputb = s(a) is cloned by� B(b) = hb; bi .

Cartesian functions are the functionss that satisfy (1.6) and preserve data services. With respectto
cartesian functions, the data services provide the cartesian structure, i.e. make the products cartesian.
The black bead� on the output port ofs : A � B indicates thats is a cartesian function. The usual
function notationf : A B is left for monoidalfunctions, that do not necessarily preserve the data
services.

Cartesian structure consists of two components, derivable for allA andB:

ˆ the projections

� A =
 
A � B �

A � (�

A
!

� B =
 
A � B �(� � B

B
!

(1.7)

ˆ the pairing

a: X � A b: X � B

ha; bi =
�
X �� X � X �a � b A � B

� (1.8)

They are displayed in Fig. 1.8. Together, the pairing and theprojections provide a bijective correspon-

� A � B

a b

ha; bi

A B

A B

A BX

��
� �

�

Figure 1.8: Pairing and projections

dence between the pairs of cartesian functions toA and B and the cartesian functions toA � B. One
direction of the correspondence is given by the pairing in (1.8), the other by the projections in

h: X � A � B

� Ah =
 
X �h A � B �

A � (�

A
!

� Bh =
 
X �h A � B �(� � B

B
!

(1.9)

The correspondence is summarized by the equations

a = � Aha; bi h = h� Ah; � Bhi b = � Bha; bi (1.10)

It is not necessary thata, b, andh are cartesian for the de�nitions ofha; bi , � Ah, and� Bh in (1.8–1.9),
but it is necessary for the validity of the equations in (1.10). The �rst equation holds if and only ifb is
total, the third if and only ifa is total, and the second equation holds wheneverh is single-valued, but
the converse is not always valid. Checking these claims is aninstructive exercise. See e.g., [104] for
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more details.

Elements. An elementa: A is asingle-valuedfunction fromI to A. The single-valuedness requirement
assures thatha; ai = a � a. A total element is a cartesian functiona : I � A. A partial element is
an element that is not total. A general functiona: I A is not viewed as an element ofA as it may
produce di� erent outputs inA on di� erent calls, cause di� erent side-e� ects, and lead to problems in
substitution.

Functions with side-effects are not cartesian. In set-theoretic frameworks, it is usually required
that a functionf from A to B assigns to every single inputa : A a single outputf (a) : B, and all
functions are assumed to be cartesian. When a functionf needs to be computed, this cannot be guar-
anteed. If a computation off on an inputa gets stuck in a loop, it may not produce any output. The
left-hand equation in (1.6) then does not hold, because the input can be deleted, but there is no output
to delete. A computation off may also depend on hidden variables or covert parameters of the envi-
ronment, and the same overt input may lead to one output todayand a di� erent output tomorrow, if the
environment changes. Besides the outputs, computations thus often produce someside-e� ects, such as
non-terminationwhen there is no output, ornon-determinismwhen there are multiple possible outputs.
That is whycomputable functions are generally not cartesian, but monoidal. That is why the computer
is monoidal. The next section spells out what that means. In Sec. 3.2 we shall see that it cannot be made
cartesian as long as all of its functions are programmable init.

Terminology: partial, many-valued, monoidal functions. A function that is not total is called
partial. A function that is not single-valued is calledmany-valued. The functions that may be partial,
many-valued, or cause other side-e� ects, are calledmonoidal. They formmonoidal categories, described
next.

1.5 Categories: Universes of types and functions

A categoryC is comprised of

ˆ aclass of objects

jCj =
�

A ; B ; : : : ; P ; : : : ;X ; Y ; : : :
�

ˆ for any pairX; Y 2 jCjahom-set

C(X; Y) =

8
>>>><
>>>>:

Y

X

f ;

Y

X

g ;

Y

X

h ; : : :

9
>>>>=
>>>>;

together with thesequential compositionoperation� from Sec. 1.3.1, presented by linking the boxes
vertically along the strings of matching types. If needed, see Appendix 1.1 for more.

Monoidal categories. A category ismonoidal when it also comes with theparallel composition
operation� , presented in Sec. 1.3.1 as the horizontal juxtaposition ofstrings and boxes next to each
other. The monoidal structures are often written in the form(C; � ; I ), echoing the notation for monoids.
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Since drawing the stringsA, B, andC in parallel does not show the di� erence between (A � B) � C and
A � (B � C), and the stringA does not show how many invisible stringsI are running in parallel with
it, the string diagrams usually impose the assumption thatthe monoidal structure isstrictly associative
and unitary. This causes no loss of generality since every monoidal category is equivalent to a strict
one. The types in monoidal categories presented by string diagrams thus satisfy the monoid equations
(A� B) � C = A� (B� C) andA� I = A = I � A on the nose. In general, monoidal categories only satisfy
these equations up to coherent isomorphisms. Even with string diagrams, the typesA � B andB � A are
not identical but only coheretnly isomorphic along the twistings like in Fig. 1.4. Since the twistings are
available for all pairs of types,the monoidal structure is in the present narratives always assumed
to besymmetric.

Data services and cartesian functions form a cartesian cate gory. The data services in a monoidal
categoryC distinguish a family of cartesian functions as those that satisfy (1.6). Keeping all of the
objects ofC but restricting to the cartesian functions yields the category C� , with

jC� j = jCj

C� (X; Y) =

8
>>>><
>>>>:

Y

X

r
�

;

Y

X

s
�

;

Y

X

t
�

; : : :

9
>>>>=
>>>>;

The pairing and the projections derived from the data services in Sec. 1.4 assure that the products inher-
ited fromC become the cartesian products inC� . The details are spelled out in the exercises below.

Cartesian categories are the categories where all functions are cartesian. The categoryC� de�ned
above is cartesian by de�nition. It is the largest cartesiansubcategory of the monoidal categoryC. The
bijective correspondence

a = � Ah: X � A b = � Bh: X � B
==============================================

h = ha; bi : X � A � B
(1.11)

induced by (1.8–1.9), shows the universal property of the cartesian products with respect to the cartesian
functions, which implies that they are unique up to isomorphism [115, III.4]. The correspondence in
(1.11) ceases to be bijective when the functions are not cartesian. Nevertheless, the cartesian structure
continues to play an important role in the monoidal computer, and at the entire gamut of monoidal
frameworks [32].

Notation. When the categoryC is clear from the context, we writef : A B instead off 2 C(A; B),
ands : A � B instead ofs 2 C� (A; B).

More about categories is disseminated through the rest of the book. There are many ways to learn
even more, and many popular textbooks and handbooks: [4, 8, 16, 115, 151, 162]. Workouts 1.6 on the
following pages may convey the �avor. Stories 1.7 provide fragments of the conceptual background.
An outline of the basic ideas about the morphisms between categories (calledfunctors), the morphisms
between their morphisms (callednatural transformations), as well as some concrete examples, are avail-
able in Appendix 1.
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1.6 Workout

a. Given the typeN of natural numbers (non-negative integers), with the data service as in Sec. 1.2 and
the addition and the multiplication operations presented as boxes

(+) (�)

N N N N

N N

and draw the string diagrams for the following functions:

i)
D
(+); (�)

E
: N � N N � N: hm; ni 7! hm+ n; m� ni

ii) f : N � N N: hm; ni 7! m(m+ n)

iii) g: N � N N: hm; ni 7! 2mn

iv) h: N � N N: hm; ni 7! n3

b. Translate the following string diagram into the algebraic notation.

gf

h

0

A B

B A

x y

E

��

�

e

k

(1.12)

Write the function expression in terms of the function namesf; g; h; � E, the constant 0, and the
variablesx; y.

c. Prove that the projections and the pairing displayed in Fig. 1.8 satisfy equations (1.10) for all cartesian
functionsa; b; h. More precisely show that

i) the �rst equation in (1.10) holds if and only ifb is total,

ii) the second ifh is single-valued,

iii) the third if and only if a is total. Note that the two equations establish a bijection between the
cartesian functionsX � A � B and the pairs of cartesianfunctionsX � A andX � B.

d. Use equations (1.2–1.3) to justify the interpretation of� (x) ashx; xi by proving that� � a = hb; ci
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impliesa = b = c for all a; b; c: X � A. Is this interpretation justi�ed ifa; b; c are not cartesian?

e. Assuming that the unit type satis�esI � I = I , as explained in Sec. 1.1.3, show that the data service

I (�

I � I � I is the identity, i.e. (� = idI = � .

f. Given the data servicesI (�

A � A � A andI (�

B � B � B, de�ne a data service on
A � B.

g. Prove that for any typeA

i) the copying� : A A � A is cartesian

ii) the deletion (� : A I is the only cartesian fun toI .

h. Show that the compositesg� f : A C and f � t : A� U B� V of cartesian functionsf : A � B,
g: B � C andt : U � V are also cartesian.

i. Prove that the cartesian structure in a category is uniqueup to isomorphism. Towards this goal,
suppose that

ˆ I andeI are objects such that for every objectX there is a unique morphismX I and a unique
morphismX eI;

ˆ A � B andAe� B are objects such that each of them supports the surjective pairing in the sense of
the bijective correspondence in (1.11).

Prove that this implies that there are isomorphismsI � eI andA � B � Ae� B.

j. Prove that a typeBA can be determined uniquely up to isomorphism by a family of bijections

C(X � A; B)
' X
� C(X; BA)

indexed byX which isnatural in the sense that for everys 2 C(Y; X) the following diagram commutes:

C(X � A; B) C(X; BA)

C(Y � A; B) C(Y; BA)

C(s � A; B) C(s; BA)

' X

' Y

In other words, everyg 2 C(X � A; B) satis�es

' Y

�
Y � A s� A X � A

g
B

�
=

 
Y s X

' X(g)
BA

!
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1.7 Stories

1.7.1 Prehistory of types

The concept of type is usually attributed to Bertrand Russell. He introduced a type hierarchy as means
of preventing set-theoretic paradoxes in [155]. Lord Russell discovered the paradox that carries his
name, here presented in Appendix 3, by applying Cantor's diagonal argument to the element relation
used in Frege's arithmetic. Russell's type hierarchy, likevon Neumann's later distinction of sets and
classes, was ostensibly based on Cantor's distinction of “consistent” and “inconsistent” sets [21, 39,
131]. Even Russell's use of the word “type” was probably inspired by Cantor's“order types”, which
would nowadays be called theisomorphism classes of ordered sets. We will get to the “order” part at
the end of Ch. 8. What did he mean by “types”?

The central idea of Cantor's work, which made possible his breakthrough into the theory of in�nities
[39, 73], was to consider sets modulo bijections, to comparethem by specifying injections [21], and to
compare their orders by specifying order-preserving injections [22, III.9]. Order types are the equiva-
lence classes of orders modulo the order-preserving bijections. E.g., identifying the ordersfa < b < cg,
fx < y < zg, and all other 3-element linear orders, whatever their elements might be, was the order type
of the ordinal 3, whereas identifying the setsfa; b; cg, fx; y; zg, and all other 3-element sets, made them
into the cardinal 3. Cantor's view of cardinals as the“virtual patterns” of equivalent sets [22, p. 283]
is a precursor of the general concept of type. The notion thatthe equivalence class of all 3-element
linear orders and the equivalence class of all 3-element sets are not sets but proper classes did not yet
exist, since the notion of a proper class did not exist, but Cantor gleaned the diagonal argument over
the element relation that became Russell's paradox, and isolated the “inconsistent” sets. Some 35 years
and many paradoxes later, Zermelo, as the editor of Cantor'scollected works, [22] systematically erred
on the side of declaring as Cantor's error everything that hedid not understand, as illustrated, for in-
stance, by his informal argument that Cantor's informal argument could not be salvaged by Cantor's
well-ordering assumptions, but only by Zermelo's own Axiomof Choice, “which Cantor uses uncon-
sciously and instinctively everywhere, but does not formulate explicitly anywhere” [22, p. 451]2 By
the time of Cantor's death in 1918, his foundational quest for “virtual patterns” modulo bijections got
overshadowed by the research opportunities in the areas that it created, including trans�nite arithmetic,
point-set topology, measure theory. In the 1940s, the type formalism re-emerged in Church's work as
the framework of function abstraction [26]. We return to this in Sec. 4.6. By the 1960s, type declarations
became a standard preamble in the program templates of high-level programming languages. N.G. de
Bruijn merged the theory and the practice of typing in his Automath Project [129], which gave a lasting
impetus to type-based programming [11, 59, 84, 116, 132].

1.7.2 Categories as type universes

While Cantor's trans�nite arithmetic was recognized as a new research area during his lifetime, and cele-
brated shortly after his death3, his main enabling idea, to compare sets along injections and identify them
along bijections, was used as a tool but not understood as a concept — until it re-emerged several decades
later, in an unrelated area, for unrelated reasons. The theory of algebraic invariants of topological spaces

2This English translation is quoted from [71, p. 129]. For thebroader context of the Cantor-Dedekind correspondence, see
[131], prepared by Emmy Noether. Both Cantor's method of well-ordering and the induced choice functions are used as
programming tools in Ch. 7.

3“No-one shall expel us from Cantor's Paradise”, exclaimed Hilbert in his 1925 articleOn the In�nite [73]
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Figure 1.9: Georg Cantor Figure 1.10: F. William Lawvere

had in the meantime grown into a sweeping research movement,adding layer upon layer of structure
to its analyses. To dam the �ood of structure, it was often necessary to hide the irrelevant details of its
constructions into black boxes and display just the relevant operations on the interfaces. The separation
of the relevant structure from the irrelevant is usually enforced by the homomorphisms, which preserve
one and �lter out the other. Just like Cantor identi�ed di� erent sets along bijections, Samuel Eilenberg
and Saunders MacLane identi�ed di� erent mathematical constructions of the same structure along the
isomorphisms between the outcomes. They proposed that a family of isomorphisms between the pairs
of outcomes of two constructions, indexed over the inputs fed into each construction, should be viewed
as anatural equivalenceof the two constructions, provided that the isomorphisms preserve not only the
relevant structure, but also commute with the homomorphisms between the inputs. Many results, old
and new, turned out to rely upon such identi�cations. By dropping the invertibility requirement from
their natural equivalences and retaining the structure-preservation requirements, Eilenberg and MacLane
also de�ned a more general concept of anatural transformationbetween mathematical constructions,
[46, 104, Sec. 0.2], giving rise to a mathematical theory of mathematical constructions: the category
theory. The mathematical constructions themselves were formalized asfunctors, acting on categories as
universes of structures. Some examples of categories can befound in Appendix 1, some functors are
worked out in 2.6.3, and many textbooks and handbooks provide thorough expositions [8, 16, 115]. The
central feature of category theory is that the relevant structures are captured as what the homomorphisms
preserve, whereas the objects are used as black boxes, to hide the irrelevant structures. Beyond mathe-
matics, similar or related treatments, with black-boxes and interfaces as �rst-class citizens, also evolved
in software engineering as procedural, component-oriented, modular, object-oriented programming, as
well as in other areas of engineering, science, philosophy,and art. As a tool for comprehending logical
abstractions, and for damming the �oods of structure, the type abstraction appears in so many avatars
that it is needed even to comprehend itself.

1.7.3 Logics of types

By the 1960s, categories caught root in several burgeoning areas of mathematics [47, 65, 91, to name
a few]. Sets, on the other hand, were settled as the accepted foundation of nearly all areas. So when
Bill Lawvere proposed that categories could be used as a foundation of mathematics, abstracting away
the elements from the sets, neither his thesis advisor Samuel Eilenberg, nor the other father of category
theory, Saunders MacLane, nor pretty much anyone else, could comprehend what could possibly be
meant or done with Lawvere's“sets without elements”. Lawvere then narrowed his focus and wrote a



20
23

03
34

thesis reducing to functors and categories just the universal algebra, not all of mathematics [105]. The
reduction turned out to be so simple and e� ective that his broader foundational e� ort could not be denied
a second chance. Within a couple of years, his analysis of “The category of categories as a foundation
for mathematics” [106] appeared as the introductory article in a volume coedited by Eilenberg and
MacLane.

Truth be told, Lawvere was not proposing sets without elements. Categories themselves are speci�ed
in terms of elements: the elements of hom-sets, the elementsof the object class, and so on. Types
also usually have some elements, even if they may change in various ways. A datatype in a software
application may contain one set of elements today, another one tomorrow, while remaining the same
datatype. Types and categories are not characterized by their elements but by their structures. Two
di� erent types, or two di� erent categories, may have the same elements, but di� erent structures. The
category of �nite relations and the category of �nite-dimensionalZ2-vector spaces have the same set of
objects, sayN = f0; 1; 2; : : :g, and for every pairm; n 2 N the same morphismsu : m n, presented,
say, as matrices of 0s and 1s. But the composition of matricesu = (u ji )n� m andv = (vk j)p� n in the
category of relations has theki-th entry

W
j<n(vk j ^ u ji ), whereas in the category ofZ2-vector spaces it

is
P

j<n(vk j � u ji ). So the two categories are quite di� erent4. The set of injections fromfa; bgto fcgand
the set of surjections fromfcgto fa; bgare identical as sets since they are both empty; but they di� er
as types, since checking whether a function is an injection from fa; bgto fcgis di� erent from checking
whether it is a surjection fromfcgto fa; bg.5 The propositions (A^ : A) and (A , : A) are both false, but
the proofs that they are false are di� erent, and they therefore correspond to di� erent types.

1.7.3.1 Propositions-as-types

The paradigm of propositions-as-types, straddling logic and type theory, goes back to the Brouwer-
Heyting-Kolmogorov interpretation ofproofs-as-constructionsin the 1920s [173, Ch. 1, Sec. 5], and
to Curry's observation that the implicationA � B can be construed as the type of functionsA B
in 1934 [38]. It is also related to Kleene's 1945 untyped realizability of constructive logical connec-
tives by functions [96], and more closely to Kreisel's 1957 typed realizability [99, footnote]. It was
formalized in Howard's 1969 manuscript, published in 1980,and adopted as a logical and programming
principle under the nameCurry-Howard isomorphism[37, 60, 100, 101, 102, 139, 186]. But while the
focus of e� orts among the logicians was to spell out the correspondenceof certain proof-theoretic and
type-theoretic operations, Lawvere from a di� erent direction arrived at the sweeping claim, and com-
pelling evidence, presented in [107], that all fundamentalconstructions, logical and type-theoretic, were
instances of a single universal categorical structure: theadjunction — originating in homotopy theory
[91]. Although the claim had little traction among logicians, with the bene�t of hindsight it is clear
that Lawvere's approach presented a radical departure fromthe entire foundational tradition pursued
in the mathematical logic arising from Russell-Whitehead's Principia [156]. While logicians' project
was to reconstruct mathematical structures on logical foundations, Lawvere was reconstructing logical
foundations from mathematical structures.

For concreteness and future reference, I illustrate the approach by aligning the rules de�ning basic
logical operations with the correspondences (easily recognized as adjunctions) de�ning basic categorical
constructs, leading up to the structure ofcartesian-closed category[103, 104]. The double lines denote

4Seen as a logical operation, theZ2-product is still the conjunction, but theZ2-sum is theexclusiveor.
5Saying in Sec. 1.1.1 that sets are containers with contents and types are just the containers was not entirely correct. A set

is just the contents of a container, and a type is a container that checks what it contains. Both are easy to use but subtle to
explain, almost like auxiliary verbs.
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two-way (introduction-elimination) rules and bijective correspondences.

Entailment is composition. The basic rules of logical entailment correspond to the basic categorical
operations, sequential composition and the identities:

A ` A A id A

A ` B B ` C

A ` C

A
f

B B
g

C

A
g � f

C
(1.13)

The unitarity and the associativity of the preorder on the left are automatic, but the categorical signature
requires explicit equations:

idB � f = f = f � idA h � (g � f ) = (h � g) � f

Conjunction is the cartesian product.

A ` > A �(�

I

X ` A X ` B
================

X ` A ^ B

X �a A X �b B
=======================

X �
ha; bi

A � B
(1.14)

with the equations:

�
idA � (� �

� ha; bi = a
�

(� � idB
�

� ha; bi = b
D�

idA � (� �
;
�

(� � idB
� E

= idA� B

Disjunction is the coproduct.

? ` A O �

(

� A

A ` Y B` Y
================

A _ B ` Y

A �� Y B �
�

Y
=======================

A + B �
[�; � ]

Y
(1.15)

with the equations:

[�; � ] �
�
idA +

(

�
�

= �
� (

� + idB

�
� [�; � ] = �

h�
idA +

(

�
�
;
� (

� + idB
� i

= idA+B
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Implication is the right adjoint.

X ^ A ` B
==========
X ` A � B

X � A �
g

B
=============

X �
� A: g

BA
(1.16)

with a unique" : BA � A � B satisfying

" � (� A:g � idA) = g � A:" = idBA

1.7.3.2 Cartesian closed categories

A category is cartesian if it has the �nal object and the cartesian productsA � B for all typesA; B,
as in (1.8–1.9) and (1.14). It is closed with respect to the cartesian products if it has the exponents
BA, as in (1.16). Since the function abstraction into an exponent corresponds to the� -abstraction, the
cartesian closed structure presents a categorical view of Church's simple theory of types [26],and of
the constructivist propositional logic formalized by Heyting algebras [72]. The categorical and the type-
theoretic presentations di� er only in syntactic details [104, Part I] and the terminology is often mixed6.
The cartesian-closed categories are ubiquitous and central in many areas, from topos theory [87] to
denotational semantics [67]. In Ch. 8, we explore a version suitable for programming: theprogram-
closedcategories.

1.7.4 Categorical diagrams: chasing arrows and weaving str ings

Diagrammatic reasoning was at the heart of ancient mathematics. Archimedes apparently died defending
the circles he drew in the sand on a beach, studying a mathematical problem. On the other hand,
an entire line of religious and political movements found reasons to prohibit all visual depictions in
general and ungodly diagrammatic witchcraft in particular. Science did not prohibit depictions, but
printing made them costly, and mathematical narratives came to be dominated by formulas and the
algebraicreasoning, even about geometry. In a similar way, programming came to be dominated by the
command-linereasoning, �tting the 80-character command lines of punch cards and terminal displays.
After the invention of the computer mouse, the cursor movements spanned the 2-dimensional space of
the computer screen. It may not be Archimedes' beach, but it made drawing diagrams easier.

1.7.4.1 Arrow diagrams

Computers also made printing diagrams easier, just in time,since the algebraic reasoning about ge-
ometric objects had by then developed its own geometric patterns. From the outset, the categorical
abstractions were illustrated byarrow diagrams. An example is in the upper part of Fig. 1.11. The func-
tion q can be thought of as a state machine over the state spaceX with inputs of typeA and outputs of
typeB. It is in fact a pair of functionsq =



q. ; q� �

whereq. : X � A ! X maps an inputa : A at the state
x : X to thenext state q. (x; a) : X, whereasq� : X � A ! B maps them to theoutput q� (x; a) : B. If the
function r is a state machine over the state spaceY, then a state assignments : X Y is asimulation
of the machineq by the machiner at every statex : X if for every inputa : A the next state ofs(x) : Y

6In [107], Lawvere calls “types” what most category-theorists now call “objects”. We call them types again.
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by r is thes-image of the next state ofx by q, and the outputs coincide. The requirement is thus

r . � s(x); a
�

= s
�
q. (x; a)

�
r � �

s(x); a
�

= q� (x; a)

In the arrow diagram in Fig. 1.11, this requirement means that the path going left is equal to the path
going right. The corresponding string diagram equation is displayed below the arrow diagram. The

Y � B

Y � A X � B

X � A

r s � id

qs � id

r

X

= q

A

s

X A

Y

s

B Y B

X

Y

Figure 1.11: The equationsr . � s(x); a
�

= s
�
q. (x; a)

�
and r � �

s(x); a
�

= q� (x; a) as diagrams

technique ofdiagram chasingallows encoding a lengthy equational derivation in a singlediagram tiled
by polygons spanned by equal arrow paths [114, Ch. XII, Sec. 3]. Such tilings of equations into dia-
grams for chasing are useful both for building equational proofs and for communicating them. In his
monograph presenting categories to working mathematicians [115], MacLane consistently called ho-
momorphisms between mathematical objects thearrows, reminding the readers that the diagrams are
there to be chased. As a procedure based on identifying equivalent paths between pairs of points, the
method of diagram chasing has been construed as an echo of themathematics of homotopies in the
metamathematics of arrows.

We call arrows functions and objects types. In the terminological soup of categories and com-
putations in this book, MacLane's “arrows” and “objects” clash against too many di� erent meanings
assigned to these terms by programmers and computer scientists. Moreover, there are just a few ar-
row diagrams in this book, and no real objects. While diagrammatic reasoning remains at the heart of
programming and computation, string diagrams give us something that arrow diagrams don't.
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1.7.4.2 String diagrams

While a single arrow diagram displays as many algebraic expressions as there are paths through it, and
summarizes as many equations as there are path-reroutings (viz faces of the underlying graph), a string
diagram displays a single algebraic expression and representing algebraic equations requires equations
between string diagrams. The geometric overview of equational derivations, that was provided by the
arrow diagrams, is lost. String diagrams, however, lay out the geometry of the algebraic expressions
themselves. The upshot is that many abstract, often complexalgebraic transformations are turned into
simple geometric transformations. One example was slidingthe boxes in Fig. 1.7. In some cases, like
the middle-two-interchange law in Fig. 1.6, nontrivial algebraic equations are completely phased out by
assigning the same diagrammatic interpretation to di� erent algebraic expressions. The programming
adventures in the forthcoming chapters will illustrate theutility of such geometric shortcuts.

String diagrams were invented by the physicist Roger Penrose, as a tool for tracing indices through
tensors, and independently by Günter Hotz, for tracking values through boolean circuits. Penrose's paper
[147] is usually cited as the earliest reference, but Hotz'sthesis [82] appeared earlier, in an explicitly
categorical framework. But Gavin Wraith attested in private conversations that Penrose was seen using
his string diagrams to avoid Einstein's index conventions already in graduate school in the late 1950s.
He had apparently refrained from presenting them in publications mainly to avoid printing constraints.
Be it as it may, the formal presentation of the language of string diagrams was provided only in the
work of André Joyal and Ross Street that appeared in print in1991 [89]. That work was completed in
the unpublished but widely available draft [90]. Ross Street also provided a historic account in a public
posting [170]. As computers further facilitated drawing and printing, string diagrams became a standard
part of the categorical toolkit [9, 33, 75, and hundreds of other citations].

What is the relation between string diagrams and arrow diagr ams? A 2-category is a category
where the hom-sets are categories. Besides the usual arrowsbetween objects (which we call types in this
book), there are thus also 2-arrows between arrows, like in the upper part of Fig. 1.12. An example of
a 2-category is the category of categories, whose objects are categories, the arrows are functors, and the
2-arrows are the natural transformations. A face of an arrowdiagram in a 2-category is not just a hollow
polygon spanned by two arrow paths that may be equal or not. The polygon may contain a 2-arrow. The
graph of the diagram thus consists of 0-cells as vertices, 1-cells as edges, and 2-cells that �ll the faces
of the graph. A string diagram in a 2-category is what graph theorists call aPoincaré dualof the arrow
diagram: the 2-cells of the arrow diagram are the 0-cells of the string diagram, whereas the 0-cells of
the arrow diagram (the objects of the 2-category) become the2-cells of the string diagram. The string
diagram in the lower part of Fig. 1.12 is obtained by drawing astring across each arrow of the arrow
diagram, and a box in each 2-cell of the arrow diagram, to connect the strings coming into it.

But there are no 2-categories in this book. Only monoidal andcartesian categories. Where do our string
diagrams come from? A monoidal category can be viewed as a 2-category with a single 0-cell. The
objects of the monoidal category are the 1-cells of the 2-category, whereas the arrows of the monoidal
category become the 2-cells of the 2-category. Using the 2-categorical arrow diagrams and drawing the
objects of the monoidal category as arrows and the arrows between them as more arrows is generally
not very useful; but using their dual string diagrams and drawing the objects of the monoidal category
as strings, the arrows as boxes, is generally very useful.
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2.1 Computer as a universal machine

Machines! We live with machines. Fig. 2.1 shows some friendly machines that implement some useful
functions, displayed with their input type strings coming in at the bottom and the output type strings
coming out at the top. A mechanical calculator inputs pairs of numbers and outputs the results of

N

NN

Clean

DirtyDetergent

Revenue

AppsS ervice

Plants

TestsMissions

Figure 2.1: Di� erent machines for di� erent purposes

some arithmetic operations. A washing machine applies itsDetergentparameters to transform theDirty
laundry inputs intoClean laundryoutputs. A smartphone inputs theAppsapproved by itsServiceand
outputs theRevenuefor the provider. And �nally EVE, the Extraterrestrial Vegetation Evaluator from
Pixar's movie WALL-E, applies theTestsas prescribed for each of itsMissions, and it delivers any
detectedPlantsback to its spaceship.

One thing that all these machines have in common is that they are all di� erent. Each function requires a
di� erent machine. Each machine is a special-purpose machine. The special purpose of a calculator is to
calculate a special set of arithmetic operations. When we need to calculate di� erent operations, we need
to build a di� erent calculator.

A computer is a universal machine: it can be programmed to do anything that any other machine can
do. This is what makes the process of computation into a conversation between functions and programs
like in Fig. 3. Some examples, initiated by the functions in Fig. 2.1, are displayed in Fig. 2.2. A
general-purpose computer can perform the builtin arithmetic operations of a special-purpose calculator.
A smartphone is a slightly more complicated case. It is a computer in jail. On one hand it is de�nitely
a universal computer. On the other hand, some smart people �gured out a way how to prevent the
smartphone from running programs unless you pay them. Some computational processes are thus driven
by money. Others are driven by love. Robot WALL-E is tasked with collecting and compacting trash on
the trashed planet Earth. To be able survive there, he is alsoequipped with a general-purpose computer.
If needed, he can thus also be programmed to do other things. If needed, he can be programmed to wash
laundry. Or he can program himself to perform EVE's function, i.e. to seek out and deliver a plant. We
shall see in Ch. 6 how computers compute certain programs. Ifthey then run the programs that they
have computed, then they have programmed themselves. Computers and humans are similar.

Computers and people are similar in that each of them can do anything that any other can do. That is
what makes them universal. How do they achieve that? How can it be that one can do anything that
any other can do? For the humans, the universality has been a matter of some controversy, and it may
seem complicated. For computers it is very simple. The functions that the computers can compute are
precisely those that can be described by programs.Computability is programmability.
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a[s]=0;
c:=c+a[s]*b;
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Figure 2.2: Universal machines can do anything that any other machines can do

2.2 Universality of program evaluation

A categorical model of a computer is a category where every function is computable, in the sense that
there is a program for it, and a program evaluator evaluates that program to the function. Programs are
the elements of the program typeP, representing a programming language. The program evaluators are
computable functions of typeP� A B, one for each pair of typesA; B, representing typed interpreters.

2.2.1 Program evaluators

We view a computer as a monoidal category with data services and a distinguishedprogram type
P equipped with aprogram evaluator

�	 B
A : P � A B for every pair of typesA; B. It evaluates

parametrized programsG : X � Pby composition:

fGgB
A =

 
X � A G � A� P� A

�	

B
!

(2.1)

whereX is an arbitrary type. The de�ning property of program evaluators is that they areuniversalfor
parametrized families of functions.

Parametrized functions. A family of functionsgx : A B parametrized byx: X is presented as a
function g: X � A B. The distinction between the parametersx : X and the inputsa : A is not
intrinsic but imposed when the function is programmed. The program evaluator

�	
: P � A B can be

viewed as aP-parametrized family of functions
�	

p : A B, with the programsp: P as parameters.
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2.2.1.1 De�nition

Program evaluators are universal parametrized functions. The programming languageP is uni-
versal as a parameter space because it carries a universal parametrized function for any pair of types
A; B, their program evaluator

�	 B
A : P � A B. The program evaluator is a universal parametrized fam-

ily of functions fromA to B in the sense that for any typeX and any functiong: X � A B there is an
X-parametrized program, presented as a cartesian functionG: X � P that evaluates tog:

no

= P

BB

X A

g

G

X A

=g(x; a) fGxga

�

(2.2)

Di� erent but equivalent forms of universality are studied in Ch. 7.

Examples. An interpreter of a programming language like Python or Javascript provides a typical
family of program evaluators. The typeP is then the set of program expressions. The typed instances of
the program evaluators are obtained by restricting the interpreter to the programs with the required input
and output types. Alternatively, the typing can be imposed on computations, by running interpreted
type-checkers. Compilers can also be used in a similar way instead of the interpreters but the introduced
program optimizations may require special attention, as wewill see in Ch. 6. Theoretical models of
computation, such as Kleene's program indices and Turing'smachines, can also be used, as they include
theoretical programming languages and program evaluators. Since they are usually untyped, the typed-
checking must be imposed on computations. The nonstandard models of computation, such as quantum
computers, biological computers, etc., also contain program evaluators for their nonstandard languages.
Even executable software speci�cation languages [144] andabstract interpretation tools [17] contain
program evaluators.

Explanations and notations. The universality of program evaluations captures the idea,displayed
in Fig. 3, that running programs is a natural surjection. This idea is formalized in Sec. 2.5, where the
run -instruction is presented as anX-natural surjectionrun AB

X : C� (X; P) C(X � A; B). For simplicity,
the program expressionsrun AB

P (G)(x)(a) are writtenfGxgB
A a. Furthermore, whenever the input typeA

and the output typeB are irrelevant or clear from the context, we elide them and write fGxga. In general,
we write

ˆ fpg: A B instead of
�	

p : A B,

ˆ fGxg: A B instead of
�	

Gx: A B for G: X � P andx: X, and

ˆ fGxg(a) or fGxga instead of
�	

Gx(a).

The background on the curly bracket notation is in Sec. 4.6.2.
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2.2.1.2 What is the difference between parameters and input s?

Convention. For a functiong: X � A B on its own, there is no di� erence: the parametersx : X and
the inputsa : A are just data that it consumes. The fact that we write the parameter as the �rst argument,
and consider the parametrized familyg(x; � ) = gx : A B is a matter of convention. Ifg: X � A B

needs to be viewed asA-parametrized, it can be modi�ed toeg =
�
A � X

&
X � A

g
B

�
where&

is the data service from Fig. 1.4.

Intuition. The di� erence between the parameters and the inputs arises when thefunction g is pro-
grammed, and the programmer decides that the program will beparametrized byx: X and that the
computations will take the inputsa: A. The idea is that the program parametersx: X are known in
advance of computing, whereas the input valuesa: A are only needed at the time of computing. The
parameterx: X determines which particular functiongx : A B will be computed and which particular
instanceGx: P of the parametrized programG: X � P will be used. This explains whyG must be a
cartesian function: each parameter valuex should determine a unique programGx.

Intuitively, the parameters convey to the program the external states of the worldthat may impact com-
putations in advance of processing the input data internally. E.g., a payroll system may need to perform
di� erent computations in di� erent pay periods, and is parametrized by them. A mobile application
performs di� erent computations on di� erent devices, which need to be recognized in advance. Most
operating systems are parametrized by the di� erent hardware platforms on which they run. While the
program variables are written and overwritten during the program evaluations internally, the program
parameters are set externally.

Naturality. Suppose that the parametrized familyg: X � A B is implemented by a parametrized
programG: X � P, in the sense thatgx = fGxg: A B. The formal di� erence in between the
parametersx and the inputsa is displayed in Fig. 2.3.
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=
P

BB

A

g
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�
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�
�

no

=
P
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X

�
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X
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Figure 2.3: Ifg = fGg, theng � (s � id) = fGsgusesG but g � (id � t) = fHgdoes not.

ˆ Reparametring x alongs: Y � X leads to the familygs(y) : A B parametrized byy: Y and

implemented by the reparametrizationGs=
�
Y �s X �G P

�
of the programG for g.

ˆ Substituting for aalongt : C A leads to the familyhx =
�
C t A

gx B
�
, still parametrized

overX, but requiring a programH : X � Pdi� erent fromG.

Viewed categorically, this distinction means that the instructionrun AB
X : C� (X; P) C(X � A; B) imple-
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mented by the program evaluators is natural along cartesianfunctions into the parameter typeX but not
into the input typeA or out of the output typeB. We return to the naturality of therun -instruction in
Sec. 2.5.3.

2.2.1.3 Constant programs and slicing two ways

A function f : A B can be viewed with trivial parameters or with trivial inputs:

a) f : I � A ! B, i.e. as a family
n
f() : A B j () : I

o
parametrized overI , or

b) f : A � I ! B, i.e. as a family
n
fa : I B j a : A

o
with inputs fromI.

Under interpretation (a), condition (2.2) induces programF : I � P such thatfFg= f : A B. This
program is aconstant F= Fhi : P, sincehi: I is its only state of the world. Under interpretation (b),
condition (2.2) induces the parametrized program� : A � P, each taking the trivial inputhi : I and
producing the correspondingA-indexed family of constantsf� ag: B , as displayed in Fig. 2.4.

no

= P

BB

A

f

F

A

�

no

= P

B

A

�

f (a) f� ag() fFg(a)==

�

Figure 2.4:F encodes the functionf = fFg. Family � a encodes the familyfa = f� ag.

2.2.2 Partial evaluators

SettingX in (2.2) to be a productP � Y andg to be the program evaluator
�	

: P � Y � A B gives a
partial evaluator

��
: P � A � P for anyY; A; B, as displayed in Fig. 2.5. A partial evaluator is thus a

(P� Y)-indexed program satisfyingf[� ] yga = f� g(y; a),

Parametrized evaluations decompose to constant and partia l. Any X-indexed program for a
computable functiong : X � A B in (2.2) can be construed as a partial evaluation of a constant
program� on datax : X which may happen to be available before the data of typeA. When that
happens,x can be treated as a state of the world for the computationgx = f� xg: A B. This view of
indexed computations is displayed in Fig. 2.6. In summary, (2.2) can be derived from the assumption that
all typesX; A; B come with the universal and the partial evaluators generically denoted

�	
2 C(P� A; B),��

2 C� (P � X; P),
�	

2 C(P� X � A; B), which satisfy

8 f 2 C(A; B) 9F 2 C� (I ; P):
n
F

o
a = f (a) (2.3)

8F 2 C� (I ; P):
n
[F] x

o
a =

n
F

o
(x; a) (2.4)
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Figure 2.5: Partial evaluators
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Figure 2.6: A parametrized programG constructed by partially evaluating a constant program�

2.2.3 Composing programs

We saw in Sec. 1.3.1 how functions are composed sequentiallyand in parallel:

A
f

B B
g

C

A
g � f

C

A
f

B U t V

A � U
f � t

B � V

When the functions are computable, we can compute programs for the composite functions from any
given programs for their components. More precisely, we candetermineP� P-indexed programs in the
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form
( ; )ABC : P � P � P ( k)AUBV : P � P � P (2.5)

which for indicesF;G; T : P with fFg= f , fGg= g, andfTg= t instantiate to the programs (F; G) and
(F k T) evaluating to the composite functions

 
A

fF ; Gg
C

!
=

 
A

fFg
B

fGg
C

!  
A � U

fF k Hg
B � V

!
=

0
BBBBBBBBBBB@

A B
�

U V

fFg

fTg

1
CCCCCCCCCCCA

Fig. 2.7 shows how (2.2) induces programs for (2.5).

=

P

�	

C

B

�	
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P

�	
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�	

P A U
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�	

U

�

BV V

( k)

Figure 2.7: Program composition programs ( ; ) and (k)

2.3 Computable types are retracts of programming languages

A computer as a type universe containing a typePof programs together with all datatypes is an embod-
iment of von Neumann's famous slogan thatprograms are data. The universality of the programming
language as a carrier of the evaluators of all types implies the converse inclusion, thatdata are pro-
grams. More precisely, data can be encoded as programs, and their types can be checked by program
evaluations.
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2.3.1 Data are programs

Instantiating Fig. 2.4 to the identity function idA for any typeA gives

�	

p� q

A A

A

P=

�
(2.6)

Any data itema : A is thus encoded as a programpaq : P and decoded byfpaqg= a. Every typeA is
thus a retract of the programming languageP, embedded into it byp� q : A � P and projected back
by

�	
: P A, which is a surjective partial function. See Appendix 2 for more about retracts. Changing

the order of composition yields

� A =
 
P

qA = fg
A

iA = p� q� P
!

(2.7)

also displayed in Fig. 2.8. The function� A is idempotent, i.e. it satis�es� A � � A = � A.

=� A

p� q

�	

P

P P

P

A

f programs

f data

f programs

�

Figure 2.8: Data of typeA correspond to the programs �ltered by an idempotent� A.
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2.3.2 Types as idempotents

Every typeA corresponds to the idempotent� A =
 
P

�	

A �p� q P
!
, wherex = � A(x) holds if and only

if the programx is an encoding of an element of typeA. Since the encoding is injective, the elements of
typeA can be identi�ed with their program encodings, and the typing statementx : A can be viewed as
an abbreviation of the equationx = � A(x). The idempotent� A thus �xes the encodings of the elements of
A and �lters out all other programs1. If we abuse notation and use the labelA as the name of a program
for the idempotent� A, then the type statements can be summarized as idempotent equations

x: A () x = %A(x) () x = fAgx (2.8)

The type statement for a functionf : A B means thatx: A implies f (x) : B i.e. thatx = fAgx implies
f (x) = fBg( f (x)). Using the idempotence, this implication is easily summarized by the equations

�
f : A B

�
() ( f = %B � f � %A) () ( f = fBg � f � f Ag) (2.9)

which are also equivalent with%B � f = f = f � %A andfBg � f = f = f � f Ag. The formal equivalence
justifying the view of types as idempotents is left for workout 2.6.3.2.

2.3.3 Pairs of programs are programs

An important special case of encoding types as programs is the encoding of product types as programs,
and in particular the encoding of the productP � P in Fig. 2.9. Similar constructions allow encoding

=



b�c0;b�c1

�

d� ; �e

P

PP

PP

PP

�

Figure 2.9: Coding pairs of programs as programs

n-tuples of programs as single programs, for anyn. Note that the equations

bdx; yec0 = x bdx; yec1 = y (2.10)

make the pairingd� ; �e injective, but that it may not be surjective, as there may be programs that do not
encode a pair. See Sec. 8.5.2 for a construction of surjective pairing.

1We shall work out in 3.6.1.c that all other programs can be mapped to divergent computations.
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2.3.4 Idempotents split

Idempotents on P split. Any computable idempotentA : P P displays the elementsa : A as its
�xpoints and �lters out the programsp not in A either by projecting them toA(p) which is inA or by not
returning any output on the inputp. Since every idempotent viewed as a type provides its own splitting,
the type system of a monoidal computer splits all idempotents, and is said to beabsolutely complete
[137]. Treating the types as idempotents onPassures that all idempotents onPsplit. But since all types
are retracts ofP, it follows that all idempotents on all types split.

All idempotents split. If r : A A is an idempotent onA and

� A =
 
P

qA

A
iA � P

!

is a split idempotent, then

� R =
 
P

qA

A r A
iA � P

!

is also an idempotent. If

� R =
 
P

qR

R
iR � P

!

is an idempotent splitting, then

r =
 
A

iA � P
qR

R
iR � P

qA

A
!

is also an idempotent splitting, as displayed in Fig. 2.10.
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�

Figure 2.10: Splitting an idempotent in a computer

Upshot. Fig. 2.8 shows how the program evaluator of typeA induces an idempotent� A that �lters the
elements of typeA. Fig. 2.10 shows how any idempotentr : A A induces a typeR as its splitting.
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Types induce idempotents and the idempotents induce types.This is a foundational view of typing going
back to [160]. When confusion is unlikely, viewing type statements as program evaluations (2.8–2.9)
provides an intuitive view of type checking. When a computeris given with just a few native types,
or even none, then we can use (2.8) to de�ne checkable types. We begin from the simplest one: the
booleans.

Remark. If a type universe contains two di� erent languages,P0 andP1, instantiating (2.6) to each of
them displays them as each other's retracts. In other words,each of them can be encoded as a subset
of expressions of the other one. In general, when two sets areembedded into each other, the Cantor-
Bernstein construction provides a bijection between them [74, 161]. There is thus a one-to-one corre-
spondence between the sets of expressions in any two programming languages. But the correspondence
is neither computable nor computationally meaningful. It is not computable because the general Cantor-
Bernstein constructions involves operations that are not computable and implies Boolean logic [55]. It is
not computationally meaningful because it does not preserve the meaning of programs. However, there
is a computable and computationally meaningful isomorphism that will be spelled out in Ch. 8.

2.4 Logic and equality

2.4.1 Truth values and branching

If we take a program> for the �rst projection to play the role of the truth value”true” , and a program
? for the second projection to play the role of the truth value”false” ,

v==

> ?

v�	 �	

v v (2.11)

then settingifte =
�	

gives the branching operation:

ifte(b; x; y) = fbg(x; y) =

8
>><
>>:

x if b = >

y if b = ?
(2.12)

The expressionifte(b; x; y) is meant to be read “if b then x else y”.

2.4.2 Program equality

While deciding whether two computations output equal results may need to wait for the computations to
produce the outputs, deciding whether two programs are equal or not is in principle easy. To be able to

use such decisions in computations, we are given a decidablepredicate (
?
=) : P� P � Pwhich captures

the program equality internally:

(p
?
= q) =

8
>><
>>:
> if p = q

? otherwise
(2.13)
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2.4.3 The type of booleans

=

>

�

�

�

�

�

(
?
=)

?

�

B

p� q

�	

�	

Figure 2.11: The typeB = f? ; >g splits the idempotent�

Since the equality (
?
=) is total, the test (x

?
= >) returns> if x = > and ? otherwise. The cartesian

function

� : P � P (2.14)

x 7! ifte
�
x

?
= > ; > ; ?

�

displayed in Fig. 2.11, is clearly idempotent, as it maps> to > and all other programs to? . The typeB
arises by splitting this idempotent. It �lters the programs> and? and �xes the typeB = f> ; ?g. More
precisely, the elements of this type areC� (I ; B) = f> ; ?g.

2.4.4 Propositional connectives

In any computer, the native truth values> ; ? and theifte-branching yield native propositional con-
nectives. One way to de�ne them is displayed in Fig. 2.12. Thenegation: q can be reduced to the
implicationq ) ? .
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>

ifte

?

ifte

>

ifte

?

ifte

^ _

) :

� �

��

Figure 2.12: Theifte =
�	

induces the propositional connectives

2.4.5 Predicates and decidability

Predicates are single-valued. A predicate is asingle-valuedfunction of in the formq: X B. It
thus assigns a unique truth valueq(x) : B to eachx: X.

The single-valuedness requirement prevents thatq(x) may be true today and false tomorrow. Formally,
this requirement is expressed by the equation (q� q)� � X = � B� qdiscussed in Sec. 1.4. For a computation
q, the equation says that runningq twice on the same input gives two copies of the same output. This
justi�es thinking of a predicate as asserting a property.

Assertion notation. The equationq(x) = > is often abbreviated to theassertionq(x) that x has a
propertyq. The equationq(x) = ? is abbreviated to: q(x).

Predicates may not be total. Computations are branched using computable predicatesq, e.g. in
ifte(q(x); f (x); g(x)). If q(x) diverges,ifte(q(x); f (x); g(x)) will also diverge and the branching will remain
undecided.

Decidable predicates. A predicateq is decidableif it is total, i.e. if it converges and outputsq(x) = >
or q(x) = ? for all x: X. Formally, this is assured by the equation(�

B � q = (�
X, discussed in Sec. 1.4. In

the sense of that section, the decidable predicates overX are precisely the cartesian functionX � B.

Halting notation q(x)# abbreviates the equation(�
B � q � x = (�

I for any cartesianx : I � X.
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2.5 Monoidal computer

2.5.1 De�nition

A monoidal computeris a (symmetric, strict) monoidal categoryC with

a) a data serviceA � A �� A �(� I on every typeA, as described in Sec. 1.2,

b) a distinguished typePof programswith a decidable equality predicate (
?
=) : P� P � B, and

c) aprogram evaluator
�	

: P � A B for all typesA; B, as in (2.2).

2.5.2 Examples

Programming languages. As mentioned in Sec. 2.2, the programming language interpreters are the
standard examples of program evaluators. The type universes of programming languages are standard
examples of monoidal computers. The objects of a monoidal computerC = CP are thus the types that
are checkable byP-programmable idempotent functions. The morphisms ofCP are allP-programmable
functions, partitioned into the hom-sets between the types-as-idempotents under which they are invari-
ant. The details are worked out in Sec. 2.6.3.2. Any Turing-complete programming languageP thus
induces a monoidal computer. See Sec. 4.6 for more about Turing completeness. WhileCP's program
evaluators correspond toP's interpreters,CP's partial evaluators correspond to its specializers [88].P's
Turing-completeness of implies that its interpreters and specializers can be programmed inP itself.
Sec. 4.6 and [140, 145] contain more details and references.The other way around, the morphisms
of any monoidal computerCP areP-programmable, in the sense of Sec. 2.2.1, which makesP into an
abstract programming language.

Models of computation. Note that each of the standard models of computation, the Turing machines,
partial recursive functions, etc., can be viewed as programming languages, and subsumed under the
examples above. E.g., any Turing machine can be viewed as a program, with a universal Turing machine
as a program evaluator. With suitably formalized executionschemas and a concept of types, any of the
models can be used as a programming language [160] and expanded into a monoidal computer.

2.5.3 Program evaluation as a natural operation

In the presence of the structures from (a–b), the program evaluator condition (c) can be equivalently
stated as the following natural form of the ”running” surjection from Fig. 3.

c') anX-natural family of surjectionsC(X � A; B)
run AB

X

C� (X; P) for each pair of typesA; B.

Towards a proof of(c) c'), note that any program evaluator
�	

: P� A B induces anX-natural family
run AB making the diagram in Fig. 2.13 commute, whose components are

run AB
X (G) = fGg (2.15)

The naturality requirement in Fig. 2.14 means that everys 2 C� (Y; X) and everyG 2 C� (X; P) should
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C(P� A; B) C� (P; P)
�	

idP

fGg G

C(X � A; B) C� (X; P)

C(G � A; B) C� (G; P)

run AB
P

run AB
X

Figure 2.13: Any program evaluator
�	

induces theX-indexed familyrun AB
X .

C(X � A; B) C� (X; P)

C(Y � A; B) C� (Y; P)

C(s � A; B) C� (s; P)

run AB
X

run AB
Y

Figure 2.14: The naturality requirement forrun AB.

satisfyrun AB
X (G) � s = run AB

Y (G � s). De�nition (2.15) reduces this requirement tofGgX � s = fG � sgY,
which is tacitly imposed by the string diagrammatic formulation of (2.2), and validated by precomposing
both of its sides withs : Y � X. Condition (2.2) says that allrun AB

X are surjective, as required. The
other way around, to prove(c') c), de�ne

�	
= run AB

P (id) (2.16)

and note that now the surjectiveness ofrun AB
P gives (2.2).

2.6 Workout

2.6.1 How many programs?

Is there a computer with 3 programs? No. There are either in�nitely many, or there is just one and
> = ? . We �rst discharge this trivial case, and then as soon as> , ? , there must be in�nitely many
di� erent programs for each computation.

a. Consider a monoidal computerC where> = ? . In other words, suppose that the programs for> and
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? chosen in (2.11) turn out to be equal. Prove the following claims.

i) Any pair of functions'; 
 : P P in C satisfy' = 
 .

ii) Any pair of functions f; g : A B in C satisfy f = g.

iii) For any pair of typesC; D in C there is an isomorphismC � D (i.e. a pair of functions

C D
d

c
such thatc � d = idC andd � c = idD).

iv) Conclude that any monoidal computerC with > = ? is equivalent with the trivial category
consisting of a single object and a single morphism.

b. Consider a monoidal computerC where> , ? . Prove that the following claims are valid for any
numbern.

i) The programming languageP in C contains at least 2n di� erent programs.

ii) For any functionf : A B there are at least 2n di� erent programsF : Psuch thatf = fFg.

Conclude that any monoidal computerC where> , ? contains in�nitely many programs, and that
any computable functionf : A B can be encoded by in�nitely many di� erent programsF : Pthat
evaluate tof = fFg.

c. Explain that in a monoidal computerC,

ˆ either every indexed functiong 2 C(X � A; B) has in�nitely many programsG 2 C� (X; P) with
g = fGg,

ˆ or C ' 1.

2.6.2 Counting by evaluating: Church numerals

The simplest form of computation is counting. The simplest programs that can be derived from program
evaluators are the numbers, counting how many times a program is evaluated over its inputs. The idea
is to rede�ne the numbers internally in a computer as the programs0; 1; 2: : : such that

n
0
o
(F; a) = fFg0 a = a

n
1
o
(F; a) = fFg1 a = fFga

n
2
o
(F; a) = fFg2 a = fFg � fFga

n
3
o
(F; a) = fFg3 a = fFg � fFg � fFga

� � �

fng(F; a) = fFgn a = fFg � � � � � f Fg � fFg|                    {z                    }
n times

a (2.17)

The overlinedn is thus a number-as-program, internal in a computer, whereas n is the usual, ”external”
number. When the distinction is irrelevant, we identify them. The string-diagrammatic view of the
internal numbers is in Fig. 2.15.
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= = = =

1 20 3

Figure 2.15: Church's numerals (without the� -abstractions)

Remark. The task of rede�ning numbers as programs is a �rst step intoreverse programming, explained
in Sec. 4.6. The programs in Fig. 2.15 follow Church's idea from [27].

Exercises. Specify programs to implement the following arithmetic operations on Church's numerals:

a. s(n) = n + 1

b. a(m; n) = m+ n

c. m(m; n) = m� n

2.6.3 Monoid computer?

In Sec. 2.3.1, we saw that any typeA of a monoidal computer comes with a retractionA P
i

q
and

can be identi�ed with the induced idempotent� = i � q onP. The question arises:

Can all structure of a monoidal computerC be reduced to its programming languageP?

In this workout, we pursue this question in parts, asking howto reduce the underlying category, its
monoidal structure, and the program evaluators of a monoidal computer to the monoid of computable
functions on its programming language. Some of the answers require categorical background (see Ap-
pendix 1) and probably too much work for the �rst round but they have interesting repercussions, so
please come back. The �rst ones are easy.

2.6.3.1 Universal program evaluator
�	

: P� P �! P

Prove the following claims:
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a. Any program evaluator
�	 P

P induces the program evaluators
�	 B

A as the following composites

noP
P

P A

P

i
�

B

P

q

(2.18)

for all typesA; B. Prove that (2.18) is a program evaluator, i.e. that it satis�es Def. refDef:progev.

b. Any program evaluator
�	 B

A can be reduced to
�	 P

P using a program transformer� B
A and the type pro-

jections and embeddings, in the following form

P A

B

� B
A

=
noP

P

P

�

A

P

i�

B

P

q

noB
A (2.19)

2.6.3.2 C is the idempotent completion of its submonoid on P

LetP�P � P
idP 1 be a monoid, viewed as a category with a single object, call it P. Its idempotent

completionis de�ned to be the following category

j P	 j = f%2 P j %� %= %g

P	 (%; &) = f' 2 P j &� ' = ' = ' � %g (2.20)

See Appendix 2 for more about this construction. It comes with the embedding

[ : P P	 (2.21)

which mapsP, the sole object ofP, to the unit id as an idempotent, and any element' of P to itself, as
an endomorphism on the idempotent id.
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Prove the following claims.

a. LetC be a category where all idempotents split (as in Appendix 2).Then any functorF : P C
has an extensionF] : P	 C, unique up to isomorphism, making the following diagram commute

P P 	

C

[

F F]
(2.22)

b. Given an objectP of C, consider the monoidP = C(P; P) as a full subcategory ofC. Show that the
embedding[ : P P	 from (2.21) extends along the subcategory inclusionP C to a functor
� : C P	 , making the following diagram commute

P C

P	

[ � (2.23)

if and only if every objectA 2 jCjis a retract ofP. Verify moreover that� is full and faithful (i.e., that
it establishes a bijectionC(A; B) � P	 (� A; � B) for all pairsA; B) and that it is determined byP C
up to isomorphism.

c. LetC be a category where every objectA is a retract ofPand all idempotents split. Then the functor
� is an equivalence of categories with a matec(� )

C P	

�
'
c(� )

(2.24)

and there are isomorphismsb� A � A in C and� b%� %in P	 , natural inA and%.

d. The equivalence� : C P	 induces a bijectionC(P; P) � P	 (� P; � P). Show that this implies that

� P must be invertible, and furthermore that the components of the splitting� P =
�
P

q
b� P

i P
�

must also be invertible.

Summary. The functor� selects for every typeA 2 jCjan idempotent

� A =
�
P

q
A i P

�
(2.25)

The matec(� ) selects for every idempotent%2 C(P; P) a splitting
�
P

q
b% i P

�
= % (2.26)

The equivalence functors thus assign to everyA 2 C a particular program encoding (2.25), and to every
idempotent%2 P	 a particular splitting (2.26).
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2.6.3.3 Relating the products in C and the pairing on P

Any equivalence of categoriesX ' Y allows transferring a given monoidal structure fromX to Y .
Continuing with the categoryC and its submonoidP from 2.6.3.2, it may be instructive to �rst work out
this general structure transfer for the special case of the monoidal structure (C; � ; I ) and transfer it along
the equivalenceC ' P 	 . But going further, in this special case at hand, the monoidal structure ofC is
also re�ected on its submonoidP in terms of the retractions

� P� P =
 
P

hb�c0; b�c1i
P� P

d� ; �e
P

!
� I =

 
P (�

I � P
!

(2.27)

It is interesting, and can be subtle, to express the monoidalstructure ofP	 in terms of these retractions.

a. Mapping any pair%; &2 jP	 j along the equivalence in tob%;b&2 jCj, and then their productb%� b&back
to P	 gives

%
 & = � b%� b& (2.28)

Verify that this de�nes a functor
 : P	 � P 	 P	 and that (P	 ; 
 ; � I ) is a monoidal category.

b. Work out the data services inP	 induced by the data services inC.

�

hb�c0;b�c1i

'  

d� ; �e

Figure 2.16: The convolution(' ?  ) x = d' bxc0;  bxc1e

c. The pairing in (2.27) determines aconvolutionoperation (?) : P � P P displayed in Fig. 2.16.
Prove the following claims.

i) ' ?  is idempotent whenever' and are idempotent.

ii) % ? &� %
 &holds for all idempotents%; &on P.

iii) There are monoidal equivalences (P	 ; (? ) ; � I ) ' (P	 ; 
 ; � I ) ' (C; � ; I )

d. Suppose that the operation (?) : P � P P is associative and has a unit�, which yields a monoidal



20
23

03
34

structure (P; ?; � I ) making the monoid (P; � ; idP) into a monoidal category. Note that this means
that ? and� satisfy the middle-two-interchange law from Sec. 1.3.2. Show that the two monoidal
structures must coincide, with' ?  = ' �  and� I = idP and leading toI � P and reducing the
categoryC to a commutative monoid.

e. In summary, for any monoidal categoryC where all objects are retracts of an objectP, and for the
monoidP = C(P; P) we proved the following statements:

(c.) the operation (?) is associative and unitary inP	 ' C , but

(d.) if the operation (?) is associative and unitary onP, thenP � I .

Does it follow that every monoidal category where all objects are retracts of a single object must
collapse to a commutative monoid? Explain!

Lookahead. In Sec. 8.5.2, we will work out a pairing operationd� ; �e : P � P P (with projections)
which is associative up to isomorphism inP, and has a one-sided unit.

2.6.3.4 Reducing program evaluators
�	 B

A to
�	 P

P

We worked out in 2.6.3.2 that the underlying category of a monoidal computerC boils down to the
idempotent completion of its submonoidP on P. We worked out in 2.6.3.3 thatC's monoidal structure
and data services can be reduced to any pairing operation carried by a programming languageP. The
underlying categoryC of a monoidal computer, together with its monoidal structure and the data ser-
vices, can thus be recovered from the monoidP of computable functions on the programming language
P. Can all program evaluators

�	 B
A also be recovered from the program evaluator onP?

Workout 2.6.3.1 presented some steps in that direction. It was suggested in 2.6.3.1.b how to derive the
program evaluators

�	 B
A for arbitrary typesA andB from the program evaluator

�	 P
P using type retractions

and program transformers� B
A in the idempotent completionP	 . It was claimed in 2.6.3.1.a that the

trivial program transformers� B
A = id still allow deriving from

�	 P
P valid program evaluators

�	 B
A for all

A; B. Here work out the special properties that the program evaluators derived in this way must have.

a. Suppose that the monoid (P; � ; idP) induces a monoidal category (P	 ; (? ) ; I ) with data services
worked out in 2.6.3.2–2.6.3.3. Given

i) a program evaluator
�	 P

P in P	 and

ii) a family of program transformations� &
%: P � P for all pairs of idempotents%; �,

work out what it means that the composite

fFg&
% = &�

n
� &

%(F)
o

� % (2.29)

also displayed in (2.19), satis�es Def. 2.2.1.1. This makes(2.29) into a program evaluator for any
pair of idempotents%and&, and it makesP	 into a monoidal computer.

b. A monoidal computer is calleduniform if the program transformers� B
A in (2.29) are identities for all
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pairsA; B and the program evaluators are thus in the form

fFgB
A = � B � f Fg � � A

where� A and � B are the idempotents corresponding toA and B. Recalling from Sec. 2.3.1 that
splitting the idempotent� X for any typeX induces an encodingiX : X � P and a projectionqX =
�	 X

I : P X, prove that any uniform monoidal computer must have the following special properties:

i) iA� B = iP� P �
�
iA � iB

�

ii) � P = qP = iP = idP

iii) iP� P� P = iP� P �
�
iP� P � idP

�

iv) iP� P �
�
i I � idP

�
= idP

v)
�	 P

A =
��

A.

2.7 Stories

2.7.1 Who invented the computer?

Theinventionof the computer as a universal state machine led to thediscoveryof computation as a uni-
versal process in nature. The advent of computer engineering had a tremendous impact on the economic
expansion in the second half of the XX century. But the adventof computer science opened a new era
of science, of our interaction with nature and with ourselves. Nothing will ever be the same.

The successes of the XIX century science gave rise to the optimism expressed by David Hilbert in his
famous slogan:

There is no ignorabimus in science. We must know, and we shallknow!

He closed with this exclamation his Königsberg address in September 1930, at the conference held in his
honor, on the occasion of his retirement. For mathematicians, Hilbert had previously distilled this quest
for an omnipotent science in theDecision Problem(Entscheidungsproblem), which can be paraphrased
as the challenge to

Find a method to decide by �nitary means the truth value of anyformal statement.

This was the centerpiece of the famous Hilbert's Program. A positive solution was hoped to provide a
logical foundation for science. However, at the same Königsberg conference, in one of the late sessions,
the 24-year-old Kurt Gödel shyly announced that he had constructed a provably undecidable statement
in the elementary theory of arithmetic. The construction was based on a completely new method, in-
vented by Gödel for this purpose. At the Königsberg conference, Gödel's announcement went largely
unnoticed, certainly by Hilbert2. A year later, when Gödel published the details of his result [61], it

2Von Neumann allegedly whispered to Bernays as soon as Gödel�nished his talk: ”[Hilbert's Program] is �nished”. In the
coming weeks, he derived an important consequence of Gödel's result, and brie�y corresponded with Gödel about it. He
never announced it, because Gödel had already proved the result himself, and included it the paper that he was writing. The
result came to be known as the Second Incompleteness Theorem. But John von Neumann seemed to be the only person
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Figure 2.17: David Hilbert Figure 2.18: John von Neumann

shattered the foundational movement straddling the communities of mathematicians and logicians. It
left Hilbert confused, and allegedly in denial. Gödel's method provided the �rst stepping stone into the
science of computation. Using the recursion schema (discussed in Sec. 4.3), Gödel encoded the formu-
las of arithmetic as numbers and the proofs of theorems as special arithmetic operations. The insight of
Gödel's proof was that the logical theories, and in particular the theory of arithmetic, can be encoded
as word processing, and that word processing can be encoded in arithmetic. In this way, the elemen-
tary arithmetic can encode its own proofsand check their derivability from axioms. Gödel's basically
inventedprogramming, albeit without a computer. The computer had to wait for Turing. Gödel used
arithmetic as a universal computer, or more precisely as a universal logical theory, expressive enough to
encode logical theories in general, and to derive their proofs. He constructed his undecidable statement
by encoding the elementary arithmetic in itself and instantiating the code of the statement ”This number
is the code of a false statement” to the number that encodes that same statement. The resulting statement
is undecidable because its truth would imply its falsity, and vice versa. This is adiagonalargument,
going back to Cantor, and previously used by Russell to construct his paradox which shook up Frege's
hopes like Gödel shook up Hilbert's. Yet another avatar of the diagonal argument is the Fundamental
Theorem of Computation, which we will encounter in Sec. 3.3.

The computer as a machine was �rst described in the 1936 paperby the 24-year-old Alan Turing. Turing
propagated Gödel's idea of programming from logical formulas to state machines. Just like the arith-
metic formulas can be encoded as numbers and processed in arithmetic, Turing machines can be encoded
and processed by Turing machines. While Gödel noticed thatthe logical theory of arithmetic was capa-
ble of encoding and processing itself, Turing performed theremarkable feat of specifying from scratch
a family of machines where the same was possible. In the very same paper where he introduced his ma-
chines, Turing constructed a Universal Machine, that inputs a description of an arbitrary Turing machine,
and then acts as that machine, i.e. performs its computations on its inputs, and produces its outputs. Tur-
ing's Universal Machine was the �rst computer. While Gödel's insight was logical, Turing's concretized
it into a foundation of a science. He seems to have initially thought of it as of a science of mind, but it
got further concretized into the science of computation. The central idea of Turing's computer science,
that programs can be processed as data, was promoted by von Neumann into the architectural principle
of computer engineering. In Sec. 2.3, we saw the �rst of the unexpected repercussions: that processing
programs as data leads to encoding data as programs. As WWII engaged both Turing and von Neumann,
the practical consequences of their ideas that emerged fromthe ashes of Hilbert's ideals, got concretized

who immediately understood Gödel's result.
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Figure 2.19: Kurt Gödel Figure 2.20: Alan Turing

further. John von Neumann played an important role in transferring the concept of a Universal Machine
into a computer architecture that came to carry his name. Some of the �rst von Neumann computers
were used for work on the �rst nuclear bombs. Alan Turing worked during the war on a di� erent kind of
bomb. He developed up a “cryptological bomb”. It was conceived by Polish cryptographers3, but Turing
used his computing machinery and actually broke German cryptosystems. The achievement is said to
have saved many lives and played a critical role in the alliedvictory. After the war, Turing returned to
his work on computation and published his seminal ideas relating computation, life, and what later came
to be called arti�cial intelligence. His ideas about morphogenesis are sometimes said to have been as
much of a paradigm shift in biology as his ideas about computers were in logic. His concept of testing
and indistinguishability remains in the foundations of theareas of computer science as di� erent as se-
mantics and cryptography. In 1952, Alan Turing was prosecuted for homosexuality, which was at the
time a criminal o� ense in the UK, and sentenced to undergo hormonal treatment to suppress his libido.
He died two years later, at the age of 41. The cause of death waspoisoning with cyanide, that was found
in the apple from which he had taken a bite. Although his favorite tale was known to be”The Snow
White”, it remains uncertain whether his death was intentional.

2.7.2 How many truth values?

The XX century logic expanded the horizons of truth far beyond B = f> ; ?g. The theory of computation
allowed re�ning the Brouwer-Heyting-Kolmogorov view of mathematical constructions, mentioned in
Sec. 1.7.3.1, into a theory ofrealizabilityof logical statements [85, 96, 172]. The practice of computation
allowed realizing the semantics ofpropositions-as-types[83, 107], also discussed in Sec. 1.7.3.1, as a
programming tool [186]. We shall see in Ch. 4 that the truth values> and? su� ce for drawing lots of
programs. On the other hand, already in Ch. 3, we shall see that even the simplest computations may
be unable to decide whether to return> or ? . The basic undecidability constructions are spelled out in
Ch. 5.

3The original name, “bomba kryptologiczna”, was allegedly meant to refer to an “ice-cream bombe”. The war was still a year
ahead.
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3.1 Computable functions have �xpoints

The basic idea of the universal evaluators presented in the preceding chapter is thata function is com-
putable when it is programmable. A function f : A B is programmable when there is a program
F : Psuch that for ally : A

f (y) = fFgy (3.1)

In this chapter we draw the main consequences of programmability. In the next chapter we will use it as
a tool for programming.

The �rst consequence of programmability is that any computable endofunction in the forme : A A
must have a �xpointa

e(y) = fEgy =) 9 a: e(a) = a (3.2)

The second consequence is the pivot point to move the world ofcomputation. It says that for any
computable function in the formg : P� A B there is a program� : Psuch that

g(p; y) = fGg(p; y) =) 9 � : g(� ; y) = f� gy (3.3)

This was proved in Kleene's note [95] under the nameSecond Recursion Theorem. But the use of
recursion is inessential for it [169]. On the other hand, it turned out to be one of the most fundamental
theorems of computability theory [125]. We call it the Fundamental Theorem of Computation. It is
proved in Sec. 3.3.

3.2 Divergent, partial, monoidal computations

Every computable endofunction e : A A has a �xpoint  e : A, with e(  e) =  e. A �xpoint
construction is constructed in Fig. 3.1. We precomposee with the program self-evaluationfxgx, and

e

A

fg =


 e

A

A

P

P

P

fg

=)

 e�
�

P

fg

�

 e
�

=

e

 e

P

fg

�

 e
�

A A

Figure 3.1: Iff
 eg(x) = e(fxgx), then  e= f
 eg(
 e) satis�ese(  e) = e(f
 eg(
 e))
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de�ne 
 e to be a program satisfying

f
 egx = e(fxgx) (3.4)

as displayed in Fig. 3.1 on the left. A program
 e for e(fxgx) must exist by the assumption that the
program evaluator is universal. Settingx in (3.4) to be
 e yields

f
 eg
 e = e(f
 eg
 e) (3.5)

De�ning  e = f
 eg
 e yields a �xpoint of e, as displayed in Fig. 3.1 on the right. Note that an overly
eager program evaluator may keep evaluating a �xpoint forever:

 e = f
 eg(
 e) = ef
 eg(
 e) = eef
 eg(
 e) = eeef
 eg(
 e) = � � � (3.6)

A divergent truth value. The datatypeB of the boolean truth values was de�ned in Sec. 2.4.3. By
de�nition, it contains precisely two cartesian elements> ; ? 2 C � (I ; B). The operation of negation
: : B B de�ned in Sec. 2.4.4 satis�es:? = > and:> = ? . On the other hand, applying the above
�xpoint construction to the negation yields an element : : B such that

:  : =  :

Since:> = ? and:? = > , it follows that> ,  : , ? (unless> = ? and by 2.6.1a, the whole universe
collapses to a point). Since> and? are by the de�nition in Sec. 2.4.3 the only cartesian elements of B,
the element  : : B cannot be cartesian. In summary, we have

C� (I ; B) = f> ; ?g C(I ; B) � f> ; ? ;  : ; : : :g (3.7)

A computerC always contains divergent computations, and is strictly monoidal, larger than its cartesian
coreC� , or else it collapses to a point.

Divergent elements. According to the de�nitions in Sec. 1.4, an elementa : A is a single-valued

function a: I A and it is total if
 
I a A �(�

I
!

= idI . This is an instance of the left-hand

requirement of (1.6). An elementa : A is calleddivergentif
 
I a A �(�

I
!

, idI (3.8)

Divergent elements are obviously partial. It was also notedin Sec. 1.4 that (�
A is the only inhabitant of

the hom-setC� (A; I ), for any typeA. In particular, (�
I = hi is only inhabitant ofC� (I ; I ). Since the identity

must be there as well, it follows that idI = (�
I = hi. On the other hand,(I =

 
I  : B �(�

I
!

, idI

gives
C� (I ; I ) = f (�

I g C(I ; I ) � f (�
I ; (I ; : : :g (3.9)

and (A =
 
A �(�

A I (I I
!

moreover gives

C� (A; I ) = f (�
A g C(A; I ) � f (�

A ; (A ; : : :g (3.10)

This leaves us with some interesting string diagrams. Sincethe identity function of typeA is conve-
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A

�
A

�
� �� �

 :

= =B

Figure 3.2: Some string diagrams with few strings:(�
I and (I have none.

niently represented as the invisible box on the stringA, and the identity typeI is conveniently repre-
sented as the invisible string, idI is very invisible. When it needs to be seen idI = (�

I helps. Since each

(�
A is a black bead on top of a string,(�

I is a lonely black bead on top of an invisible string, in Fig. 3.2 on
the left. The partial element(I = (�

B �  : is then conveniently represented as a lonely white bead on top
of an invisible string, in the middle Fig. 3.2. Lastly, the partial element (A = (I � (�

A is represented as a
white bead on top of the stringA in Fig. 3.2 on the right.

A divergent program. The main tool for constructing the �xpoints above is the self-evaluatorfxgx.
Instantiating (3.4) toe(x) = fxgx leads toe(fxgx) = ff xgxg(fxgx). Settingf
 gx = ff xgxg(fxgx), the
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Figure 3.3: Iff
 gx = ff xgxg(fxgx), then  = f
 g
 gives
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evaluation process in (3.6) becomes

 = f
 g
 = ff 
 g
 g(f
 g
 ) = fff 
 g
 g(f
 g
 )g(ff 
 g
 g(f
 g
 )) = � � � (3.11)

If the programs are evaluated bottom-up, i.e. if every inputmust be evaluated before it is passed to a
computation above it, then the computation in Fig. 3.3 goes on forever, as do those in Fig. 3.1. Such
computationsdiverge. Can we re�ne the evaluation strategies to recognize and avoid the divergences?
This idea led Alan Turing to theHalting Problem, that will be discussed in Sec. 5.3.

Computations are monoidal. The upshot of this section is that the �xpoints make computable func-
tions and computable types inexorably partial. E.g., in addition to the the truth values> and? , the
type B must contain a partial element : as a �xpoint of the negation: . In mathematics, universes
where programs and computations are not a central concern are usually introduced as universes of carte-
sian functions, with a unique output on each input. Partial functions, multi-valued functions, randomized
functions, etc., are then captured using additional structures [30, 135, 123]. In universes where programs
and computations are a central concern, partial functions are the �rst class citizens, and cartesianness
arises as a special property. Computable functions are generally just monoidal and not cartesian in the
sense that they satisfy just the monoidal laws from Sec. 1.3 but not the cartesian laws from Sec. 1.4. A
monoidal computer where all computations are total and single-valued andC = C� , then we are looking
at a model where all intensional aspects of computation havebeen projected away, and the programs for
a given function are indistinguishable.

3.3 The Fundamental Theorem of Computation

Kleene �xpoints. A Kleene �xpoint of a computationg: P � A B is a program� that encodesg
evaluated on� , as displayed in Fig. 3.4.

� �

A A

g

B B

�	
=

� �

Figure 3.4: A Kleene �xpoint� : P of g is a program such thatg(� ; y) = f� gy

Theorem. Every computation that takes a program as an input, has a Kleene �xpoint for that input.

Construction. Towards a Kleene �xpoint of any given functiong(p; a), wherep should be a program,
substitute forp a computation [x] x, evaluating programs on themselves, like in Fig. 3.5. Call aprogram
for the compositeG. Then a Kleene �xpoint� of g can be de�ned to be a partial evaluation ofG on
itself, as displayed in Fig. 3.6. Fig. 3.6 proves that� = [G] G is a �xpoint of g because

g(� ; y) = g
�
[G] G; y

�
= fGg(G; y) = f[G] Ggy = f� gy
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�

� �

A A

��

g

B B

�	
=

G

Figure 3.5:G is a program forg([x] x; y) = fGg(x; y)

�

� �

� �
�

�

�
�
�

= ==
�	�	 �	

����

g

G G

G

G G

A A A

� �

B B B B

A

Figure 3.6: A Kleene �xpoint� of a computable functiong.

�

The program transformer version of the Theorem. A program transformeris a cartesian function

 : P � P that transforms programs. The Fundamental Theorem of Computation is equivalent to
the statement that every program transformer has a �xpoint,a program� that does the same as its
transform, as displayed in Fig.3.7. A transformer �xpoint can be constructed as a Kleene �xpoint of
g(p; x) = f
 pgx, by applying the Fundamental Theorem. The other way around,for any computable
functiong: P� A B, (2.2) gives aP-indexed programG: P � P susch thatg(p; a) =

n
Gp

o
a. As a

cartesian function, anyP-indexed program can also be viewed as a program transformer. By assumption,
it has a �xpoint � with f� ga = fG� ga = g(� ; a). So� is a Kleene �xpoint ofg.

3.3.1 Example: Polymorphic quine

A quineis a programQ that, when executed, outputs its own text:

fQgx = Q
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B
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�	

�

=

B

A




�	

�
�

�

�

Figure 3.7: Any program transformer
 has a �xpoint� : Psuch thatf
 � g= f� g

A simple program that outputs a textQ is usually in the form “print 0Q0”. But that program is ob-
viously longer thanQ and does not output all of its text. A quine cannot contain itsown text as a
quote, but has to somehow compress a version of itself, and decompress it at the output. The entries in
the annual quine competitions mostly use peculiarities of particular programming languages to achieve
this. The Fundamental Theorem of Computation allows constructing polymorphicquines, that can be
constructed in all programming languages. The FundamentalTheorem provides apolymorphicquine
construction, implementable in any programming language1 A quine can obtained as a Kleene �xpoint
Q of the projection� P : P � A P, where� P(x; y) = x, so that

fQgy = � P
�
Q; y

�
= Q

A

�	

Q

=

A

Q

�
Q=

A

�

��

�

�

Unfolding Fig. 3.6 forg = � P shows thatQ is the partial evaluation [� ] � , where� is a program for
� P([x] x; y). The functionfQgy = f[� ] � gy = f� g(� ; y) thus deletesy and partially evaluates� on itself.
The programQ thus only contains� . RunningQ outputsQ as the partial evaluation of� on � .

3.3.2 Example: Polymorphic virus

A virus is a programV that performs some arbitrary computationf : A B and moreover outputs
copies of itself:

fVgx = hV; V; f (x)i

The Fundamental Theorem of Computation yields again. Applythe Fundamental Theorem to

v(p; x) = hp; p; f (x)i
1It is assumed that all programming languages are Turing complete, in the sense of Sec. 4.6. The languages that are not

Turing complete do not allow computing all computable functions.
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The Kleene �xpoint is then a virusV:

fVgx = v
�
V; x

�
= hV; V; f (x))

A

�	

V

=

A

V

v

V

=u f

B

V
A

f

u u uu

BB

Explain howV produces the two copies of itself without storing a copy of itself anywhere.

3.4 � -combinators and their classi�ers

The Fundamental Theorem of Computation constructs a Kleene�xpoint of computable functions. But
since computable functions are programmable, the Fundamental Theorem can be implemented as a
computable program transformer, that inputs programs and outputs Kleene �xpoints of the computa-
tions that they implement. The programs that implement suchprogram transformers are called the
� -combinators. They are constructed as Kleene �xpoints of suitable computable functions. There are
many di� erent ways to construct them. Interestingly, there are alsoprograms that recognize all possible
� -combinators. They are called the� -combinator classi�ers. And yes, they are also constructed as
Kleene �xpoints.

The circuitous constructions of the various �xpoint constructions continue to sound complicated, and
there is a sense in which they are complex when presented sequentially. But their diagrammatic pro-
grams tend to be simple and insightful.

3.4.1 � -combinator constructions

� -combinator for �xpoints is a program�� for a function �� : P A that inputs programs for func-
tionsA A and outputs their �xpoints �� (p) : A, as in Sec. 3.2. The equation

fpg( �� (p)) = �� (p) (3.12)
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thus holds for allp : P. The �� -combinator is constructed as the Kleene �xpoint in

=

�� ��

�	 �	

P

A

A

A

P

�	

(3.13)

� -combinator for �xed computations is a program�̈ for a program transformer ¨� : P � P that
inputs programs for functionsA A and outputs programs for some �xed functionsA A. More
precisely, for everyp: P, the program ¨� (p) : Psatis�es

fpg � f �̈ (p)g= f�̈ (p)g (3.14)

The�̈ -combinator is obtained by applying the Fundamental Theorem again.

= =

�̈ �̈ �̈ �̈

�	 �	 fg

��

P P

AA

A

A

P AAA

�	

(3.15)

� -combinator for Kleene �xpoints is a program
:::
� for a program transformer

:::
� : P � P which

inputs programs and outputs their Kleene �xpoints as in Sec.3.3, i.e. satis�es
n
p
o� :::

� (p); x
�

=
n:::
� (p)

o
(x) (3.16)

for all p : Pandx : A. Here is a Kleene �xpoint construction of a program for a uniform Kleene �xpoint
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constructor:

= =

:::
�

:::
�

:::
� :::

�

�	

�	 fg
��

P PP AAA

��
P

B

B B

(3.17)

3.4.2 � -combinator classi�ers

For any pair of typesA; B there are program transformers� ;  ̈;
:::
 : P � P whose �xed points are

exactly the corresponding �xpoint operators, i.e. for every y 2 P the following equivalences hold
n
� (y)

o
=

n
y
o n

 ̈ (y)
o

=
n
y
o n:::

 (y)
o

=
n
y
o

m m m (3.18)

8p:
n
p
o�

fygp
�

= fygp 8p:
n
p
o

�
n
fygp

o
=

n
fygp

o
8p:

n
p
o�

fygp; x
�

=
n
fygp

o
(x)

Classi�er of � -combinators for �xpoints. Consider the equivalence in (3.18) on the left. The right-
hand sides of the two equivalent equations become equal if both sides of the �rst equation are applied
to the argmentp. The equivalence will then hold if and only if the left-hand sides of the equations are
equal. It is thus required that� : P � Psatis�es

n
� (y)

o
p =

n
p
o�

fygp
�

(3.19)

This will hold if � (y) =
h
�	
i
y where �	 is a program for

n
�	
o
(y; p) =

n
p
o�

fygp
�

(3.20)

Note that the�� -combinator was de�ned in (3.13) as a Kleene �xpoint iny of the function in (3.20).

Classi�er of � -combinators for �xed functions. To realize the equivalence in the middle of (3.18),
we apply both sides of the �rst equation top again, and run the output as a program onx. If we run
both sides of the second equation in the middle of (3.18) onx as well, then the right-hand sides of the
two equivalent equations become identical again. For the equivalence to hold, it is now necessary and
su� cient that ̈ : P � P satis�es

n�
 ̈ (y)

	
p
o
(x) =

n
p
o

�
n
fygp

o
(x) (3.21)
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To specify ̈ , this time we need the programs	̈ 0 and	̈ 1 which implement the functions on the right in
n
	̈ 0

o
(y; p; x) =

n
p
o

�
n
fygp

o
(x) (3.22)

n
	̈ 1

o
(y; p) =

h
	̈ 0

i
(y; p) (3.23)

to de�ne  ̈ (y) =
h
	̈ 1

i
y. The�̈ -combinator was de�ned in (3.15) as a Kleene �xpoint iny of the function

in (3.22).

Classi�er of � -combinators for Kleene �xpoints. Towards the equivalence in (3.18) on the right,
proceeding as above we �nd that it is necessary and su� cient that

:::
 : P � Psatis�es

n� :::
 (y)

	
p
o
(x) =

n
p
o�

fygp; x
�

(3.24)

We de�ne
:::
	 0;

:::
	 1 : Pby

n:::
	 0

o
(y; p; x) =

n
p
o�

fygp; x
�

(3.25)
n:::
	 1

o
(y; p) =

h:::
	 0

i
(y; p) (3.26)

and set
:::
 (y) =

h:::
	 1

i
y. The

:::
� -combinator was de�ned in (3.17) as a Kleene �xpoint iny of the function

in (3.25).

3.5 Software systems as systems of equations

A software system is a family of programs that work together.Since programs in practice usually work
together, most programs belong in some software systems, and most programmers work as software
developers. Keeping the programs in a software system together also requires a lot ofmetaprogramming,
of programs that compute programs. We get to metaprogramming and software engineering in Ch. 6.
But mutual dependencies of programs that work together arise already on the level of �xpoints. The
task of �nding joint �xpoints of functions arises in all engineering disciplines, and has been one of the
central themes of mathematics. It is usually presented as the task of solving systems of equations. Here
we sketch a basic method for solving systems of computable equations that can be used to specify some
joint requirements from systems of programs. The upshot is that any family of computations can be
bundled together into a software system: there is always a family of programs that code them together.
The idea and the main theoretical developments go back to Raymond Smullyan [164, Ch. IX]. The brief
diagrammatic treatment and the simplicity of applicationsconceal the signi�cant obstacles that had to
be surmounted.

3.5.1 Smullyan �xpoints

For any pair of computations

g : P� P� A B and h: P� P� C D
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there is a pair of programs G; H : Psuch that

g(G; H; x) = fGgx and h(G; H; y) = fHgy

Constructing Smullyan �xpoints. Let bG and bH be the Kleene �xed points of the functionsbg :
P� P� A B andbh : P� P� C D de�ned

bg(p; q; x) = g
��

p
�
q;

�
q
�

p; x
�

(3.27)
bh(q; p; y) = h

��
p
�
q;

�
q
�

p; y
�

(3.28)

and de�ne
G =

h
bG

i
bH H =

h
bH

i
bG

The constructions now give

g(G; H; x) = g
�h

bG
i

bH;
h
bH

i
bG; x

� (3.27)
= bg

�
bG; bH; x

�
=

n
bG

o �
bH; x

�
=

nh
bG

i
bH

o
x = fGgx (3.29)

h(G; H; y) = h
�h

bG
i

bH;
h
bH

i
bG; y

� (3.28)
= bh

�
bH; bG; y

�
=

n
bH

o �
bG; y

�
=

nh
bH

i
bG

o
y = fHgy (3.30)

The concept behind this algebraic magic emerges from the pictures of the functionsbg andbh, and of their

A

v

��

h

CbH

B D

��

bG

�� ��

bhbg

Figure 3.8: De�nitions ofbG and bH as Kleene �xpoints

�xpoints bG and bH in Fig. 3.8. The diagrammatic form of (3.29) in Fig. 3.9 showshow the construction
follows the idea of the Fundamental Theorem, or more precisely of the construction of the Kleene
�xpoint in Fig. 3.6.

3.5.2 Systems of program equations

For any n-tuple of computations

gi : Pn � Ai Bi for i = 1; 2; : : : ;n
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Figure 3.9: A geometric view of (3.29)

each depending on n programs, there are programs G1;G2; : : : ;Gn : P that are �xed by the given com-
putations, in the sense of the following equations:

g1(G1;G2; : : : ;Gn; x1) = fG1gx1

g2(G1;G2; : : : ;Gn; x2) = fG2gx2

:::

gn(G1;G2; : : : ;Gn; xn) = fGngxn

Solving systems of computable equations. De�ne bgi : Pn � Ai Bi by

bgi(p1; p2; : : : ;pn; xi) = gi
��

p1
�
~p� 1;

�
p2

�
~p� 2; : : : ;

�
pn

�
~p� n; xi

�

where~p� i = (p1; : : : ;pi� 1; pi+1; : : : ;pn). Furthermore set

Gi =
h
bGi

i �
bG1; : : : ; bGi� 1; bGi+1; : : : ; bGn

�

The constructions now give

gi(G1;G2; : : : ;Gn; xi) = bgi

�
bG1; bG2; : : : ; bGn; xi

�

=
n
bGi

o �
bG1; : : : ; bGi� 1; bGi+1; : : : ; bGn; xi

�

=
nh

bGi

i �
bG1; : : : ; bGi� 1; bGi+1; : : : ; bGn

�o
xi

= fGigxi

3.6 Workout

3.6.1 Divergence and lazy branching

The divergence is that any computation composed with a divergent component gets swallowed by the
divergence. This is not always justi�ed. E.g., the branching instructionifte(b; > ;  ) is normally expected
to output> if b = > and to diverge ifb = ? . However, the implementationifte(b; f; g) = fbg( f; g)
in Sec. 2.4.1 requires thatb, f , andg are evaluated before their outputs are passed toifte. With that
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implementation,ifte(> ; > ;  ) will always diverge. To avoid this undesired behavior, most languages
make use of programmability of the branchesf andg, and implement a branching operationIFTL(b; f; g)
which evaluates the conditionb and outputs a programF for f = fFgwhenb = > or a programG for
g = fGgwhenb = ? . In this way, only one of the branches is evaluated, and only after the branching. A
more practicallazybranching should therefore satisfy

ift`
�
b; F;G

�
= ffbg(F;G)g (3.31)

a. Program a diagram for the lazy branching in (3.31).

b. Specify the program transformersIFTE; IFTL : P3 � Psuch thatfIFTE(b; F;G)g= ifte
�
b; fFg; fGg

�

andfIFTL(b; F;G)g= ift`
�
b; F;G

�
. While both evaluateb, input F andG and output a program that

runs F if b is true andG if it false, they behave di� erently. Provide examples of di� erent and of
indi� erent behaviors.

c. Given an idempotent� A : P P such thatx = � A(x) holds just for the (programs that encode)
elements ofA as in Sec. 2.3.1, construct an idempotent �� A : P P that still �xes the elements ofA
and is moreover a subfunction of the identity onP. In other words, for all programsy that do not
encode elements ofA, �� A(y) should diverge.

3.6.2 Stateful �xpoints

The Fundamental Theorem remains valid for stateful (indexed) functions and programs. Here we work
out two kinds of stateful Kleene �xpoints.

a. Show that anyX-indexed computationg : P � X � A B has anX-indexed Kleene �xpoint� :
X � Psuch that for alla: A

g(� x; x; a) = f� xga (3.32)

b. Show that anyX-indexed program transformer� : P� X � Phas anX-indexed �xpoint� : X � P
such that

f� (� x; x)g = f� xg

3.6.3 Qing, kuine, narcissist, virus generator

a. A narcissistis a programT which inputs programs and outputs its own images along the functions
that the programs encode:

fTgx = fxgT

Find a narcissist!

b. A virus generatoris a program transformer
 : P � Pwhich transforms programs into viruses. Its
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function is:

f
 Fgx =
D

 F; 
 F; fFgx

E

Program a virus generator!

c. Show that there are programsQing andKuine which on any input output each other's text:

fKgx = Q fQgx = K

3.6.4 A loopy software system

TheLoopy Credit Union (LCU)account system consists of

ˆ a databaseB =
�

xu

�

u2U
where

– U is the list of customers,

– xu is the account balance of the customeru 2 U

– ` 2 U is the account into which the LCU collects the fees for their services;

ˆ three types of transactions:

– depositd(u; x) = B + xu for eachu 2 U,

– withdrawalw(u; x) = B � xu for eachu 2 U, and

– transfert(u; v; x) =
�
w(u; x) ; d(v; x) ; t(v; `; rx)

�
for every pairu; v 2 U.

While the deposits and the withdrawals are free of charge, the recipient of each transfer ofx coins is
charged a fee ofrx coins, transferred to the fee account`. A transfer from a customeru to a customerv
is implemented as a sequential composition of a withdrawal of x from u's account, followed by a deposit
of x into v's account, followed by a transfer ofrx into `s account.

Develop the LSU-software system as a �xpoint.

3.7 Stories

The Fundamental Theorem of Computation says that every computational process has a Kleene �xpoint.
This realization evolved through several fundamental ideas. First there was Cantor's diagonal argument
[20]. Then there was Russel's application of that argument to derive his paradox from Frege's unre-
stricted set-comprehension [154]. Then there was Gödel'sapplication of that construction in logic, to
derive incompleteness of Russell-Whitehead'sPrincipia and all other systems containing the arithmetic
[61]. Then Stephen Kleene proved the Fundamental Theorem ofComputation as a remark in the short
paper [95]. He continued to treat it as an o� shoot of his extensionalRecursion Theorem[97, §66]. Some
years later, the program transformer version was formulated [153] and Kleene's remark got promoted
into the”Second Recursion Theorem”. Many years and many fundamental applications later, the name
got extended to”Kleene's Amazing Second Recursion Theorem”[125]. Raymond Smullyan proved the
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Figure 3.10: Stephen C. Kleene Figure 3.11: Raymond Smullyan

double-�xpoint version from Sec. 3.5.1 and studied the general approach in his book about”Diagonal-
ization and Self-Reference”[165]. He also wrote many popular books about the logic of self-reference
[166, 167]. The topic lent itself to other popular treatments [79, 149]. In the years before his death, John
von Neumann had noticed that computational self-referenceimplies structural self-reproduction, which
is the characteristic of life. On his deathbed, he was preparing a series of lectures about life as compu-
tation [130]. The idea was that a universal computer with sensors and actuators could gather materials,
process them, and produce a copy of itself. Or several copies, slightly modi�ed, letting nature select the
�ttest. The computational aspects of life also preoccupiedAlan Turing towards the end of his short life
[175].
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4.1 Reverse programming

In the practice of computation, programmers are given a programming language, with a basic type sys-
tem and some program schemas, and they are asked to build programs and run program evaluators.
The theory of computation goes the other way around: it starts from program evaluators and builds a
basic type system and program schemas. This is the idea ofreverse programming. In the preceding
chapter, we used the program evaluators to construct various �xpoints. In the present chapter, we con-
struct the datatypeN of natural numbers, with the basic arithmetic operations and the main program
schemas that it supports. The program structures are derived from program evaluators and data services,
and carried forward as syntactic sugar. Behind the sugar, programs are expressions built from typed
instances of a single instructionrun , composed using the data services. Such expressions comprise the
Turing-complete programming language Run. This chapter spells out the basic program schemas in this
language, and explains what it means to be Turing-complete in the end.

4.2 Numbers and sequences

4.2.1 Counting numbers

Numbers are built by counting. Counting is the physical process of assigning �ngers or pebbles to
apples, or sheep, or coins. Counting is the earliest form of computation. Our �ngers were the �rst digital
computers1. The �rst algorithm was the assignment of 10 �ngers to 10 apples or sheep. The second
algorithm may have been the idea to count the apples or sheep by the 5 �ngers of one hand, and to use
the 5 �ngers of the other hand to count how many times the �rst hand was used. That would allow us to
count up to 25 apples, instead of just 10. Thefourthalgorithm could be to count up to 1024 apples using
the 10 �ngers. Before that, someone should have discovered athird algorithm, allowing them to count
up to 36 with 10 �ngers. How would you do that? The idea is that ahand with 5 �exible �ngers has 6
states, and not just 5, since it can stretch 0, 1, 2, 3, 4, or 5 �ngers, while keeping the rest bent. The step
to counting 210 = 1024 apples using the 10 �ngers follows from the observationthat each �nger has 2
states: stretched and bent. In any case, noticing 0, as the state of where nothing has been counted, and
using it in counting, turned out to be a revelation.

Only natural numbers. The numbers built by counting are studied as thenatural numbers. The inte-
gers are built by inverting the addition of natural numbers,the rationals by inverting the multiplication,
and so on [35]. For the moment, we focus on counting, and the present discussions about ”numbers”
invariably refer to thenatural numbersfrom school.

4.2.2 Numbers as sets

If the counting process is required to produce an output, then it must involve from 0, as the state where
there is nothing left to count, and the output is ready. 0 is the number of elements of the empty set, which
we writefg. Since the empty set is unique, it is the best representativeof the number of its elements, so
we set 0= fg. Nonempty sets are formed by enclosing some given elements between the curly brackets,
like in fa; b; cg. The elements can be some previously formed sets. So we can form the setffgg, with a
single elementfg. We set 1= f0gand use it to denote the number of elements in all sets with a single

1The Latin word ”digitus” means ”�nger”.
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element. There may be many sets with a single element, as manyas there are elements given in the
world; but only one number 1. But even if no elements were given, we certainly have the sets 0= fgand
1 = ffgg, which are di� erent, since one is empty and the other is not. Now we can form the set 2= f0; 1g,
with two di� erent elements. Continuing like this, we form the sequence of numbers

0 = fg

1 = f0g = ffgg

2 = f0; 1g = ffg; ffggg

3 = f0; 1; 2g = ffg; ffgg; ffg; ffgggg (4.1)

4 = f0; 1; 2; 3g = ffg; ffgg; ffg; ffggg; ffg; ffgg; ffg; ffggggg

� � �

n = f0; 1; 2; : : : ;n � 1g

n + 1 = f0; 1; 2; : : : ;n � 1; ng (4.2)

After a long history of troubles with numbers, from the Pythagoreans to Frege, the idea of counting
starting from nothing was proposed by a 17-year-old Hungarian wunderkind Neumann János, who later
became John von Neumann. We saw him in Fig. 2.18, but see Appendix 3 for an earlier photo. The
process of counting was thus implemented as a process of set building. The numbers are built starting
from nothing, i.e. the empty set as thebase case, and adding at eachstep casea new element, obtained
as the set of all previously built numbers:

0 = fg n + 1 = n [ f ng (4.3)

Since all numbers are thus generated from 0 by the operation 1+ (� ), they must all be in the form

n = 1 + 1 + � � � 1+|            {z            }
n times

0 (4.4)

In the computer, each numbern is thus in principle a wire withn beads, as depicted in Fig. 4.1.

0

1+

1+

1+1+

1+

1+
1+

1+

1+

1+

1+

Figure 4.1: The numbern is n-th successor of 0.
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4.2.3 Numbers as programs

There are many di� erent ways to implement numbers as programs. A simple one goes like this:

0 = d>; 0e

1 = d?; 0e

2 = d?; 1e = d?; d?; 0ee

3 = d?; 2e = d?; d?; d?; 0eee (4.5)

� � �

n = d?; n � 1e = d?d?d� � � d?; 0ee � � � ee|   {z   }
n layers

whered� ; �e : P � P P is the pair encoding from Fig. 2.9, and> ; ? : P are the boolean truth values
from (2.11). This is a version of (4.1) adapted for computers.

Notation. We writen to denote a program chosen to represent in a computer ”the” numbern from the
”outer world”. When no confusion is likely, the overlining is omitted.

Programming counting. The counting constructors (4.3) can be implemented as the program con-
structors

0 = d>; 0e s(n) = d?; ne = n + 1 (4.6)

Placing> as the pre�x of0 and? as the pre�xes of the non-zero numbers1 + n allows us to use the �rst
projection as azero-test, and the second projection as thepredecessoroperation:

0? (n) = bnc0 =

8
>><
>>:
> if n = 0

? otherwise

9
>>=
>>; r (n) = bnc1 =

8
>><
>>:

0 if n = 0

n � 1 otherwise

9
>>=
>>; (4.7)

The diagramms for the four operations de�ned in (4.6–4.7) are displayed in Fig. 4.2.

Different numbers are represented by different programs. If any m = n then eitherm = n, or
the computer is degenerate, in the sense that all elements ofall types are equal, and thus all types are
isomorphic with the unity typeI .

We demonstrate this by showing that the following conditions are equivalent in any monoidal computer

a) there are di� erent natural numbersm , n with equal representationsm = n;

b) > = ? ;

c) the computer is trivial: for allf ; g : A B holds f = g, and thus all types are isomorphic.

Since (c) obviously implies (a) and (b), we just prove (a)=) (b) and (b)=) (c).

ˆ (a) =) (b) Supposem < n. Then

m = n =) 0 = rn� 1 (m) = rn� 1 (n) = 1

0 = 1 =) > = bd>; 0ec0 = b0c0 = b1c0 = bd?; 0ec0 = ?
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Figure 4.2: Base0 = f� g= d>; f� ge, step ups(x) = d?; xe, step downr(x) = bxc1, test 0?x = bxc0

ˆ (b) =) (c) For f 0; g0 : P P, the assumption> = ? gives

f = f>g( f; g) = f?g ( f; g) = g

By (25) and (26), any pairf; g : A B inducesf = iB � f � qA andg = iB � g� qA such thatf = g
if and only if f = g. But if all functions are equal, then all type retractions are isomorphisms.
Since by Sec. 2.3.2 all types are retracts ofP, it follows that all types are isomorphic, and thus
isomorphic to the unit typeI .

4.2.4 Type N as an idempotent

The task is now to program an idempotentN : P P to �lter out the numbers in the form (4.5) from
other programs, so thatn: N is captured asn = N(n). The idea is to map eachx : Pas follows:

ˆ if x = 0, then outputN(x) = x;

ˆ if x = d?; ye, then outputN(x) = x if and only if N(y) = y.

Sincey = N(z) satis�esN(y) = y for anyz : P, this can be implemented informally as

N(x) =

8
>>>>><
>>>>>:

x if x = 0

dbxc0; Nbxc1e if bxc0 = ?

 otherwise

(4.8)
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Towards a formalization, this can be rewritten in terms of the operations available in the monoidal
computer as the function� : P � P Pwhere

� (p; x) = IFTE
�
x

?
= 0; x; IFTE

�
bxc0

?
= ? ; s� f pg � r (x);  

� �
(4.9)

Here we use the lazyIFTE-branching from 3.6.1 to avoid evaluating when it is not selected. For a
Kleene �xpoint N : Pof � , settingN = fNggives

N(x) = fNgx = � (N; x) = IFTE
�
x

?
= 0; x; IFTE

�
bxc0

?
= ? ; s

�
N

�
r (x)

� �
;  

� �

It easy to prove thatN is a subfunction of the identity, and that it produces an output when the input is a
number:

N(x) = y () 9 n: x = sn(0) = y

A convenient order of evaluation of� , not obvious in the above command-line form, is displayed in
Fig. 4.3.

�

�

�

�

�

IFTE

IFTE

�	

s

r

?
= 0b c0

?
=?

N

 

N�

Figure 4.3: The idempotentN : P ! P for the datatype of natural numbers

Remark. Replacingx
?
= 0 with 0?x andbxc0

?
= ? with with :b xc0 would yield a type ofintensional
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naturals, still supporting the same operations, but with multiple representatives of each number. The
present de�nition �xes unique representatives as soon as the representatives of 0 and? are chosen.

4.2.5 Sequences

A cartesian function� : N � B, taking numbers as inputs, is usually presented by thesequenceof its
outputs �

� 0 ; � 1 ; � 2 ; : : : ; � i ; : : :
�

A cartesian function in the formf : N � A � B can then also be written as a sequence

�
f0 ; f1 ; f2 ; : : : ; fi ; : : :

�

where2 the fis are cartesian functionsA � B. While viewing functions that vary over numbers as
sequences is helpful, and writing the number inputs as subscripts often simpli�es notation, note that all
this is just a matter of notational convenience. Formally,

ˆ
�
� i : B

�1

i=0
is the sequence notation for� : N � B, and

ˆ
�

fi : A � B
�1

i=0
is the sequence notation forf : N � A � B.

4.3 Counting down: Induction and recursion

4.3.1 Computing by counting

Counting, induction, and recursion are schemas used to specify sequences of increasing generality:

ˆ counting builds the sequence of numbers 0; 1; 2; : : : : N from fg: N ands : N N by

0 = fg n + 1 = s(n) (4.10)

ˆ induction builds sequences of elements� 0; � 1; � 2; : : : : B from b : B andq : B B by

� 0 = b � n+1 = q(bn) (4.11)

ˆ recursion builds sequences of functionsf0; f1; f2; : : : : A Bfrom g : A Bandh0; h1; h2; : : : :
B � A B by

f0(x) = g(x) fn+1(x) = hn( fn; x) (4.12)

Counting is a special case of induction, and induction is a special case of recursion. They are the methods
for computing by counting. More precisely, they are the methods for computing by countingdown, since
the value of the (n + 1)-st entry of an inductively de�ned sequence is reduced to the value ofn-th entry.
In monoidal computers, this is captured by program evalutions within program evaluations.

2The notation is also used whenf is cartesian only in the �rst argument, andfis are monoidal functions.
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4.3.2 Induction

Theinduction schemafor an arbitrary typeB is

b : B q: B B

Lb; qM: N B
(4.13)

where thebanana-sequenceLb; qMis de�ned

Lb; qM0 = b Lb; qMs(n) = q
�
Lb; qMn

�
(4.14)

Lb;qM

B

N

0

=

B

b

Lb;qM

B

N

s

N

=

Lb;qM

B

q

N

B

Why bananas? If the sequence de�ned in (4.14) is given a name� = Lb; qM, the list of its values
becomes( � 0; � 1; � 2; : : :). But programs usually do not use such listings, but only evaluate particular
entries. So instead of reserving the name� only to be able to call� 23, the programmers invented the
banana-notation, and callLb; qM23.

Computing as counting down. To evaluate an entry of an inductively de�ned sequence, we descend
down the step-case part of (4.14) to the base-case part:

Lb; qMn = Lb; qMsn(0) = q
�
Lb; qMsn� 1(0)

�
= q2

�
Lb; qMsn� 2(0)

�
= � � � = qn

�
Lb; qM0

�
= qn

�
b
�

(4.15)

This descent is displayed in Fig. 4.4.

Lb;qM
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s Lb;qM

B

0
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=
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=
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0
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=

B

N

Lb;qM

B B

q q

q

q

q

q

= � � � =
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q
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q
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q
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q

b

B B

BB

N

NN

N

N

N

N N

N

B

B

B

N

B

B

B

Figure 4.4:Lb; qMis computed by countings-beads and replacing them withq-boxes
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4.3.3 Reverse programming induction

The entries of the sequence� = Lb; qM: N � B for anyb : B andq : B � B can be computed by
counting down by a program de�ned as a Kleene �xpoint of the cartesian functione� : P � N � B
de�ned

e� (p; n) = ifte
�
0?(n); b; q � f pg � r (n)

�
(4.16)

If e� is a Kleene �xpoint ofe� , then setting� =
n
e�

o
yields the sequence� : N � B of

�	

b
0?

if

q

r

N

B

e�

� =
n
e�

o
=

e�

�

� �

�

�

= Lb; qM

Figure 4.5: Induction in monoidal computer

� n =
n
e�

o
n

= e�
�
e� ; n

�
= ifte

�
0?(n); b; q

�
� r (n)

� �
(4.17)

The construction is displayed in Fig. 4.5.

4.3.4 Recursion

Therecursion schemafor specifying sequences of functions fromA to B is

g: A B h: N � B � A B

Lg; hM: N � A B
(4.18)
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Thebanana function sequenceLg; hMis de�ned

Lg; hM0(x) = g(x) Lg; hMs(n)(x) = hn

�
Lg; hMn(x); x

�
(4.19)

A

B

N

0

Lg; hM =

B

g

A

N

N A

B

Lg; hM

s

=

B

h

N

A

Lg; hM

A

N B

Evaluating recursive functions. In the most general form, computing by counting backwards can get
very ine� cient. This is to some extent re�ected in its algebraic expansion:

Lg; hMn(x) = Lg; hMsn0 (x) = hn� 1

�
Lg; hMsn� 10 (x) ; x

�
=

= hn� 1

�
hn� 2

�
Lg; hMsn� 20 (x) ; x

�
; x

�
= � � � = hn� 1

 
hn� 2

�
� � � h1

�
Lg; hMs0(x); x

�
� � � x

�
; x

!
=

= hn� 1

 
hn� 2

�
� � � h1

�
h0

�
Lg; hM0(x); x

�
; x

�
� � � x

�
; x

!
= hn� 1 (hn� 2 (� � � h1 (h0 (g(x); x) ; x) � � � x) ; x)

The diagrammatic view of the same countdown in Fig 4.6, however, shows that the recursive descent is
still a simple counting process: The recursive step is expanded in Fig. 4.7, showing that the successor
beads need to be copied as they are counted.

4.3.5 Running recursion

For any pair of functionsg : A B andh : N � B � A B in a computer, the functionf = Lg; hM:
N � A B derived by recursion (4.18) is also computable. The programfor f can be constructed as a
Kleene �xpoint as follows. Consider the functionef : P � N � A B de�ned by

ef (p; n; x) = ifte
�
0?(n); g(x); hr (n)

��
p
	
(r (n); x) ; x

� �
(4.20)

If eF is a Kleene �xpoint ofef , then the de�nitions give
n
eF

o
(n; x) = ef

�
eF; n; x

�
= ifte

�
0?(n); g(x); hr (n)

�n
eF

o
(r(n); x) ; x

� �
(4.21)

Unfolding theifte-branching gives

n
eF

o
(n; x) =

8
>><
>>:

g(x) if n = 0

hr (n)

�n
eF

o
(r(n); x) ; x

�
if n > 0

(4.22)
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Figure 4.6:Lg; hMis evaluated by replacing then-th s-bead byhn
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h

B

Lg;hM

s

B

N A

h

B

h

Lg;hM

=

B

A

B

h

Lg;hM

s

B

N A

s s

=

N A

Figure 4.7: Intermediary step in Fig. 4.6: Ans-bead is cloned before one copy is discarded

which means that
n
eF

o
satis�es (4.19), and we can set

Lg; hMn(x) =
n
eF

o
(n; x) (4.23)

The construction is summarized in Fig. 4.8.

Evaluating a recursive function in a computer. How is the function in Fig. 4.8 evaluated down to
its lower values? Suppose the inputhn; ai : P � A enters the strings at the bottom. At the �rst step,
both values are copied,n to 0? andr, anda to g andh. Going up,r is evaluated onn, and the result
is copied toh and

n
eF

o
, as isa. The valuey =

n
eF

o
(r(n); a) is computed next and the output is fed toh.

The computations 0?(n), g(x), andhr (n) (y; a) are then performed in parallel. Ifn is a correctly formed
number in the formd?; r (n)e, then 0?(n) is ? andifte evaluated on? reduces to the second projection,
and outputs the valuehr (n)(y; a), and the computation halts. The recursive step is the evaluation of
y =

n
eF

o
(r(n); a) = Lg; hMr (n)(a), sinceeF is the Kleene �xpoint de�ningLg; hM. The red boxes in Fig. 4.9

show how the computation ofLg; hMr (n)(a) is embedded within the computation ofLg; hMn(a): the big red
box Lg; hM=

n
eF

o
on the right is the same function as the little red box

n
eF

o
contained in the diagram on

the left. The big one is evaluated onn and the little one onr(n) = n � 1. If we zoom into the little box,
and open it up, it becomes the right-hand side of another diagram like Fig. 4.9, just a step further down
the recursive ladder Fig. 4.6. On the left-hand side of that diagram there is another copy ofLg; hM=

n
eF

o

in a small box, this time evaluated onr(r (n)) = n � 2. The recursive ladder thus unfolds down, as the
evaluation of eachLg; hMm, for m = n; n � 1; n � 2; : : : ;1 calls for the evaluation of the copy ofLg; hM
on r(m) = n � 1; n � 2; : : : ;0. At the last such step, the 0?-test evaluates to> , andifte outputs the �rst
projectiong(a) = Lg; hM0(a), which is returned to the functionh1(Lg; hM0(a); a) = Lg; hM1(a) that called it,
and so on, up toLg; hMn(a). This is the evaluation process depicted in Figures 4.6 and4.7.

In summary, Fig. 4.9 shows how that recursive evaluation process can be realized using the self-reference
of the Kleene �xpoints. In string diagrams, these self-calls are captured by the box that contains a copy
of itself, that contains a copy of itself, and so on. In the case of recursion, the calls count down from
Lg; hMn, to Lg; hMn� 1; Lg; hMn� 2; : : : ;Lg; hM1; Lg; hM0, and the descent is �nite. In other program constructs,
the evaluation through self-reference may not be �nite.
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Figure 4.8: Recursion in monoidal computer
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Figure 4.9:Lg; hMn containsLg; hMr (n)
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4.4 Counting up: Search and loops

4.4.1 Search

While the recursion counts down, and reduces the value ofLg; hMn(a) to Lg; hMn� 1(a), Lg; hMn� 2(a), all the
way toLg; hM0(a), the search counts up 0; 1; 2; : : : ;n; : : :, computes the values of a given function' n(x),
and outputs an indexn if a value satis�es some condition, usually an equation. A simple example of
search is the minimization schema, searching for the smallest n: N such that' n(x) = 0 holds for a given
sequence of functions' : N � A N and an inputx : A. The schema is thus:

' : N � A N

f = MU(' ) : A N
where f (x) = � n: (' n(x) = 0) (4.24)

In the monoidal computer, testing that' n(x) = 0 is implemented as the predicate

0?' n =
 
A

' n N 0?

B
!

The requirement thatn = f (a) is the smallest natural number such that' n(x) = 0 means that' m(a) = 0
impliesn � m for all m, which using the previously implemented predicates becomes

�
f (a)

?
= n

�
=

�
0?' n(a) ^ 8 m: 0?gm(a) ) 0?(n �� m)

�
(4.25)

To implementf = MU(g) in the abstract computer, we use an intermediary computation ef : P � N �
A N again, this time de�ned

ef (p; n; x) = ifte
�
0?gn(x); n;

�
p
	
(s(n); x)

�
(4.26)

as displayed in Fig. 4.10. IfeF is the Kleene �xed point ofef , i.e.

� eF
	
(n; x) = ifte

�
0?gn(x); n;

� eF
	
(s(n); x)

�
(4.27)

then setf = MU(g) =
nh

eF
i
0
o
, i.e.

f (x) =
� eF

	
(0; x) = ifte

�
0?g0(x); 0;

� eF
	
(1; x)

�
where

� eF
	
(1; x) = ifte

�
0?g1(x); 1;

� eF
	
(2; x)

�
where

� eF
	
(2; x) = ifte

�
0?g2(x); 2;

� eF
	
(3; x)

�
: : :

Running search in a picture. The diagram in Fig. 4.10 performs search by calling its own a copy
that it contains, just like the recursion did in Fig. 4.9. Theself-call displayed Fig. 4.11 is analogous to
the one in Fig. 4.9. The crucial di� erence is that

n
eF

o
(n; x) in equation (4.27) and Fig. 4.11 calls itself

on the successors(n) = n + 1, whereas in equation (4.22) and Fig. 4.9 it calls itself on the predecessor
r(n) = n � 1. While the recursive calls descend fromn, and must terminate aftern steps, the search calls
ascend, and may diverge to the in�nity if non is found to satisfygn(a). (Another di� erence between
Figures 4.9 and 4.11 is that the box on the right is large in theformer and small in the latter. This is not
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Figure 4.10: Unbounded search in monoidal computer
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n
eF

o �
n; x

�
contains

n
eF

o �
s(n); x

�

a real di� erence, but the two views show that
n
eF

o
on the right corresponds to the entire computation on

the left, and that it is the same function like the component on the left.)
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4.4.2 Loops

In most programming languages, the unbounded search is usually expressed using the loop constructs.
E.g. thewhile loop, written in pseudocode, is something likewhile t(x; y) do h(x; y) od, wheret :
A � B P is a predicate to be tested, andh : A � B A is a function to be executed while the
predicatet is holds. The derivation rule is thus

t : A � B P h : A � B A

f = WH(t; h) : A � B A

Informally, the intended meaning in terms of thewhile-pseudocode

f (a; b) =
�
x := a; while t(x; b) do x := h(x; b) od; print x

�

wheredo andod open and close a of block of code, andx := a is an assignment statement. Thedo-block
inside thewhile -loop assigns the output of the given functionh to the variablex. The idea is that the
predicatet is tested on the input valuesx = a andb, and if the test is satis�ed, and returns the truth value
> , thenh is applied, and it updates the value stored inx. At the next step, the new valuex = h(x; b) and
the oldb are tested byt, and as long ast remains true, the functionh is reapplied, and it keeps updating
the value inx. If the testt at some point returns the truth value? , the function f outputs the current
value ofx, and the computation halts. One way to formalize the intended computation process is to:

ˆ de�ne a sequencea0; a1; a2; : : : in A inductively, settinga0 = a andai+1 = h(ai ; b);

ˆ output f (a; b) = ak for the leastk such that: t(ak; b).

Note that the functionh keeps updating the values of the variablex : A, but that the valueb : B is a
parameter, on which botht(a; b) andh(a; b) depend, but the loop does not change it.

To implement a while-loop in an abstract computer, we write an intermediary functionef : P� A� B A
again, and use its Kleene �xpoint to as a program forf = WH(t; h). The intermediary function is this
time:

ef (p; a; b) = ifte
�
t(a; b);

�
p
	
(h(a; b); b) ; a

�
(4.28)

The Kleene �xed pointeF of ef now satis�es

� eF
	
(a; b) = ifte

�
t(a; b);

�
F

	
(h(a; b); b) ; a

�
(4.29)
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and we setf = WH(b; h) =
� eF

	
. Unfolding ef yields

f (a; b) =

8
>><
>>:

f (h(a; b); b) if t(a; b)

a otherwise

9
>>=
>>; where

f (h(a; b); b) =

8
>><
>>:

f (h(h(a; b); b) ; b) if b(h(a; b); b)

h(a; b) otherwise

9
>>=
>>; where

f (h(h(a; b); b) ; b) =

8
>><
>>:

f (h(h(h(a; b); b) ; b) ; b) if t(h(h(a; b); b) ; b)

h(h(a; b); b) otherwise

9
>>=
>>; where

: : :

The construction is displayed in Fig. 4.12

�	t

ifte

h
P

A B

eF
f = WH(t; h)

ef

A

Figure 4.12: A string program for while loop

Running the loop picture is almost the same like Fig. 4.11. Draw it for fun!

4.5 Workout

4.5.1 Early induction

A rabbit population grows according to the following rules:

1) in the beginning there is a single pair ofbabyrabbits;

2) each baby rabbit becomes anadult rabbit within a month;

3) each pair of adult rabbits produces a pair of baby rabbits within a month,



20
23

03
34

4) rabbits never die.

Draw a string program for computing the total number of pairsof rabbits aftern months.

Background. This early example of induction is due to Leonardo Pisano Bigollo (� 1175–1250), the
”Traveller from Pisa”, who actually grew up and studied in North Africa, where his fatherBonacciheld
a Pisan trade outpost. Bonacci's sonFibonacci travelled back to Pisa and brought with him not only
the rabbit-counting function, but also the positional numeral system in use today. In Europe at the time,
even arithmetic was still done in Latin. Fibonacci noted even in the title of some of his writings that his
methods originated from India.

4.5.2 Recursion work

a. Draw string programs for the following functions:

i) m+ n

ii) m� n

iii) m �� n =

8
>><
>>:
m� n m> n

0 otherwise

iv) � (n) = 0 + 1 + 2 + � � � + n

b. The recursion schema from Sec. 4.3.4 requires that bothg andh are evaluated each time whenLg; hM
is evaluated. This is wasteful, sinceg only needs to be evaluated in the base-casen = 0, h only in
the step-casesn = m + 1. A similar issue arose with respect to the gives rise to the same issue like
the theifte-branching from Sec. 2.4.1. Given some programsG andH for the computationsg andh,
implement a lazy recursion schema, whereg andh are only evaluated when needed.

4.5.3 Search work

a. Draw a string program for discrete cubic root search3p n =

8
>><
>>:
m n= m3

" otherwise

b. Implement in monoidal computer the following program schemas:

i) bounded search:
k 2 N g : N � A N

f = MU(k; g) : A N

where f = MU(k; g) means thatf (x) = � n � k: 0?g(n; x) is the smallest numbern � k where
g(n; x) = 0, i.e.

f (x) = n () 0?g(n; x) ^ g � k ^ 8 m � k: 0?g(m; x) ) 0?(n �� m)

Prove that bounded search always terminates.
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ii) FOR-loop:
k 2 N h : A � B A

f = FOR(k; h) : A � B A

where fk = FOR(k; h) is de�ned onx : A andy : B inductively, as the sequence

f0 = x and ~fi+1 = h( fi ; y)

4.6 Stories

4.6.1 Church's reverse programming

In this chapter, we built programs by composing copies of theprogram evaluator, i.e. by applying the
run -instruction. The arithmetic operations and the program constructors have been reverse-programmed
(in the sense of Sec. 4.1) in the single-instruction language Run. The seminal example of reverse
programming was Alonzo Church's reconstruction of the arithmetic and the logical operations in his
� -calculus [27, Ch. III]. In the present context, the� -calculus can be viewed as a two-instruction pro-
gramming language. The �rst instruction is a version of therun -instruction, thefunction application
operation, which applies a function to its inputs. It is usually abbreviated to concatenation, writing
apply ( f )(x) = f x. The second instruction is thefunction abstractionoperation, writtenabstract (x)( f ) =
� x: f .3 The function abstraction is di� erent from the program abstraction in that for every computable
function f there are many programsF such thatfFga = f (a), whereas the abstraction picks� x: f such
that (� x: f )a = f (a). But the function abstraction is similar to the program abstraction in that it is an
inverse to theapply -instruction, as displayed in Fig. 4.13, just like the program abstraction is an in-
verse to therun -instruction, as displayed in Figures 2 and 3. A more precisecategorical correspondence
is in Fig. 8.6 and detailed accounts can be found in [12, 104].While a programmer tries to abstract

Functions Functions

abstract

f 7! � x: f

apply
f x 7! f

Figure 4.13: The operations of function abstraction and application

from a given functionf a programF such thatrun
�
F

�
= f , the� -abstraction operation abstracts from

f the function abstractionabstract ( f ) such thatapply
�
abstract ( f )

�
= f . This requirement that

abstract is a right inverse toapply , written in the abbreviated form (� x: f )a = f a, is called the� -
conversionrule in the� -calculus. The requirement thatabstract is also a left inverse toapply , i.e.
abstract

�
apply ( f )

�
= f , written in the abbreviated form� x:( f x) = f , is called the� -conversionrule.

While the� -conversion requirement is always imposed, the� -calculus satisfying the� -conversion re-
quirement is calledextensional. In the extensional� -calculi, the operationsabstract andapply form

3The letter� was, according to the oral lore, chosen by the typesetters ofAlonzo Church's early publications. They apparently
had trouble typesetting ˆx, used in Russell-Whitehead'sPrincipia [156], so they �rst modi�ed it to x̂, and then proposed
� x, which was accepted.
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a bijection between the functions and their abstractions.

The� -calculus was the outcome of Church's e� ort to provide an abstract account of Gödel's encodings
[61] of functions as numbers [27, Ch. IV]. While Gödel's encodings can be viewed as an example of ab-
stracting programs from functions, Church leveled the �eldby making functions into �rst-class citizens
(indeed, theonly citizens) of his theory, and used the function abstraction operation (now distinguished
from the program abstraction, which is not an operation but aprocess) to provide an algebraic account
of the process of computation. He provided a roadmap for reverse programming and demonstrated that
the basic instructionsabstract andapply su� ce to compute everything that can be computed. The
point of the present chapter is that the lone cousin of theapply -instruction, therun -instruction, su� ces
on its own. The role of Church's function abstraction operation is played by the assumption in (2.2) that
a computable function always has a program abstraction, which boils down to assuming that therun -
operation is surjective. The upshot is that therun -operation alone also su� ces for de�ning the notions
of computability and ”e� ective procedure”, which was the original purpose of it all.

4.6.2 Story of curly brackets

The relationship between the function abstraction and the program abstraction is subtle and convoluted.
Both emerged from attempts to capture the idea behind Gödel's encoding arithmetic in itself; to for-
malize his abstractions of the arithmetic functions, formulas, and statements into numbers, available
for processing by arithmetic functions, formulas, and statements. The function abstraction provided
an abstract view, the operation mapping a functionf to its abstraction� x: f . The program abstraction
provided a concrete view, where a programmer speci�es a program F for f . The function is recovered
as f (a) = (� x: f )a, by applying its abstraction, or asf (a) = fFga, by evaluating its program. In [94],
Kleene wrote the function application in the formf (a) = f� x: f ga. In [176], Turing adopted the same
notation to describe the evaluationfMga = f (a) of a machineM constructed for any� -de�nable f .
Kleene then adopted the same notation for the actual programevaluators of the primordial programming
language of Gödel encodings of recursive functions [97, §66]. The curly brackets as general program
evaluators remain with us as a reminder of the common origin of running and the application on one
hand and of programming and the abstraction on the other.

4.6.3 The Church-Turing Thesis

The theory of computation was born of Hilbert's Program to develop mathematical logic as a metamath-
ematical foundation. The original goal of this e� ort was to �nd the”e� ective procedures”to decide
whether scienti�c theories are true or false. The �rst task was to formally de�ne the notion of an ef-
fective procedure. The concept of computability emerged from that task. The most signi�cant �rst step
was made in Gödel's proof of his Incompleteness Theorem [61]. It �nished o� Hilbert's Program to de-
velop e� ective procedures for deciding everything but provided a stepping stone towards de�ning what
is an e� ective procedure. At the heart of Gödel's proof was the recursion schema. Informal recurrences
had been in use for a long time, and Dedekind had formalized the recursion schema decades earlier
[41]. Gödel used it as a programming tool in his proof, and uncovered its capability to encode itself,
which was the crucial step towards the concept of programming. One could argue that programs existed
since the early XIX century as the patterns fed to Jacquard'slooms, and even more compellingly as
Ada Lovelace's formalization of Bernoulli's algorithm, which was recursive. Most histories of compu-
tation provide a full account. Gödel's insight [61] that recursively de�ned arithmetic functions can be
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encoded as numbers and processed by recursively de�ned arithmetic functions, encoding some arith-
metic proofs, brought the idea of programming to another level. Or to in�nitely many levels of such
self-applications [79]. While the recursion schema was clearly an e� ective procedure su� cient for the
purposes of Gödel's paper, he stated clearly, explicitly,and repeatedly that the recursion schema alone
did not provide a complete characterization of all e� ective procedures. Simple examples of arithmetic
functions that are e� ective but not recursive can be found in Sec. 6.3.

Alonzo Church converged towards his thesis iteratively, through his quest for characterization of com-
putable (”e� ectively calculable”) functions [24]. He developed his calculus of � -abstraction upon
Bertrand Russell's type theory [155], avoiding the non-constructive (and thus uncomputable) aspects
of the set-theoretic foundations. The operation of� -abstraction extracts a description from a function,
and can be construed as an abstract form of Gödel's encodingof arithmetic functions as numbers [61].
This encoding is the central part of Gödel's groundbreaking incompleteness theorems, and the origin
of theprograms-are-dataparadigm. But Gödel rejected Church's proposals to de�ne computability in
terms of the function abstraction operation outright [169,Ch. 17]. Church updated his proposal to in-
clude Gödel's extension of the recursion schema along the lines proposed by Herbrand and eventually
arrived at the postulate that not only his type-theoretic model, and Gödel's recursion-theoretic model,
but also all other models of computation proposed at the timeor in the future must compute the same
family of functions [169, Sec. 17.2]. This was Church's Thesis. Gödel remained unswayed, continuing
to object that the Gödel-Herbrand schemas were indeed e� ective, but that there were no grounds for
claiming that all procedures that may come to be considered e� ective will be reducible to this or that
combination of schemas. Then Turing's model appeared and provided the grounds. Gödel not only
accepted that ”the correct de�nition of mechanical computability was established beyond any doubt by
Turing”, but added that Turing has ”for the �rst time succeeded in giving an absolute de�nition of an
interesting epistemological notion, i.e., one not depending on the formalism chosen” [62]. Although
Gödel was the undisputed arbiter of the matter, Turing was at the time a graduate student, Church was
his thesis advisor, and the community did not rush to recognize Turing's breakthrough. The other mod-
els were proved to provide correct de�nitions of computability by demonstrating their equivalence with
Turing's. It was �rst proved that the Gödel-Herbrand recursive functions coincide with thetotal func-
tions computable by the Turing machines. Then Stephen Kleene, another student of Church's, realized
that adding the minimization schema from Sec. 4.4.1 to the recursion schema from Sec. 4.3.4 allows
deriving the same family of computable functions like Turing's machines [92, 93]. As the time went by,
Emil Post's canonical word-processing systems, Jim Lambek's abacus, Zuse's cellular automata (with
Conway's Game of Life as a special case), and an entire bestiarium of other machines, rewrite sys-
tems, and circuit ensembles (uniformly generated by Turingmachines!) were all proved to make the
same functions computable, lending credibility to Church's Thesis. The multitude of di� erent ways to
compute the same class of functions was hailed as evidence ofits robustness [97, §62].

Although Kleene's combination of recursion and minimization does not look di� erent from other equiv-
alent models, it came to dominate the theory of computation,to the point that Turing's concept of
computablefunction got overridden by the termpartial recursivefunction, and the theory of computa-
tion itself came to be called thetheory of recursion[169, Sec. 17.2]. To �t the bill, the recursion schema
used by Gödel in his epochal [61] got renamed to“primitive” recursion, leaving the name“recursive
functions” for the functions de�ned in Kleene's system that happen to betotal [93]. It took time to re-
member that the partial recursive functions were just the computable functions renamed by a particular
implementation [168, 169]. For his part, Gödel seems to have rejected the conundrum [169, Sec. 17.7.1]
and in any case continued to use the term recursion for the schema in (4.19), as introduced into logic by
him in [61] and developed by Rozsa Peter in [148], whom he referenced in this context. We revert to
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Gödel's terminology. Although Peter's work initially metwide recognition (a presentation at the Inter-
national Congress of Mathematicians in 1932, an invitationto the founding editorial board of the Journal
of Symbolic Logic, all at the time when women were still largely barred from holding academic posi-
tions), the upsurge of antisemitism and the lowering of ironcurtain put an end to her research, leaving it
with the”primitive” moniker.

Figure 4.14: Alonzo Church Figure 4.15: Rozsa Peter

It should be noted that Turing did not propose a thesis or postulate, but proved that his model satis�ed
the requirements of a de�nition of ”e� ective procedure” arising from Gödel's proofs [57]. Thereis no
evidence that the idea of balancing his answer against his thesis advisor's Thesis ever crossed Turing's
mind. That balancing act was a part of Kleene's project of reducing the theory of computation to the
theory of recursion [97, §60, Thesis I], which he justi�ed byreinterpreting Church's proposal to Gödel
[ibidem, §62]. At the time when Kleene was working on his monumentalSumma, Turing was zero-
ing on computation as life, while approaching the end of his life. He had broached the boundaries of
epistemology and mathematics by providing a mathematical model of how we compute, and an episte-
mological model of machine intelligence [180]. He broachedthe boundaries of biology by uncovering
how life computes [175]. And he broached a couple of social norms, which got him in the crosshairs of
the empire [78]. We shall see in the end how he solved the mind-body problem, yet he never spoke up,
leaving it to the murmurations of computers to be his messengers.

4.6.4 Turing completeness

The multitude of models used in the theory of computation is echoed by the multitude of programming
languages used in practice. Some are more convenient for some application domains, some for others,
and some are not domain-speci�c but general-purpose and programmers' choices are often based on
taste and habit. The diversity of programming languages is aproduct of the same divergent evolution as
the diversity of natural languages. However, while the common foundations of natural languages are the
ongoing studies in epistemology and paleolinguistics [23], the common foundations of the programming
practices are the mathematical proofs, sometimes o� ered as the empiric evidence for the Church-Turing
Thesis, that any given pair of proposed models of computation describe the same computable functions,
and that any pair of standard programming languages are as expressive as each other, i.e. that they also
describe the same family of computable functions. The crucial requirement for this is obviously (2.2),
i.e. that they allow programming their own program evaluators. The programming languages that allow
programming all computable functions, including their ownprogram evaluators, are calledTuring-
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complete. A majority of the programming languages encountered in practice are Turing-complete.4

4The only exceptions are some special-purpose languages, like early SQL, or the Berkeley Packet Filter, which restrict
their programs to regular expressions. In other words, theyare as expressive as �nite-state machines, rather than Turing
machines. The markup languages like XML and HTML are sometimes also mentioned as exceptions, although they are
not programming languages so it is not clear what the notion of Turing-completeness would mean for them.
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5.1 Decidable extensional properties

Idea. Consider the following sets:

ˆ fn 2 N j 9m 2 N: m+ m = ng,

ˆ fn 2 N j 9m 2 N: 2m = ng,

ˆ fn 2 N j n
2 2 Ng,

ˆ fn 2 N j n+1
2 < Ng.

Since the four predicates that de�ne these sets are satis�edby the same elements, the even numbers, the
set-theoretic principle ofextensionalitysays that the four sets are equal, i.e. that they are the same set.
In the language of arithmetic, there are in�nitely many predicates that describe this set. Ditto for other
sets. Di� erent predicates provide di� erentintensionaldescriptions of the sameextensionalobjects, the
sets.

In computation, di� erent programs provide di� erentintensionaldescriptions of the sameextensional
objects, the computable functions. Di� erent programs for the same computable functiond : N N
can be constructed from di� erent basic or previously programmed operations:

ˆ d0(m) = m+ m,

ˆ d1(m) = 2 � m,

ˆ d2(m) = � n:
�

n
2 = m

�
,

ˆ d3(m) = � n:
�

n+1
2 > m

�
,

and in in�nitely many other ways. The operation� n: � (n), discussed in Sec. 4.4.1, outputs the smallestn
satisfying� (n). While di� erent programming languages assign di� erent sets of intensional descriptions
to each function extension, the general view of it all, provided in the monoidal computer, is quite simple:
the intensional descriptions are the elements ofC� (X; P), the function extensions are the elements of
C(X � A; B), and theX-indexed instructionrun X : C� (X; P) C(X � A; B) from Sec. 2.5.3, represented
by run P(id) =

�	 B
A collapses the intensional descriptionsG: X � P to the corresponding function

extensionsrun X(G) = fGgB
A.

Extensional equivalence for typesA; B is the binary relation (
B
�
A
) on programs induced by running

them as functions fromA to B. The formal de�nition is

F
B
�
A

G () f FgB
A = fGgB

A (5.1)

The Fundamental Theorem, as displayed in Fig. 3.7, says thatany program transformer
 : P � Phas

an extensional �xpoint�
B
�
A


 (� ). The � -classi�ers in Sec. 3.4.2 could all be speci�ed as extensional

�xpoints, without the curly brackets. The systems of equations used to specify software systems in
Sec. 3.5.2 can be formulated as extensional equivalence constraints. In general, since every computable
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function has corresponds to a unique equivalence class of programs modulo (
B
�
A
), there is a bijection

C(A; B) � C� (I ; P)
. B

�
A

(5.2)

This gives rise to the question:

What can a computer tell about a computable function from itsprograms without
running them?

(5.3)

This chapter presents answers to some important special cases of this question, and a special answer to
the general question. More general answers are given in the theory of e� ective operations, to which we
will have to return later.

Properties of functions. A propertyQ of functionsA B is presented as a predicate over the hom-
setC(A; B). The predicate returnsQ( f ) = > when f has the propertyQ andQ( f ) = ? when it does not.
We writeQ( f ) whenQ( f ) = > and: Q( f ) whenQ( f ) = ? .

C(A; B) C� (I ; P)

f> ; ?g

Q

�	

q � (� )

Figure 5.1: When can a propertyQ of computations be recognized as a propertyq of programs?

Computable properties of computable functions. A property of computable functions may be
computable if it can be expressed as a computable predicate over their programs, as displayed in Fig. 5.1.
Recall from Sec. 2.4.5 that a computable predicate over programs is presented as a computable function
q 2 C(P; B). We abbreviateq � F = > to q(F) andq� F = ? to : q(F) again.

Decidable properties of computable functions. While Fig. 5.1 provides an e� ective setting for
computing with the properties off = fFgin terms ofF, it leaves open the possibility that a computation
of the truth valueq(F) may diverge and not tell anything. To assure that it does tell something, the
extensional predicates are required to be decidable, i.e. presented a cartesian functionsq 2 C� (P; B).
Question (5.3) becomes:

When can a property of computable functionsQ be decided on its programs by a
predicateq: P � B so that the encodings f= fFggive

Q( f ) () q(F)
(5.4)

Extensional predicates. If there are programsF;G which encode the same functionfFg = fGg, but
q(F) , q(G), then (5.4) is obviously impossible. A predicateq over programs corresponds to a property
Q of functions only if

F
B
�
A

G =) q(F) = q(G) (5.5)
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The program predicatesqthat satisfy this requirement areextensionalfor A; B. They are the congruences

with respect to the extensionality relation (
B
�
A
). A predicate may be extensional with respect to one pair

of typesA; B and not with respect to another.

5.2 Gödel, Tarski: Provability and truth are undecidable

Decision predicates. A decision predicate is an evaluator of predicates over programs, i.e. a com-
putable functionsd: P� P B satisfying

d(Q; x) = fQgB
P x (5.6)

for all Q; x : P. The question is whether a decision predicate can be decidable. Can the program
evaluation be cartesian on predicates?

Decision predicates are undecidable , unless> = ? . Suppose that there is adecidabledecision
predicated: P � P � B, and letD : P be its program, satisfyingd(Q; x) = fDgB

P (Q; x) for all Q; x.
Instantiating toQ = D yields d(D; x) = fDgB

P (D; x). Intuitively, this instance of the decision predicate
says: ”I am true” . But the Fundamental Theorem provides also provides Kleene�xpoint 	 of the
negationof the decision predicate:

: d(	 ; x) = f	 gB
P x (5.7)

The negation �ips the truth values, so that

=

?

�	

:

>

BB

BB

�

� �
gives : q(x) =

8
>><
>>:
? if q(x) = >

> if q(x) = ?
(5.8)

for any predicateq : P B. Intuitively, the predicatef	 gBP x says”I am false.” A self-referential
statement that says that it is false causes theLiar Paradox1. But if d is a decision predicate (5.6) and if
	 is a program for its negation (5.7), then

: d(	 ; x)
(5.7)
= f	 gB

P x
(5.6)
= d(	 ; x) (5.9)

It follows that> = ? , since:> = ? and:? = > , and the assumption thatd(	 ; x) : Pmeans that it must
be either> or ? . If > , ? , thend(	 ; x) cannot output a value inB, and is not decidable.

Remark. Gödel used the above instance of diagonal argument for the purposes of his analysis of de-
cidability of provability of propositions in a formal theory of arithmetic in [61]. Tarski applied similar
reasoning in [171] where he analyzed decidability ofvalidity of propositions in a given model. Both
thus applied the diagonal argument to derive contradictionand prove negative results. Although the two
results refer to di� erent logical questions, and the original versions involvedi� erent technical details,
both are based on the same logical paradox. Therefore, in therudimentary predicate logic implemented

1The liar paradox is often called theEpimenides' paradox, because Epimenides, a poet and philosopher from Creta, who
lived in VI or VII century BC, had written that”All Cretans are liars”.
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in monoidal computer so far, the two results are isomorphic.It should be emphasized, though, that the
categorical approach accommodates structural and conceptual re�nements as a matter of principle. A
reader interested in conceptual distinctions might enjoy testing that principle.

5.3 Turing: Halting is undecidable

The main result presented in Turing's breakthrough paper [176], where he introduced his machines,
was that there is no machine that would input descriptions ofarbitrary machines, and output a decision
whether they halt or diverge. Turing presented the undecidability of this halting problemas the negative
solution of Hilbert'sDecision Problem (Entscheidungsproblem).

Function halting. A function f : A B halts on a total inputa: A if it produces a total output
f (a) : B. Recall from Sec. 1.4 thatx : X is total if

 
I x X �(�

I
!

= (� = idI

Recall from Sec. 2.4.5 that

f (a)# abbreviates
 
I �a A

f
B �(�

I
!

= (� (5.10)

Halting predicates are computable functionsh: P� P B such that:

h(P; x) =

8
>><
>>:

> if fPgB
P x#

? otherwise
(5.11)

Halting predicates are undecidable , unless> = ? . Towards a contradiction, assume that there is a
decidable halting predicate, and apply it to its own negation, like in Gödel's and Tarski's constructions in
the preceding section. This time, though, we need a di� erent negation: it should not just swap the truth
values, but it should send a true output of a predicate to a divergent computation. That is what Turing
used in his proof. Thisdivergentnegation� is de�ned as follows:

=

 

�	

�

>

BB

PP

�
which gives � q(x) =

8
>><
>>:

( if q(x) = >

> if q(x) = ?
(5.12)

The predicate� q thus produces a decision precisely whenq is false:

� q(x)# () : q(x) (5.13)

Let 	 be a Kleene �xpoint of� h, i.e.

� h(	 ; x) = f	 gB
P x (5.14)
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By (5.11), the halting predicate also satis�es

h(	 ; x) () f 	 gB
P x# (5.15)

Hence

: h(	 ; x)
(5.13)
() � h(	 ; x)#

(5.14)
() f 	 gB

Px#
(5.15)
() h(	 ; x)

P

�	
=

P

=

B

P

B

>

B

>

	

h h

		

=

P

:

B

h

	

�

�

�

� �
��

�

���

�

Since: swaps> and? , the assumpiton thath(	 ; x) : B implies> = ? again, and> , ? implies thath
is not decidable.

5.4 Rice: Decidable extensional predicates are constant

Last but not least, we confront the original question:What can we tell about a computation without
running it? For easy programs, we can often tell what they do. For convoluted programs, we cannot,
and we tend to blame the programmers. Sometimes they are guilty as accused. In general, they are
not, as there are no general, decidable predicates that tellanything at all about the computations just
by looking at the programs. To add insult to the injury, asking such questions �rst leads to predicates
over programs that are easy to program but may not terminate,and remainundecidable. Later it leads to
predicates that are easy to de�ne but impossible to program and remainuncomputable.

Constant functions f : A B produce the same outputb = f (x) for all x : A. For monoidal
functions, this means that for allx; x0 : X A holds f � x = f � x0. Restricting to cartesian functions,
it can be shown thatf : A � B is constant if and only if

f =
 
A �(�

I �b B
!

for someb : B. Since> and? as the only cartesian elements ofB, there are precisely two constant

predicates, written> ; ? : A � B, provided that (� : A � I is epi, meaning that
 
A �(�

I �x X
!

=
 
A �(�

I �x0
X

!
implies x = x0.

Swap elements. A predicateq: A B that is not constant must take both truth values. We de�ne
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swap elementsof A with respect toq to be a paira> ; a? : A such that

q(a> ) = > and q(a? ) = ?

A non-constant predicate cannot be both extensional and dec idable , unless> = ? . Towards
contradiction, assume thatp is decidable and extensional. Using the decidability assumption, this time
we de�ne a cartesian function� : A � A to �ip p's truth values:

=

a?

�	

�

a>
q

AA

AA

B�
�

� �
which gives � x =

8
>><
>>:
a? if q(x) = >

a> if q(x) = ?
(5.16)

This is aq-swap negation over A. It swaps the elements ofA into its swap values, so that the truth values
of the predicateq get swapped:

=

a?

�	

�

a>
q

qq
�	

q

=

q

=
? >

:
�

� �

�
� �

�
� �

�

�
and thus q(� x) = : q(x) (5.17)

The Fundamental Theorem gives a Kleene �xpoint	 : P such that

f� 	 g = f	 g (5.18)

Sincep is extensional, (5.18) implies

q(� 	 ) = q(	 ) (5.19)

Hence
q(	 )

(5.19)
= q(� 	 )

(5.17)
= : q(	 )  

The assumption thatq is a decidable, extensional, and non-constant thus leads toa contradiction. Ifq is
decidable, thenq(	 ) must output a truth value. Thenq(	 ) = : q(	 ) implies> = ? .

The two ways of living with undecidability. Rice's Theorem is a rigid no-go result, ending all hope
for deciding any nontrivial properties of computations by looking at their programs without running
them. There are just two ways out of the triviality of the extensional decidable properties:

a) drop the extensionality, and study the decidableintensionalproperties, or

b) drop the decidability, and study the extensionalcomputableproperties.

Approach (a) leads into the realm ofalgorithmicsand computational complexity [6, 18, 136]. It studies
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the algorithms behind programs and measures the resources needed for program evaluation. Approach
(b) leads into the realm ofsemanticsand domain theory of computation [2, 67, 187]. It studies the
structure of spaces of computable functions as the domains of meaning of computation.

5.5 Workout

Rice's Theorem says that a computable predicate cannot at the same time be extensional, decidable, and
nontrivial. This theorem is thus usually applied by showingthat a computable predicate satis�es two of
the properties, and deriving that it does not satisfy the third one.

Determine whether the following predicates are decidable:

a. P1(x) () f xg4 = 7

b. P2(x) () f 4gx = 7

c. P3(x) () f xg25 < 1000

d. P4(x) () f xg2 � f xg3

e. P5(x) () [x] 2 = 2

f. P6(x) () f xg13"

g. P7(x) () f 13gx"

h. P8(x) () [[ x]] x"

i. P9(x) ()
�
fxg7# =) f xg8#

�

j. P10(x) () 8 n: fxgn � f xg(n + 1)

k. P11(x) () 9 n: fxgn#

l. P12(x) () f xgx#

Prove your claims!

5.6 Stories

5.6.1 I cannot decide whether I lie

This chapter asked what can be decided about the computationof a program without running it. The
simplegeneralanswer is:nothing. There are, of course,particular programs where it is easy to tell
what they do. The claim is that there is nogeneralway to tell for all programs. More precisely, any
predicate computable over all programs but extensional, and thus predicated over the corresponding
functions, must leave some programs undecided, unless it blindly assigns the same truth value to all
programs. That is what Rice's Theorem says. Its proof says that this is a consequence of the fact
that any computable predicate over programs is also predicated over its own programs, and over the
programs of its negation. A predicate over its negation outputs the truth value of the statement “I lie”.
That statement is false if it is true, and true if it is false. It is an instance of the Liar Paradox . The
theorems of Gödel, Tarski, Turing, and Rice are all proved as instances of the Liar Paradox. Each of
the four original proofs encodes the paradox in a di� erent setting. Gödel encoded the formal arithmetic
in itself and discovered that de�nitions of arithmetic functions can be encoded as numbers [61]. Tarski
encoded the semantical assignment of a logical theory in itself [171]. Turing encoded his machines and
evaluated them in a universal machine [176]. He constructedthe universal computer for the purpose of
this encoding. Rice encoded the diagonal argument in the general framework of recursive enumerations
[150]. Gödel's encodings of functions as numbers were the �rst programs in a universal programming
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language. Turing's universal machine was the �rst universal computer. Each of the four theorems used a
di� erent programming language and a di� erent computer, but they all used the same gadget to connect
the two: a program evaluator. And they all used it to construct an instance of the �xpoint from Sec. 3.2.
The four no-go theorems opened a maze of paths into the logic of self-reference [79, 109, 163, 165, 166,
188], and an alley into computation.

5.6.2 The Church-Turing Antithesis

The Church-Turing Thesis, discussed in Sec. 4.6, presents computability theory as a quilt of diverse
models of computation, stitched together by computable encodings and reductions. Church's� -calculus,
Turing's machines, and Kleene's partial recursive functions are just parts of the quilt, together with
Post's production systems, von Neumann's cellular automata, and many other equivalent models. But
some models came to be viewed as more equivalent than others.Kleene's model became so popular
among logicians that theory of computation was called theory of recursion as a part of mathematical
logic [97, 153]. Turing's and Church's models spanned the two coordinate axes of theoretical computer
science, called “track A: algorithmics” and “track B: semantics” in some leading publishing venues,
conferences, and handbooks [183, 184]. On “track A”, Turingmachines are used to measure com-
putational complexity. On “track B”, Church's� -calculi and type systems are used to assign formal
meanings to programs. At times, the two “tracks” were distinguished even by the geographic locations
of the respective research communities [68]2.

But the Church-TuringAntithesis is not just a gap between research communities. Afterthe initial
con�uence of ideas in 1936, [57], the models of computation bifurcated into theextensionaland the
intensional, as soon as they were used to solve Hilbert'sEntscheidungsproblem. Alonzo Church's so-

Extensional
(functions)

Intensional
(machines)

programming

�	

Figure 5.2: Programming is not an operation

lution [24] was based on the operations of function abstraction and application, whereas Alan Turing's
solution [176] was based on programming a universal machineto simulate computational processes.
Church's idea was to provide a high-level characterizationof computable functions in terms of func-
tion abstraction. Turing provided a low-level characterization in terms of computing machines. While
function abstraction establishes the one-to-one correspondence between functions and their abstractions
in Fig. 4.13, program abstraction is not a routinely operation but programmers' quest for programs, the
creative e� ort displayed in Fig. 5.2. The fact (worked out in Sec. 2.6.1)that each computation can be
programmed in in�nitely many ways is not a technicality but afact of life. Programs do not arise by

2Ironically, the geographic origins got switched and Church's legacy of high-level calculi got �rst pursued mostly in Europe,
Turing's legacy of low-level machines mostly in America.
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magic of abstraction as an operation, but through abstraction as creation3. The Church-Turing Antithe-
sis is the antithesis of the extensional and the intensionalviews of computations: as functions and as
programs. As programs are evaluated into functions, the induced extensionality relation (5.1) aligns the
two views. The concept of extensionality goes back to Hermann Grassman'slinear extension theory
[63, Ch. I], an algebra of geometry whose o� spring was the linear algebra that we nowadays use [64].
In set theory, theExtensionality Axiomsays that sets are the objects that are equal if and only if they
have the same elements. It follows that the functions between sets are equal if and only if they map the
same elements to the same elements. In computation, many di� erent programs are evaluated to each
function. That fact, worked out in Sec. 2.6.1, should perhaps be called theIntensionality Theorem. The
concept of intensionality goes back to Grassman again, but the usage evolved. The results presented in
this chapter display the gap between the extensional and theintensional views: there are no nontrivial
extensional predicates (i.e. over functions) that are decidable intensionally (i.e. over programs).

Non-extensional function abstraction? The correspondence imposed by the� -abstraction in Fig. 4.13
does not have to be one-to-one. The original� -calculus introduced by Alonzo Church in [24] was not
extensional, since theextensionality ruleof � -conversion, discussed in Sec. 4.6, was imposed only later.
Intuitively, the rule asserts that' a =  a implies' =  and hence that' a = f (a) implies' = � x: f . With-
out that rule, there may be' , � x: f with ' a = f (a) for all a, and� x: f is not the sole implementation
of f . The non-extensional� -calculi were therefore thought to be the type-theoretic model of intensional
computation [80]. This turned out not to be the case.

The non-extensional function abstraction is essentially e xtensional. Splitting the idempotents
in any model of the non-extensional� -calculus leads to an extensional model as a computable retract
[70, 81, 98, 160]. A non-extensional model can be made extensional by identifying the� -terms along a
computable extensional equivalence relation, with a� -abstract contained in each equivalence class. The
mere presence of function abstraction as an operation makesprogram abstraction into an operation. If a
programming language is retracted to such a model, then abstracting programs from functions appears
to be as easy as evaluating programs into functions.

Bridging the gap? The extensional models factor out the intensional properties. The intensional
models, by Rice's theorem, factor out all nontrivial decidable extensional properties. Neither of the two
views subsumes the other.

Beyond the bifurcation, both paths have in the meantime widened signi�cantly. Church's high-level
view of function abstraction and typing provided a mathematical foundation for the programming lan-
guage design [159, 187]. Turing's low-level approach gave rise to deep mathematical analyses of the
computational processes [110, 136]. The tra� c across the median moves in both directions, yet reaching
an agreement about a solution of equation (1) still requiresscaling the language barriers.

3Creativity is a property of evolutionary processes. Machines may evolve and create. The original computers that Turing
thought of when he de�ned his machines were the persons that perform computations. Future programmers may be the
machines that design algorithms.
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6.1 Idea of metaprogramming

Metaprograms are programs that compute programs. The idea is in Fig. 6.1. The computationf is

program{

metaprogram{

= f�g

f�g

f�g

F

F

=fcomputation{

Figure 6.1: Program and metaprogram evaluations

encoded by a programF such thatf = fFg, andF is computed by a metaprogramF as F = fF g.
While the theory of computation arose from the idea that computable functions are just those that are
programmable, one of the central tenets of the practice of computation has been to use computers to fa-
cilitate programming computers. That idea led to the invention of the high-level programming languages
and has driven their evolution.

The �rst equation in Fig. 6.1 says that every computationf has a programF with f = fFg. The question
arises:How do we �nd a program F for a given computation f ?Program evaluators take us from right
to left in Fig. 6.1. How do we go from left to right? The answer,displayed alredy in Fig. 3, is the process
of programming. It is usually left out of the models of computation, coveredby the tacit assumptions
that programs are produced by people, and that people live ina di� erent realm from computers. In
reality, of course, people and computers intermingle. Evenmore because they are di� erent. Early on,
it became clear that supplying the machine-readable programs was hard, error-prone, and very tedious.
So people came up with the idea to use computers to program computers: they programmed them to
translate high-level human code into low-level machine code.

6.2 Compilation and supercompilation

6.2.1 Compilation

An important aspect of programming and of the process of software development is that we can write
metaprograms not just to translate human programs into machine programs, but also to transform andim-
proveprograms. This is done bycompilers. The basic idea is already in Fig. 6.1 (but see also Fig. 6.14).
Besides translating programs, compilers automate some routines, such as memory management. They
often also optimize program structure, since what is simplefor a programmer may not be e� cient for
the computer.

A compiler is thus a metaprogram that optimizes program codewhile translating it from a high-level
language into a low-level language. Fig. 6.2 shows the idea from the opposite direction. Here you
are given a friendly high-level languageH, with a slow universal evaluatorh, and an unfriendly low-
level languageL with a fast universal evaluator`. The compilation phase combines the best from both
worlds: the friendly high-level programs are transformed into e� cient low-level programs. All about
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=h

H

L
`

H

compilation{ c

=
L

`

H

`

compiler{ C

Figure 6.2: Compiler is a metaprogram that tranforms programs fromHigh-level language toLow-level
language

compilation can be found in the Dragon Book [5].

6.2.2 Supercompilation

Leaving the environment-dependent program-optimizations aside, compilation can systematically im-
prove e� ciency of computations already bypartially evaluating the evaluators on code. This idea was
put forward and systematically explored under the namesupercompilationby Valentin Turchin [174].
Much later, but independently, Yoshihiko Futamura presented in [56] an illuminating family of super-
compilation constructions, which came to be calledFutamura projections.

The initial setting is like in Fig. 6.2. We are given a friendly but ine� cient universal evaluatorh for a
high-level languageH and an unfriendly but e� cient evaluator̀ for a low-level languageL. We need
a compiler, to translate easyH-programs to e� cientL-programs. On the other hand, since the program
evaluatorsh and` are universal, they can be programmed on each other. In otherwords, there is an
L-programH and anH-programL such that

fHgL = h and fLgH = `

Such metaprograms are calledinterpreters: H interpretsH to L, whereasL interpretsL to H. It is nice
that we can write a low-level interpreterL in a friendly languageH, but if we want to make it e� cient,
we must compile it toL. So it is even nicer that we can write the high-level interpreter H in an e� cient
languageL — because

fXgH y
(0)
= fHgL (X; y)

(1)
= f[H]L XgL y

Partially evaluating theH-to-L-interpreterH onH-programsX thus compiles theH-programs toL. This
is displayed in Fig. 6.3. A program transformer in the formC1 = [H] is an instance of the�rst Futamura
projection.

An H-to-L-compilation can thus be realized by partially evaluating an H-to-L-interpreter. But where is
the underlyingH-to-L-compiler? Sincè is a universal evaluator, there is of course anL-programS that
implements the partialL-evaluator and which can then be partially evaluated itself, giving

[X]L y
(2)
= fSgL (X; y)

Metaprograms that implement partial evaluators are usually calledspecializers, just like programs that
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H

L

L
`

C1

[� ]

H

(2)
=

(1)
=

H

L
`

H

(0)
=

H

h

Figure 6.3: First Futamura projection: Compilation by partial evaluation of an intepreter

implement universal evaluators are called interpreters. Now partially evaluatingS just like we partially
evaluatedH gives

fSgL (X; y)
(3)
= f[S]L XgL y

Fig. 6.4 displays an interesting phenomenon:partially evaluating aspecializeron aninterpretergives a
compiler. A compiler in the formC2 = [S]L H is called asecond Futamura projection.

H

L

L

L
`

S

[� ]

`

H

L

(3)
=

(4)
=

H

L

L
`

C1

S

`

H

L

(2)
=

C2

Figure 6.4: Second Futamura projection: A compiler by partial evaluation of a specializer on an inter-
preter

If the cost of the compiler itself is taken into account, thenthere is a sense in which compilation by
partial evaluation is optimal. Can a further compilation gain be obtained by iterating the same trick?
Well, there is still a partial evaluator insideC2, which means that the specializerS can be partially
evaluated again. The thing is that the partial evaluators insideC2 partially evaluatesS itself. So now we
have

[S]L H
(4)
= fSgL (S; H)
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which now partially evaluates to

fSgL (S; H)
(5)
= f[S]L SgL H

Fig. 6.5 shows that the program in the formC3 = [S]L S, called thethird Futamura preojection, gener-
ates a compiler, sincefC3gL = C2, andC2 is a compiler. So we have yet another interesting phenomenon:

H

L

L

L
`

C2

C3

S

s

`

`

H

H

L

L
`

C2

S

s

`

`

H

S

(6)
=

(5)
=

H

L

L

L
`

C2

S

`

`

H

S

L

L

(4)
=

Figure 6.5: Third Futamura projection: A compiler generator by partial evaluation of a specializer on
itself

partially evaluating aspecializeron aspecializergives acompiler generator. So we have

fxgH y = fC1xgL y and C1 = fC2gL and C2 = fC3gL

Partially evaluating these metaprograms each time improves the execution of some programs. Some-
times signi�cantly! If a speedup by a factor 10 is incurred each time, then applying the three Futamura
projections one after the other gives a speedup by a factor 1000.

6.3 Metaprogramming hyperfunctions

So far, we studied the role of metaprogramming in the system programming. System programs man-
age programs, so it is natural that many of them are metaprograms. But metaprogramming is also
an important technique in application programming. Some functions are hard to program but easy to
metaprogram. In other words, it may be hard to write a programto compute a function, but easy to write
a program that will output a program that will compute the function.
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How can this be? An intuitive but vague way to understand thisis to remember that, in many sports,
it is easier to be the coach, than to be a player. Metaprogramscan coach programs towards better
computations. A more speci�c reason why metaprogramming often simpli�es application programming
is that a function, sayf : A � A B, may be such that

ˆ the function f̂ : A B de�ned by f̂ (x) = f (x; x) is hard to program, but

ˆ the functionsfa : A B, wherefa(x) = f (a; x) for a 2 A (or f a : A B, wheref a(x) = f (x; a))
are much easier.1

This means that it is hard to �nd a program̂F such that
n
F̂

o
= f̂ : A B, but easy to �nd a metaprogram

F such thatfFg : A P gives ffFgag = fa : A B for every a 2 A. The metaprogramF thus
computes the partial evaluations of a computation forf : A � A B over the �rst argument. Another

metaprogramF̃ would give the partial evaluations
n
F̃

o
: A Pover the second argument, i.e.

nn
F̃

o
a
o

=
f a : A B. Functional programming (in languages like Lisp or Haskell) is particularly well suited
for such metaprogramming ideas. On the imperative side, thelanguage Nim is designed with an eye
on metaprogramming: as a high-level language that compilesto high level programming languages,
including C++ and JavaScript.

6.3.1 Ackermann's hyperfunction

In Exercises 4.5, we saw how arithmetic operations arise from one another, starting from thesuccessor
s(n) = 1 + n, and then proceeding with

ˆ addition m+ (� ) : N N as iterated successor,

ˆ multiplication m� (� ) : N N as iterated addition,

ˆ exponentiation m(� ) : N N as iterated multiplication.

It is clear that the sequence continues, provided that we surmount the notational obstacle of iterated
exponentiation in the form:

mm��� m

which seems hard to iterate any further. But just a cosmetic change in notation, writing the exponentia-
tion in the formm " n instead ofmn, allows listing a recurrent sequence of recursive de�nitions of basic
arithmetic operations:

1+0 = 1 1+(n + 1) = (1+n) + 1

m+0 = m m+(n + 1) = 1+(m+n)

m�0 = 0 m�(n + 1) = m+(m�n)

m " 0 = 1 m " (n + 1) = m�(m " n)

m "" 0 = 1 m "" (n + 1) = m " (m "" n)

m """ 0 = 1 m """ (n + 1) = m "" (m """ n)

� � �

1Such examples anticipate the realm ofparametriccomplexity: a computation may be more complex in one argument and
less complex in another argument. Partially evaluating over the complex argument then localizes the complexity at the
metaprogram.
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After the base cases settle on the multiplicative unit 1, this sequence of recursive de�nitions boils down
to the equations

m " 0 n = mn (6.1)

m " 1+k 0 = 1

m " 1+k (1 + n) = m " k (m " 1+k n)

The question whether these equations can be subsumed under primitive recursion was explored by Wil-
helm Ackermann2. It is easy to see that the function" : N � N � N N grows very fast:

3 " 0 2 = 3 � 2 = 6

3 " 1 2 = 32 = 9

3 " 2 2 = 3 " 3 = 33 = 27

3 " 3 2 = 3 " 2 3 = 3 " 3 " 3 = 7; 625; 597; 484; 987

3 " 4 2 = 3 " 3 3 = 3 " 2 3 " 2 3 = 3 " 2 7; 625; 597; 484; 987

= 3 " 3 " 3 " 3 " � � � � � � " 3|                            {z                            }
7;625;597;484;987 times

� � �

Ackermann proved that it grows faster than any primitive recursive function. One way to see this
is to show that for every primitive recursive functionf : N` N there is a numberkf such that
f (n1; n2; : : : ;n` ) < 2 " kf n, wheren =

P `
i=1 ni . Another way will be sketched as an exercise at the end of

this chapter.

The arithmetic operation" : N � N � N N is sometimes called ahyperfunction. Our goal is to show
that it is easy to metaprogram. Replacing the in�x notation" with the pre�x notation� k(n; m) = m " k n,
equations (6.1) become

� 0(n; m) = m� n (6.2)

� k+1(n; m) = � � n
k (m; 1)

where

f � n(m; x) =

8
>>>><
>>>>:

x if n = 0

f (m; f (m; : : : f (m; x) � � � ))
|                            {z                            }

n times

otherwise

is theparametrized iterationoperation

n 2 N f : M � A A

f � : N � M � A A

de�ned by

f � 0(m; x) = x (6.3)

f � n+1(m; x) = f (m; f � n(m; x))

2The" notation is due to Don Knuth.
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Thetask is thus to metaprogram (6.3), and use it to program (6.2)

Hierarchy of recursive functions. Andrzej Grzegorczyk [66] strati�ed the recursive functionsinto a
tower

E0 � E 1 � E 2 � E 3 � E 4 � E 5 � � � � � E k+2 � � � �

2 2 2 2 2 2 2

s + � " " 2 " 3 � � � " k � � �

where each class also contains the data services and is closed under the composition. He proved that
that every recursive function is contained inEk for somek.

6.3.2 Metaprogramming parametric iteration

In most programming languages, the sequential compositionof programs, usually written as a semi-
colon, allows that the composed programs share a parameter,passed through the composition. Denoting
the parameter asm, the sequential composition is thus in the form

fF ; Gg(m; x) = fGg(m; fFg(m; x))

=

(� ;� )

mm xxF G GF

(6.4)

Let (� ; � ) : P� P Pbe the program operation de�ned by (6.4)3. Iterating this operation on a program
iterates its execution

�
F ; F ; � � � ; F|           {z           }

n times

	
(m; x) = fFg(m; fFg(m; : : :fFg(m; x))) � � � )|                                       {z                                       }

n times

= fFg� n (m; x)

To iterate this parametrized sequential composition, we de�ne the program operatione� : P� P� N P
by

e�(p; F; n) = ifte
�
0?(n); I ;

�
f pg(F; r (n)) ; F

� �

wherefIgis a program for the identity, andrn is the predecessor ofn, which is 0 whenn is 0. If J is the
Kleene �xed point ofe�, then for� = fJgholds

�(F; n) = fJg(F; n) = e�(J; F; n) = fJg(F; n � 1) ;F = fJg(F; n � 2) ;F ; F = � � �

� � � = e�(J; F; 1) ;F ; F ; � � � ; F|           {z           }
n� 1 times

= e�(J; F; 0) ;F ; F ; � � � ; F|           {z           }
n times

= I ; F ; F ; � � � ; F|           {z           }
n times

3In the preceding chapter, we de�ned sequential compositionand parallel composition ignoring the parameters, for simplicity.
In programming languages, most program operations are implemented with parameters, for convenience.
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and thus �
�(F; n)

	
(m; x) =

�
I ; F ; F ; � � � ; F|           {z           }

n times

	
(m; x) = fFg� n (m; x)

6.3.3 Metaprogramming a hyperfunction

Given� = fJglet W be the program such that

fWg(F; n; m) =
�
�(F; n)

	
(m; 1) = fFg� n (m; 1)

so that

f[W] Fg(n; m) = fFg� n (m; 1)

Using this [W] : P P, de�ne

ee(p; k) = ifte
�
0?(k); � ;

�
W

��
fpg(rk)

� �

wheref� g(n; m) = m� n. Now if E is the Kleene �xed point ofee, thene = fEgsatis�es

fe(k)g(n; m) =
�
fEgk

	
(n; m) =

�
ee(E; k)

	
(n; m)

=

8
>><
>>:
m� n if k = 0
�
[W] (fEg(k � 1))

	
(n; m) otherwise

=

8
>><
>>:
m� n if k = 0
�
fEg(k � 1)

	 � n(m; 1) otherwise

=

8
>><
>>:
m� n if k = 0
�
e(k � 1)

	 � n(m; 1) otherwise

Thus the hyperoperation that we sought to metaprogram is� k =
�
e(k)

	
, since this gives

� k(n; m) =

8
>><
>>:
m� n if k = 0

� � n
k� 1(m; 1) else

as desired. The construction is summarized in Fig. 6.6.

6.4 Metaprogramming ordinals

We saw in Sec. 4.2 how to represent natural numbers as programs. Now we proceed to represent trans-
�nite ordinal numbers as metaprograms. Finite descriptions of in�nite processes are, of course, the
beating heart of computation and of language in general. Allsentences, all conversations, all books and
programs in all languages are all generated by �nitely many rules from �nitely many words. But the
�nite metaprograms for trans�nite numbers are not just another avatar of this miracle but also a striking
example iteration and a striking display of dynamics of convergence and divergence in computation.
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Figure 6.6: The nest of metaprograms for Ackermann's hyperfunction

6.4.1 Collection as abstraction

Finite sets. Theset collectionoperation inputs some arbitrary elements, saye0; e1, and outputs the set4

e = fe0; e1g. The setecan then be used as an element of another setd = fd0; eg= fd0; fe0; e1gg, which can
be used as an element ofc = fc0; c1; dg= fc0; c1; fd0; egg= fc0; c1; fd0; fe0; e1ggg, and so on. The element
relatione0; e1 2 e 2 d 2 c arises inductively, and it is therefore irre�exive and well-founded.

Finitely iterated abstractions. Fig. 6.7 displays how we implement the set collection as program
abstraction. Each collection step corresponds to a programabstraction:

ˆ the sete = fe0; e1gis represented by a programE such thatfEg= he0; e1i ;

ˆ the setd = fe; d0gis represented by a programD with fDg= hE; d0i ; and �nally

ˆ the setc = fd; c0; c1gbecomes a programC such thatfCg= hD; c0; c1i .

Ironically, the notational clash between the set-theoretic and the computational uses of the curly brackets
here turns out to be convenient. The sequencec 3 d 3 e corresponds to ”the time of creation” of sets
[34] and the order of evaluation of programs.

4The usage of the curly brackets in the set collectionfe0; e1gand for the program evaluationfFgis a typographic accident,
since the two operations are unrelated. But see the next paragraph.
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Figure 6.7: The setc = fc0; c1; fd0; fe0; e1gggrepresented as a programC.

In�nite sequences. The simplest way to generate an in�nite sequence is the induction, i.e. counting
in�nitely long. This means that we start from the beginningb : B, and repeat the counting step� :
B B forever. The in�nite sequence arises:

s0 = b; s1 = � (b); s2 = � 2(b); s3 = � 3(b); s4 = � 4(b); : : : (6.5)

In a universe of sets, this sequence can be collected into a set without much ado

s = fs0; s1; s2; : : : ;sn; : : :g

If s is afundamentalsequence, i.e. it satis�es

s0 < s1 < s2 < s3 < s4 < � � � (6.6)

where< is the transitive closure of the element relation, i.e.

x < y () 9 x1x2 � � � xn: x 2 x0 2 x1 2 x2 2 � � � 2 y

then

In a computer, the same can be done along the lines of Fig. 6.7.In particular, the setN of the natural
numbers represented as programs in Sec. 4.2.3 can be collected into a single program, corresponding to
the �rst in�nite ordinal ! .

In�nite iterated abstractions. The pattern in Fig. 6.7 suggests that the sequences0; s1; : : : ;sn; : : :
could be captured by a sequence of programsS0; S1; : : : ;Sn; : : : with fSng = hSn+1; sni for all n 2 N.
Unfortunately, the equationfSng = hSn+1; sni implies that iffSn+1gis of typeX, thenfSngmust be of
typeX � P. Allow n to be arbitrarily large makes the type offS0ginto an in�nite product. This problem
can be avoided by using the internal pairingd� ; �e : P � P P instead of the product types. We are
thus looking for a programS and the functionN� Oobtained by executing it, such that

N� Ox = fSgx = dfSg(� (x)); xe = dN� O(� (x)); xe (6.7)
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The programS can be constructed as a Kleene �xpoint of the function

b� (p; x) = dfpg(� (x)); xe (6.8)

in Fig. 6.8. The equationN� O
�
� (x)

�
= bN� O(x)c0, derived in Fig. 6.9, implies that the inductively de�ned

=

SS

�

N� O

fg

d� ;�e

fg

N� O

Figure 6.8: The Kleene �xpointS of b� inducesN� O(x) = fSgx so thatN� O(x) = dN� O(� (x)); xe

sequence in (6.5) now unfolds from a single program

N� Ob = dN� Os1; s0e = ddN� Os2; s1e; s0e = dddN� Os3; s2e; s1e; s0e = ddddN� Os4; s3e; s2e; s1e; s0e = � � �
(6.9)

=

SS

�

N� O

=

S

�

=

S

�

N� ON� O N� O

fg

d� ;�e

fg fg fg

b�c0b�c0

Figure 6.9: The functionN� O= fSgiterates� within the �rst projectionsbN� O(x)c0 = N� O(� (x))

SinceN� O(b) projects out eachsn = � n(b), for all n = 0; 1; 2; : : :, aftern iterated evaluations, it is the
least upper bound of the sequence, i.e. the minimal extension of its well-order:

b < � (b) < � 2(b) < � 3(b) < � 4(b) < � � � < N� O(b) =
1_

n=0

� n(b) (6.10)
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6.4.2 Collecting natural numbers: the ordinal ! as a program

Instantiatingb to 0 = d>; 0eand� (x) to s(x) = d?; xefrom Sec. 4.2.3, the sequence (6.5) becomes the
fundamental sequence of natural numbers

0; 1 = s(0); 2 = s2(0); 3 = s3(0); 4 = s4(0); : : : (6.11)

and the least upper bound (6.10) becomes

0 < 1 < 2 < 3 < 4 < � � � < ! (6.12)

where

! = NsO(0) = dNsO(1); 0e = ddNsO(2); 1e; 0e = dddNsO(3); 2e; 1e; 0e = ddddNsO(4); 3e; 2e; 1e; 0e = � � �

Its unfolding is displayed in Fig. 6.10.
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Figure 6.10: The ordinal! appears as the evaluation order of the program! = NsO(0).

6.4.3 Trans�nite addition

The ordinal type 1+ ! is de�ned by adjoining an element at the bottom of! . The ordinal type! + 1
is de�ned by adjoining an element at the top of! . It is easy to see that 1+ ! is order-isomorphic to! ,
whereas! + 1 is not.
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Extending the program! = NsO(0) with an application ofsbefore the input0 is fed toNsOyields1 + ! =
NsO

�
s(0)

�
. The evaluation order of! is thus extended in1 + ! with an additional step at the beginning.

De�ning in generaln + ! = NsO
�
sn(0)

�
, with n additional steps adjoined at the beginning, leads to the

fundamental sequence

! = NsO
�
s0(0)

�
; 1 + ! = NsO

�
s1(0)

�
; 2 + ! = NsO

�
s2(0)

�
; 3 + ! = NsO

�
s3(0)

�
; : : : (6.13)

But the evaluation orders of alln + ! = NsO(n) are in fact the same like! : they all just iterate the compu-
tationNsO. The order-isomorphisms of the ordinalsn + ! and! are implemented on the representations
n + ! and! by precomposing with the predecessor or the successor functions.

Extending the program! = NsO(0) by applyings to the output yields! + 1 = s
�
NsO

�
0
��

. Its evaluation
order is thus extended with an additional step adjoined at the end. The general de�nition! + n =
sn

�
NsO

�
0
��

= sn (! ) adjoinsn additional steps at the end. The fundamental sequence induced by counting
up then is now

! = s0(! ); ! + 1 = s1(! ); ! + 2 = s2(! ); ! + 3 = s3(! ); ! + 4 = s4(! ); : : : (6.14)

The well-ordering and its least upper bound now become

! < ! + 1 < ! + 2 < ! + 3 < ! + 4 < � � � < ! + ! (6.15)

where

! + ! = NsO(! ) = NsO
�
NsO(0)

�
(6.16)

The evaluation unfolding of the second component is displayed in Fig. 6.11. The evaluation unfolding
of the �rst component would add Fig. 6.10 at the bottom of Fig.6.11. The ordinal type! + ! consists
of two copies of! , one after the other, and the evaluation of! + ! reproduces that order.

6.4.4 Trans�nite multiplication

The multiplication of in�nite ordinals is iterated addition, just like in the �nite case. While the ordinal
2� ! consists of! copies of 2, the ordinal! � 2 consists of 2 copies of! , i.e. ! � 2 = ! + ! , and hence
! � 2 = ! + ! = NsO� NsO(0) = NsO2(0). The fundamental sequence is now

! � 0 = NsO0(0); ! � 1 = NsO1(0); ! � 2 = NsO2(0); ! � 3 = NsO3(0); ! � 4 = NsO4(0); : : :
(6.17)

Following (6.10), we now get

0 < ! < ! � 2 < ! � 3 < ! � 4 < � � � < ! � ! (6.18)

where

! � ! = NNsOO(0) (6.19)

The evaluation is unfolded in Fig. 6.12. EachNsO-box in Fig. 6.12 further unfolds like in Fig. 6.10. The
evaluation order thus consists of! copies of! , as a representation of! � ! should.
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Figure 6.11: The ordinal! + ! appears as the evaluation order of the program! + ! = NsO
�
NsO(0)

�
.

6.4.5 Trans�nite hyperfunction

Like in the �nite case, the exponentiation of in�nite ordinals is iterated multiplication again, with

! 2 = ! � ! suggesting the representation! 2 = ! � ! = NNsOO(0)

The fundamental sequence of metaprograms for �nite exponents thus becomes

! 0 = 1; ! 1 = NsO(0); ! 2 = NNsOO(0); ! 3 = NNNsOOO(0); ! 4 = NNNNsOOOO(0); : : : (6.20)

To iterate theN� O-construction, we need a program transformerw such that

NfqgO = fw(q)g (6.21)

RecallingN� O(x), was de�ned in (6.7) to unfolds todN� O(� (x)); xe, the program transformerw can thus
be obtained by partially evaluating the Kleene �xpointW of the function

bw(p; q; x) = dfpg(q; fqgx); xe (6.22)

as displayed in Fig. 6.13. The ordinal representations so far can be reconstructed using a programN for
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Figure 6.13: IffWg(q; x) = dfWg
�
q; fqgx

�
; xe, thenw = [W] givesfw(q)g= NfqgO

the successor functions = fNg, in the form

! = fw(N)g0

! + ! = fw(N)g2 0

! � ! =
n
w2(N)

o
0

! ! =
n
w(2)(N)

o
0
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wherew(2) is the iterator ofw, i.e.
n
w(2)(q)

o
=

n
w � w(2)(q)

o
=

n
w � w � w(2)(q)

o
=

n
w � w � w � w(2)(q)

o
= � � �

Continuing with the iterations
n
w(3)(q)

o
=

n
w(2) � w(3)(q)

o
=

n
w(2) � w(2) � w(3)(q)

o
=

n
w(2) � w(2) � w(2) � w(3)(q)

o
= � � �

n
w(4)(q)

o
=

n
w(3) � w(4)(q)

o
=

n
w(3) � w(3) � w(4)(q)

o
=

n
w(3) � w(3) � w(3) � w(4)(q)

o
= � � �

� � � � � � � � �

we reconstruct the ordinal version of the Ackermann hyperfunction

! " ! = ! ! = ! � ! � ! � � � �|               {z               }
! times

=
n
w(2)(N)

o
0

! "" ! = ! " ! " ! " ! " ! " � � �|                           {z                           }
! times

=
n
w(3)(N)

o
0

� � �

! " 1+n ! = ! " n ! " n ! " n ! " n � � �|                          {z                          }
! times

=
n
w(2+n)(N)

o
0

whereN is still a program for the successor functions(x) = d?; xe. The set-theoretic version of the ordi-
nal Ackermann hyperfunction goes back to [44]. Deployed in aprogramming languageP, the sequence
of programs

w(2)(N) = $ 0; w(3)(N) = $ 1; w(4)(N) = $ 2; : : : w(n+2)(N) = $ n; : : : (6.23)

is generated by iterating the Kleene �xpointeW of

e�(p; n; q) = ifte
�
0?(n); w(q); fpg(r (n); f pg(n; q))

�

leading tow(n) =
h
eW

i
(n). Applying the construction from Sec. 6.4.1, we get
 = N

n
eW

o
O(N) as the limit

of the sequence in (6.23). The de�nition ofw also gives
 =
n
w(eW)

o
N. The trans�nite well-orders up

to " 0 can thus be metaprogrammed in any programming languageP.

6.4.6 Background: computable ordinal notations

Ordinal numbers arise as transitive closures of the elementrelation in set theory, or as the types of
deterministic evaluations in type theory. In computers, programs are well-ordered lexicographically,
usually as binaries. In recursion theory, programs have been represented as natural numbers since Gödel.
We have seen that the iterative metaprogramming induces trans�nitely well-ordered evaluations well
beyond the natural numbers. Computable ordinal notations have been studied since the early days of
theory of computation [25, 28, 29, 95, 177]. The iterative computational processes that generate ordinals
go back to the origins of Georg Cantor's work on hissecond number class[22], and thus predate the
theory of computation by some 50 years. His explorations of trans�nite constructions can be viewed as
a radical application of iterated counting:”Suppose that I have counted in�nitely long and then I start
again. And then I do that in�nitely many times. And then I iterate that in�nitely many times. . . ”Such
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metaprograms were at the heart of Cantor's work. Hilbert's endorsements may have diverted attention
from their constructive content.

6.5 Workout

6.5.1 Is there a fourth Futamura projection?

The three Futamura projections are based on the same evaluation pattern. In Fig. 6.3, the �rst one
partially evaluates the interpreterH on theH-programs. In Fig. 6.4, the second one partially evaluates
the specializerS on the interpreterH, previously specialized toH-programs. In Fig. 6.5, the third one
partially evaluates the specializerS on the instance of itself, previously specialized to the interpreterH.
Continuing in the same way, a fourth projection would partially evaluate the specializerS on the instance
of itself, previously specialized to another instance of itself. Does this projection improve compilation
in the same way as the preceding ones?

6.5.2 Is iteration all that hyper?

Looking at Fig. 6.6, one might wonder whether we really need mataprogramming here. The function
e : N P is clearly primitive recursive, withe = L� ; [W]M. Its diagrammatic de�nition in Fig. 6.6 is a
special case of the schema in Fig. 4.8. The metaprogram forebuilds the programs for Ackermann's hy-
perfunction recursively. The following exercises explorewhether this primitive recursive metaprogram
can be transformed into a primitive recursive program. Do wereally need metaprogramming here?

a. Fig. 6.6 shows that the computation ofm " k n boils down to the primitive recursion ofe(k), and just
anfg-evaluation of its outpute(k) onn andm, to getfe(k)g(n; m) = m " k n.

Answer the following questions.

i) Given the functionsf : N � A P, g : A P, andh : N � P� A P, de�ne

' (k; x; y) = f f (k; x)gy


 (x; y) = fg(x)gy

� (k; u; x; y) = fh(k; u; x)gy

Is it true that

f = Lg; hM
?

=) ' = L
; � M (6.24)

Draw the programs and explain the answer.

b. Consider the following functionA : N2 N (de�ned and studied by Rozsa Péter [148])

A(0; n) = n + 1

A(k + 1; 0) = A(k; 1)

A(k + 1; n + 1) = A(k; A(k + 1; n))
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Prove the following claims:

i) A(k; n) = 2 " k� 2 (n + 3) � 3

ii) Let A = f f : N` N j 9k8~x 2 N: f (~x) < A(k; x̂)g, wherex̂ = maxfx1; x2; : : : ;x`gfor ~x =
(x1x2 : : : x` ). Then the classA contains the data services and the successor function, and it is
closed under composition and recursion.

iii) The functionA is not primitive recursive.

iv) Ackermann's hyperfunction" : N3 N is not primitive recursive.

6.6 Stories

6.6.1 Programming languages

Programming is the art of making computers do what you want.5 In the �rst instance, making a computer
do what you want is not all that di� erent from building and running any other machine: you try to
anticipate what the components will do, things get complicated, a lot of trial and error. Writing a
program directly in a machine language (e.g. as a list of 5-tuples describing a Turing machine to a
universal Turing machine) can be immensely frustrating. Some parts are hard to get right, while other
parts are repetitive and deadly boring.

That was the state of a� airs in the early days of computer programming. Programmingearly comput-
ers was similar to programming the clockwork-based calculators, built for particular calculations since
XVIII century. But computers are di� erent from calculators. Computers can be programmed to do
anything. So it didn't take long before people came up with the idea that computerscould be used to
simplify computer programming. E.g., certain �xed lists ofmachine instructions are repeated in many
programs. When executed, they perform some frequently reoccurring operations, such as copying data
from one memory location to another, adding binary numbers,etc. Each such list of machine instruc-
tions is grouped into a singleprogram instruction; and then a machine program is written, instructing the
computer to replace each program instruction with the corresponding list of machine instructions. These
program instructions form aprogramming language. A programming language whose program instruc-
tions are directly translated into machine instructions iscalled anassemblylanguage. A metaprogram
that instructs the computer how to replace the assembly language instructions with lists of machine in-
structions is called anassembler. The idea is displayed in Fig. 6.14. The stringsM, L andH correspond
to three types of programs, in three types of programming languages: theMachine languages, theLow-
level languages, and theHigh-level languages. The program evaluator evaluates programs written in the
machine language. One such program isPm. Another such program is an assemblerA. At least initially,
an assembler must also be written in the machine language, because there are no metaprograms, before
an assembler is written, that would translate the assemblerinto the machine code. However, once an
assembler is available, then another assembler can be written in the assembly language, and assembled

5If the programming task, a functionf , is viewed as a problem, then a programF that computes it asf = fFgis a solution.
Programmers thus infuse computers with their problem-solving capacity: theintelligence. If computers acquire a problem-
solving capacity, and return the favor, then the process of programming will be inverted, and the intelligence will �ow in
the opposite direction. Arti�cial intelligence can in thatsense become dual to programming. If programming is the process
of people telling computers what to do, then arti�cial intelligence may be the process of computers telling people what to
do. The two processes may interleave into a conversation between people and computers.
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Figure 6.14: Computing machine programs from low-level programs from high-level programs

into the machine language by the �rst assembler.

It quickly becomes clear that the idea of translating human-written programs into machine-executable
programs can be iterated. E.g., it often happens that certain �xed lists of assembly instructions are often
repeated in programs of a certain kind, usually within the same application domain. It is then useful to
group each such list oflow-levelprogram instructions into a singlehigh-levelprogram instruction, and
another metaprogram is written to translate such high-level program instructions into lists of low-level
program instructions. A stack of programming languages is created, and the metaprograms are written
to translate high-level code to low-level code. Already in the 1950s, for the most important application
domains, programmers started developing high-level programming languages. The early ones were the
Algorythmic languageAlgol, then also FORTRAN, for FORmula TRANslations and calculations in
science and engineering, and a COmmon Business-Oriented Language, standardized in the late 1950s
as COBOL.Algol was said to be ”so far ahead of its time that it was not only an improvement on its
predecessors but also on nearly all its successors” [76]. Itwas probably one of the most studied but
least used programming languages in the history of computation. FORTRAN and COBOL are still in
use, though for di� erent reasons. COBOL was largely designed by Grace Murray Hopper, one of the
�rst programmers, see Fig. 6.15. She did not name her language, but she did name a basic concept of
computation: thebug. The primordial software bug �rst appeared in Grace Murray Hopper's lab note,
see Fig. 6.16. She had long suspected that software failureswere caused by bugs, and when she �nally
caught one, stuck in the computer hardware, she duly taped itin the notebook.

Ever since those early days, programming was facilitated bya steady stream of diverse high-level lan-
guages, often very domain-speci�c, habit-speci�c, and even taste-speci�c. In 1977 the US Department
of Defense (DoD) counted 450 di� erent programming languages in their codebase, and initiated a large
project to design a new programming language Ada, to supersede all of them. In 1991, the Ada project
was declared a victory, and the DoD mandated that all software procured for them be written in Ada,
except in the exceptional, explicitly approved cases. In 1997, after many exceptions, the mandate was
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Figure 6.15: Grace Murray Hopper Figure 6.16: The original software bug

removed. Nowadays, the variety of programming languages isgreater than ever, but software engineers
seem to have adopted the linguistic diversity as a feature oftheir world, and not a bug.

Programming languages seem to evolve just like natural languages: they undergo a sort of natural (or
social, or market) selection. Some of them accumulate random mutations.6 They are still used by
people to tell computers what to do; but they are used by many people to tell many computers to do
many things, all at the same time. So modern programming is not just a �ow of instructions from people
to computers, but it involves a great deal of coordination between the programmers, and coordination
between computers, and cross-coordinations of all kinds. Most importantly, as nearly all economic and
social processes involve software in one way or another, thecoordination involved in programming is
not always cooperative, but is often competitive, and even adversarial. As social processes are becoming
increasingly computational, computation is acquiring social dimensions. For better or for worse, security
has grown into one of the central problems of computation. The basic concepts of software and of
complexity are the main milestones on this path.

6.6.2 Software systems and networks

6.6.2.1 System programming

As software applications grew in size, they also grew in complexity. Their computational complexity
got formalized and became one of the central concerns in algorithmics, and the foundation of secu-
rity in computing and networking. Their architectural complexity became one of the main problems of
software engineering. Through years, a whole gamut of methods was devised for partitioning software
into components, and for connecting software components into software systems. In order to develop,
run, and maintain application software, the programmers need to develop, run, and maintain system
software. Some of it gets bundled intooperating systems, all of it grows in size and complexity. The
realm ofsystem programmingis thus gradually distinguished from the realm ofapplication program-
ming. Such partitions of engineering disciplines tend to be often breached, and sometimes confused.
The boundary between system programming and application programming is particularly vague, as sys-

6Through the 1980s and 1990s, programming language researchwas based on mathematical semantics of computation, and
geared towards semantically based language design. The hope was that judicious, mathematically based language design
could not only increase programmers' productivity, but also preclude some programming errors. Many of my friends from
that research community still do not accept the idea that programming languages evolve like natural languages. Some of
them believe in evolution of natural languages, and in intelligent design of programming languages.
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tem programmers often adopt certain applications into their systems, while application programmers
sometimes embed system functions into their applications.On the other hand, the interactions of the
goals and the needs of application programming and of systemprogramming have left many traces and
scars on the landscape of software engineering. We mention some of them.

Early system programs were written in assembly languages. But assembly programming does not scale
up, and the high-level programming languages were inventedand deployed as soon as large-scale pro-
gramming projects had to be tackled. Probably the most prominent such language is C, which came
after B, which came after BCPL. The UNIX operating system waswritten in it, and used for the early,
friendly versions of Apple's OSX. On the other hand, although designed for system programming, C
turned out to be very convenient for application programming, where it was succeeded by C++, which
was succeeded by Java, etc. Like people, languages often have more children than parents. Java has
aged a little (like some of us) but still occupies a particularly interesting place, where things got a little
complicated.

6.6.2.2 Portable executables

Compiled programming languages dominated the scene as longas programs were designed by program-
mers, and run by computers. This meant that thesoftware lifetimewas clearly separated into three
phases:

ˆ design-time, when programmers transform ideas into programs, and

ˆ run-time, when computers transform programs into computations, andin-between them there is

ˆ compile-time, where compilers translate programmers' high-level programs into computers' low-
level programs.

All languages mentioned so far are compiled.

These tidy times ended with the advent of the web. Java was released a couple of years into the web
explosion. The web brought network interactions to a new level. Long before the web, software systems
were connected into networks, and exchanged messages. But the messages were static: only data. The
web signi�cantly expanded the scope of network interactions, initially just by passing around not just
data but alsometadata, that allow web servers to send text formatting and network links to be recon-
structed on the client side. Very soon, these enhanced network functions inspireddynamicinteractions,
where web servers distributed not only data and metadata butalso some program code, to be executed
on the client side. Such executables distributed on the web are calledapplets.

The challenge of serving applets on the web was that they had to beportable executables, that could be
compiled on the server side, and executed on the client side.Since servers and clients run on di� erent
machines, all with di� erent machine languages, applets had to be compiled on the server side from
a high-level language into an intermediary language, high enough to allow assembly into all clients'
machine languages, but low enough to allow e� cient interpretation by every client. Java was designed
to compile into such an intermediary language, theJava bytecode, which is then interpreted by di� erent
interpreters at di� erent machines.

Historic remark. The idea of portable executables emerged in 1969, in the early days of ARPANET
research. A machine-independent language DEL was speci�ed, and an interpreter was prototyped at SRI
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in Menlo Park. The project was discussed and de�nition of thelanguage was announced in the Network
Working Group RFC 5.

6.6.2.3 Interpreters and scripting

In theory of computation, programs evaluated by program evaluators. In practice, programs are usually
coded in high-level programming languages and there are several layers of evaluation. At least initially,
the high-level program evaluator is usually programmed in alow-level programming language. If we
partially evaluate that interpreter, we get a compiler. This is the story about the Futamura projections
from Sec. 6.2.2. Since compilation provides an opportunityfor optimizations, the high-level languages
of the �rst generation of were always compiled. But when software systems got connected into networks,
the compilation phase of high-level code into a machine executable had to be split into a compilation
on the server side into a portable executable, and an interpretation on the client side into a machine
executable. This software evaluation scenario was realized in Java, and many variations have been
realized in other languages.

Another boost for interpreters came from a di� erent direction at the same time. Since the early days of
system programming, a divide of the development tasks intoprogramming-in-the-smallandprogramming-
in-the-largewas felt and discussed. With the growth of software systems in size and scope, the large
became larger, the divide increased, and new languages for programming-in-the-small started emerg-
ing: thescripting languages. Nowadays, we use JavaScript, PHP, Perl for web programming. They
are all purely interpreted languages. Scripting for the webis metaprogramming of computations with
metadata. For di� erent reasons, Matlab, Mathematica, or any language underlying a spreadsheet is also
interpreted.

What do Java and JavaScript have in common? Both are mentioned in the story about interpreters.
Both emerged with the web. Both have ”Java” in their name. Other than that, they could hardly be more
di� erent. One has objects and classes, the other throws everything on the heap. Java was designed at
Sun Inc in 1991, as a language for programming appliances, like set-top boxes and washing machines.
The portability requirement meant that the compiled code should be suitable for di� erent appliances.
The design was deemed ”too advanced”, as the thought of streaming TV was still some years away, and
the web was only just conceived. So the project was shelved. But a couple of years later, in May 1995,
the designers of Netscape web browser came to Sun Inc to ask for a language that could be compiled to
portable executables, and got Java. They also needed an interpreter for web scripts, and when they settled
on Java, they wanted to make the syntax of their scripting language maximally similar to Java. One of
them, Brian Eich, speci�ed a Java-like syntax for a scripting language over a weekend, prototyped the
needed interpreter in 10 days, and it shipped in Netscape Navigator 2.0 in September 1995. The name
JavaScript settled a couple of months later.

6.6.3 Software

Software makes computation into a large-scale process. Thebasic concepts of computation become
tools of computation [88]

ˆ theprogram evaluators become theinterpreters, whereas

ˆ thepartial evaluators become thespecializers.
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Partially evaluating programs for those basic components generates compilers, compiler generators, and
other varieties of familiar or less familiar program transformers.

Programming program transformers is an instance of metaprogramming. Metaprogramming can be
construed as the main feature of programmable computation:that programs themselves can also be
computed, and the computations that compute programs can themselves be programmed. And so on.

If programs describe computations, then software is the narrative comprised of descriptions. If pro-
grams are generated by applying some program constructor schemas (induction, recursion, parallel and
sequential composition, bounded and unbounded search, etc.) on some basic operations (logical and
arithmetic), then software is generated by applying software patterns and architectures to build systems
from programs. If the basic operations are letters, then programs are words, software components are
sentences, software systems are stories.

But some stories cannot be told in a linear narrative: ”this happened, and then that happened, and then
something else”. You have to pop up a level, make some abstractions, and tell a story about the story.
Similarly, when a computational task does not yield to applying standard program constructions, like in
the case of the Ackermann function in Sec. 6.3, then you pop upa level up, make new abstractions, and
metaprogram. Instead of composing operations to process data, you compose abstractions the process
algorithms. The Ackermann function and the trans�nite counting cannot be programmed using the
recursion schema, so they get metaprogrammed. The in�nities, by de�nition, cannot be reached by
simple counting, but they are reached by iterating, i.e. by counting the counting processes. This took
in the preceding chapter us to the constructions of trans�nite ordinals as primordial metaprograms, and
back to Cantor as the originator, along the lines mentioned in Sec. 1.6, of the �nite descriptions of in�nite
processes that we now call programs. A particular ”program”due to Cantor will play a central role at
the end of the next chapter as well.
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7.1 From functions to processes

Now we progress

ˆ from computations as computable functions

ˆ to computations as computational processes.

A function produces its output as soon as it receives its input. The function compositions are instant
and costless. A process, on the other hand, takes time and space to process an input into an output. The
space and the time are presented as the states and the state transitions. A state is anything that a process
may update: a state as a state of the world, a state of memory, astate of a living room �oor. A function
g: X � A B depends on the statex: X, which determines the applicable instancegx : A B. It
will be applied when an inputa: A becomes available. A processq: X � A X � B also depends on
the current statex but it updates it to a future statex0 = q.

x(a). It is often convenient to view a process
q: X � A X � B as a pair of functions

q =
D
q. ; q�

E
(7.1)

where

ˆ q� =
 
X � A

q
X � B (� � id

B
!

instantiates to the input-output mapsq�
x : A B like before,

whereas

ˆ q. =
 
X � A

q
X � B

id � (�

X
!

determines the state update mapsq.
x : A X presenting the

transitionsx 7�! x0 = q.
x(a).

The computational process proceeds withx0 7�! x00= q. (x0; a0) etc.

A process is a pair of functions. We worked out in 1.6.c that a function to a product can be recovered
its projections whenever it is cartesian. This may not be possible for monoidal functions in general,
since a function into a product may contain more informationthan its projections. A process, viewed as
a function, may not be cartesian. It is, however, assumed that it is a function of this special kind, which
can be recovered from its projections. They are bundled together by the pairing, mainly for notational
convenience. Intuitively, this assumption means that the two componentsq. andq� of a processq have
the same side-e� ects on the same inputs. Formally, the side-e� ect behaviors of functions can bede�ned
as the equivalence classes of monoidal functions on which the pairing is surjective.

State transitions and traces. The mapping

q: X � A X � B

hx; ai 7�! h x0; bi

is conveniently written in the form

x
a=b
7��!

q
x0

so that aprocess tracestarting from an initial statex0 induced by a sequence of inputs fromA can capture
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both the state transitions and the outputs:

a1; a2; a3; : : : an

x0
a1=b1
7����! x1

a2=b2
7����! x2

a3=b3
7����! � � � 7���! xn� 1

an=bn
7����! xn

wherexi = q. (xi� 1; ai) andbi = q� (xi� 1; ai) for i = 1; : : :n. As mentioned in Sec. 2.2, the principal
di� erence between states and inputs is that the state is determined by the environment, in advance of
running the process, whereas the input is entered by the system at runtime.

Examples

Let the functiong: X � A B represent multifunctional drill, for drilling holes, tightening screws,
cutting wood, etc. Its di� erent functionsgx are realized using di� erent attachmentsx: X. The state
spaceX is thus the box with the drill bits, the screwdrivers, the wood saws, etc. The typesA and
B are the tasks and the goals. A process modelq: X � A X B of the same toolset can take into
account the changing state of the components: the wear and tear of the drill bits, the broken and replaced
screwdrivers, the battery charge level.

If g: X � A B represents a general-purpose computer, the state spaceX can be a set of programsP,
the typesA andB the interface formats, andg can be a program evaluator

�	 B
A, with programs as states.

A process modelq: X � A X B of a computer could present programs not as mere abstract terms
of typeP, like we do in theory, but as sequences of instructions, closer to the practice. The states of a
program, available for updating, can capture not only the values of some external program parameters,
but also track which instructions are ready for evaluation,like in the toy example in Fig. 7.1. The state
space can be the setX = fx0; x1; : : :x8; x9g, wherexi is the program with “I ” on line i. The �nal line,
where the program execution halts, is assumed to be empty. The other lines contain the instructions
which get executed and then pass the control to each other, depending on the current values of program
variables. The state transitions represent the process control. In this particular example, the presented
process run is an execution of a program resulting in the sequence of transitions:

x0 7�! x1 7�! x2 7�! x3 7�! x4 7�! x5 7�! x7 7�! x2 7�! x3 7�! � � � 7�! x5 7�! x6 7�! x8 7�! x9

At each step, an input is consumed and an output is produced, albeit empty. To capture this aspect,
assume that the inputs and the outputs are

A = f� ; 0; 1; 2; : : :g

B = f� ; “Enter a1:”; “Enter a2:”; : : : ;“Enter a5:”; “Sum=0” ; “Sum=1” ; “Sum=2” ; : : :g

where the symbol� represents the empty inputs and outputs. If a user entersa1 = 3, a2 = 2, a3 = 2, and
�nally a4 = 0 to request the sum of the previous entries, the execution trace will be

x0
� =�

7�����! x1
� =�

7�����! x2
� =�

7�����! x3
� =“Enter n1:”
7��������! x4

3=�
7�����! x5

� =�
7�����! x7

� =�
7������! � � �

� � � x2
� =�

7�����! x3
� =“Enter n2:”
7��������! x4

2=�
7�����! x5

� =�
7�����! x7

� =�
7������! � � �

� � � x2
� =�

7�����! x3
� =“Enter n3:”
7��������! x4

2=�
7�����! x5

� =�
7�����! x7

� =�
7������! � � �

� � � x2
� =�

7�����! x3
� =“Enter n4:”
7��������! x4

0=�
7�����! x5

� =�
7�����! x8

� =“Sum=7”
7�������! x9

(7.2)
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I main() f
int sum = 0;
for (i = 1; i <= 100; ++i) f

printf("Enter a%d: ", i);
scanf("%lf", &number);
if (number = 0) f

break; g
sum += number;g

printf("Sum = %.2lf", sum); g

7�!

main() f
I int sum = 0;

for (i = 1; i <= 100; ++i) f
printf("Enter a%d: ", i);
scanf("%lf", &number);
if (number = 0) f

break; g
sum += number;g

printf("Sum = %.2lf", sum); g

7�!

main() f
int sum = 0;

I for (i = 1; i <= 100; ++i) f
printf("Enter a%d: ", i);
scanf("%lf", &number);
if (number = 0) f

break; g
sum += number;g

printf("Sum = %.2lf", sum); g

7�!

main() f
int sum = 0;
for (i = 1; i <= 100; ++i) f
I printf("Enter a%d: ", i);

scanf("%lf", &number);
if (number = 0) f

break; g
sum += number;g

printf("Sum = %.2lf", sum); g

7�!

main() f
int sum = 0;
for (i = 1; i <= 100; ++i) f

printf("Enter a%d: ", i);
I scanf("%lf", &number);

if (number = 0) f
break; g

sum += number;g
printf("Sum = %.2lf", sum); g

7�!

main() f
int sum = 0;
for (i = 1; i <= 100; ++i) f

printf("Enter a%d: ", i);
scanf("%lf", &number);

I if (number = 0) f
break; g

sum += number;g
printf("Sum = %.2lf", sum); g

7�!

main() f
int sum = 0;
for (i = 1; i <= 100; ++i) f

printf("Enter a%d: ", i);
scanf("%lf", &number);
if (number = 0) f

break; g
I sum += number;g

printf("Sum = %.2lf", sum); g

7�!

main() f
int sum = 0;

I for (i = 1; i <= 100; ++i) f
printf("Enter a%d: ", i);
scanf("%lf", &number);
if (number = 0) f

break; g
sum += number;g

printf("Sum = %.2lf", sum); g

7�!

main() f
int sum = 0;
for (i = 1; i <= 100; ++i) f
I printf("Enter a%d: ", i);

scanf("%lf", &number);
if (number = 0) f

break; g
sum += number;g

printf("Sum = %.2lf", sum); g

7! � � � 7!

main() f
int sum = 0;
for (i = 1; i <= 100; ++i) f

printf("Enter a%d: ", i);
scanf("%lf", &number);
I if (number = 0) f

break; g
sum += number;g

printf("Sum = %.2lf", sum); g

7�!

main() f
int sum = 0;
for (i = 1; i <= 100; ++i) f

printf("Enter a%d: ", i);
scanf("%lf", &number);
if (number = 0) f
I break; g

sum += number;g
printf("Sum = %.2lf", sum); g

7�!

main() f
int sum = 0;
for (i = 1; i <= 5; ++i) f

printf("Item%d=", i);
scanf("%lf", &number);
if (number = 0) f

break; g
sum += number;g

I printf("Sum = %.2lf", sum); g

main() f
int sum = 0;
for (i = 1; i <= 100; ++i) f

printf("Enter a%d: ", i);
scanf("%lf", &number);
if (number = 0) f

break; g
sum += number;g

printf("Sum = %.2lf", sum); g
I

Figure 7.1: Execution of a C-program to compute and print thesum of up to 5 user-entered inputs

7.2 Simulations as process morphisms

The left-hand diagram in Fig. 7.2 shows a cartesian functions: X � Y as a morphism between func-
tions g andh. Such morphisms can be thought of asimplementationsA morphisms: g h imple-
mentsg in terms ofh by reparametrizing the states alongS: X � Y in such a way that every instance
gx : A B of g is realized as an instancehsx: A B of h. The commutativity of the left-hand diagram
in Fig. 7.2 means that for any inputa both function instances outputb = hsx(a) = gx(a).

The right-hand diagram in Fig. 7.2 shows the same functions is a process morphism fromq to r.
Such morphisms are calledsimulations. A simulation s: q r is again a reparametrizing function
s: X � Y, but this time the instancesrsx: A � Y� B simulateqx : A � X � B not just by realizing
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h

X

=g

A X A

s

BB

Y�

B

Y � A

X � A

h

g

�

s � id

r

X

=q

A

s

X A

Y

s

BY B

X

Y�

�

Y � B

sx0

X � B x0 sx Y� A

x

X � A

�

s � id

a=b

r

a=b �

s � idq

Figure 7.2: A cartesian functionsas a morphism between functions and a simulation between processes

their input-output functions asr �
sx = q�

x : A B, but also by tracking their state updates along

r .
sx =

 
A

q.
x X �s Y

!

For every inputa, both processes not only produce the same outputb = r �
sx(a) = q�

x (a) but for every state
transitionx 7�! x0 performed byq, the processr responds by the transitionsx7�! sx0. In summary,

x
a=b
7��!

q
x0 = q.

x(a)

sx
a=b
7��!

r
sx0 = s

�
q.

x(a)
�

= r .
sx(a)

7.3 When is a process computational?

A function is computable when there is a program that evaluates to it. A process is computational when
there is a program whose execution simulates it. What does this mean? E.g., Fig. 7.1 displays a compu-
tational process. Its world is a program and the states of theworld are the program instructions marked
by “I ”, ready to be executed. The computational process progresses from instruction to instruction, and
possibly from one memory state to the next, each determiningthe next update. A computational process
is such process of updating a stateful program. At each step,the program instructions are still evaluated
by an abstract evaluator, but the sequence of evaluations has a more concrete computational meaning.
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Program execution is a computational process realized by a program evaluator written

��		 B
A =

�	 P� B
A : P � A P� B (7.3)

which evaluates programsF : P on inputsa: A to produce, in the notation of (7.1),

ˆ update
��
F

		 . a: Pand

ˆ output
��
F

		 � a: B

whereby the update is available for further evaluations andthe outputs are accumulated. Program execu-
tions are program evaluators that produce program updates,in addition to the data outputs. The notation��		

is a reminder that the output type contains aP-component. The programs that do not just apply
operations on data but also control the state changes are called stateful.

Execution traces. While computable functions produce their output values instantly, computational
processes produce execution traces. In (7.2), we saw an execution trace of the program in Fig. 7.1. In
general, an abstract processq: X � A X � B is computational when there is a programQ: X � P
such that every step ofq is simulated by a program execution

��		
: P � A P� B, where

a1; a2; a3; : : :
induces xi+1 = q.

xi
(ai+1) and bi+1 = q�

xi
(ai+1)

x0
a1=b1
7����! x1

a2=b2
7����! x2

a3=b3
7����! x3 7���! � � �

inducesQxi+1 = fQxig. ai andbi+1 = fQxig� ai+1

Qx0
a1=b1
7����! Qx1

a2=b2
7����! Qx2

a3=b3
7����! Qx3 7���! � � �

(7.4)

The simulation requirements from Fig. 7.2 are instantiatedQ � q.
x = fQxg. andq�

x = fQxg� .

7.4 Universality of program execution

The notions of universality for functions and for processesare illustrated in Fig. 7.3.

A function
�	

: P � A B is universal when any functiong: X � A B has an implementation
G: X � P evaluated by

�	
. The implementation requirement imposed on the function morphisms

in Fig. 7.2 boils down tog =
�	

� (G � A), written more insightfully in the formgx = fGxg. The imple-
mentations ofX-parametrized functions to universal evaluators

�	
are theX-parametrized programs.

A process
��		

is universal when any processq: X � A X � B has process morphismQ: X � S to��		
. The simulation condition in Fig. 7.2 requires that the equationsq.

x = Q�
��
Qx

		
andq�

x = fQxg� hold
for all x : X. Hence the universal simulations. A state spaceS is said to be universal when it carries a
universal process for every pairA; B.

The Fundamental Theorem of Stateful Computation. Programming languages are universal state
spaces. In particular,

a. program executions
��		 B

A =
�
P� A

�	

P� B
�

are universal processes; and

b. universal processes	 : S � A S � B make the universal state spaceS into a programming

language with the program evaluators
�	 B

A =
�
S� A 	 S� B (� � B

B
�

= 	 � .
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=

BB

X A X A

=q�
x

��
Qx

		 �

�
X

Q � q.
x

��
Qx

		 .=

�
no

=

BB

X A

g
G

X A

�

=

q
Q

gx fGxg

Q
nnoo

SS

Figure 7.3: Universality for functions and for processes

no
=

X

PP

X

X

#
[� ]

eQ eQ

A A

q

B B

P
��

�

Figure 7.4: A Kleene �xpointeQ of eq =
���

� B
�
� q satis�es

n
eQ

o
=

�h
eQ

i
� B

�
� q

Proof of a. For any givenq: X � A X � B consider the function

eq =
 
P� X � A

P� q
P� X � B

[] � B
P� B

!

Let eQ be its Kleene �xpoint, as displayed in Fig. 7.4. The simulation Q: X � P can then be de�ned

to be the partial evaluationQ =
h
eQ

i
. Fig. 7.5 shows thatQ =

h
eQ

i
is a simulation ofq by

��		 B
A, satisfying

the condition in Fig. 7.2 on the right. �

Proof of b. To see that a givenAB-universal process	 : S � A S� B induces a program evaluator,
as claimed, take any functiong : X � A B and extend it to the �xed-state process:

bg =
 
X � A � � A X � X � A

X � g
X � B

!

Fig. 7.6 shows that any programG: X � S that simulatesbg also evaluates tog = 	 � G = fGg. �
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��
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��
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q

eQ

eQ

X

P
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��

�

Figure 7.5:Q =
h
eQ

i
satis�esq�

x =
��
Qx

		 � andQ � q.
x =

��
Qx

		 . .

	
= S

BB

X A

g

bG

X A

�

X

bG
� SS

��

�

bg

Figure 7.6: A functiong is evaluated by	 � when the �xed-state processbg is simulated by	

7.5 Imperative programs

For functions, the concept of computability is simple: every computable function has a program and
every program evaluates a unique computable function. For processes, there is a wrinkle. On one hand,
we just showed that every computational process can be simulated by executing a program. On the
other hand, however, it isnot truethat every program executes a unique computational process. Some
programs do not simulate a process. Other simulate several,and cannot tell them apart. In the former
case, we say that the program is not full; in the latter that itis not faithful. A program that is full and
faithful is calledimperative.

A programQ may not be full when for somea and x, the execution reaches a state that was not an-
ticipated byQ, in the sense that

��
Qx

		 . (a) , Qy holds for all statesy. The simulation condition��
Qx

		 . (a) = Q � q.
x(a) cannot be satis�ed for any processq, and the programQ is not full. It is not
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faithful if there are processesq; q̃ with

q�
x =

��
Qx

		 � = q̃�
x and Q � q.

x =
��
Qx

		 . = Q � q̃.
x but q.

x , q̃.
x

The programQ thus simulates bothq andq̃, but some inputsa lead to di� erent statesqx(a) , q̃x(a)
which Q con�ates intoQ � q.

x(a) = Q � q̃.
x(a).

To characterize programs that full and faithful programs, we use the followingnotations:

� X =

0
BBBBB@P



b�c0;b�c1

�

���������! P � P
qX � (�

���������! X

1
CCCCCA � 1 =

0
BBBBB@P



b�c0;b�c1

�

���������! P � P

(� � id
��������! P

1
CCCCCA (7.5)

For simplicity, we often elideqX and draw the projections as ifiX� P = (qX � P) � iP� P. This can be
assumed without loss of generality Sections 2.3.1–2.3.3.

Padded execution. A paddingis a part of a program that does not get evaluated but remains available
to pass state to later evaluation steps. A padded program canalways be brought in the formF = dF0; F1e,
whereF0 is the padding. Such programs are processed inpadded executions

fj jgB
A =

0
BBBBB@P� A

� 1� id
��������! P � A

�	

��������! P� B

1
CCCCCA (7.6)

to getfjFjgB
A = fbFc1gP� B

A = fF1gP� B
A . The role of the padding di� ers from construction to construction.

Its role in imperative programs is clear already from their de�nition.

De�nition. A program� : X � P is said to beimperativeif it satis�es the two conditions displayed
in Fig. 7.7. The conditions correspond to the commutativityof the arrow diagrams in (7.7).

�

�
�

hb�c0;b�c1i

X

X

= XP

�	

B

A

�

�
�

hb�c0;b�c1i

fj jg

X

P

=

�	

B

A

�

�
�

hb�c0;b�c1i

fj jg

X

P

�
hb�c0;b�c1i

�
�

X

P

Figure 7.7:� is faithful if � X � � = idX. It is full if
�
(� � � X) � B

�
� fj � jg= fj� jg.



20
23

03
34

X P� B X � B P� B

P P� A P� A

X X � A

� X � id �� � id

� X fj jg fj jg

�

�

�

� � id
�

� � id

q (7.7)

Every imperative program induces a unique computational pr ocess executed by a padded pro-
gram. The process is de�ned as the dashed arrowq = (� X � B) � fj jg � (� � A) in (7.7). The second
condition gives (� � B) � q = fj� jg, which means that� is a simulation ofq by fj jg, and hence full. The
�rst condition � X � � = id implies thatq is the only process which� simulates byfj jg, since

� � q0 = fj� jg= � � q1 =) q0 = � X � � � q0 = � X � � � q1 = q1

Hence� is faithful.

Every computational process has an imperative program. Given a processq: X � A X � B
de�ne e� : P � X � A P� B as in Fig. 7.8 and lete� be its Kleene �xpoint. Then Fig. 7.9 shows that

=

B

X A

P

q

��

X

�

�

�

d� ;�e

e�

B

X A

P

e�
�

�	

e�
�

Figure 7.8: A Kleene �xpointe� of e# satis�es
n
e� x

o.
=

l
q.

x ;
h
e�

i
� q.

x

m
and

n
e� x

o�
= q�

x

� =

0
BBBBB@X � X � X

X�
h
e�

i

�����! X � P
d� ; �e

P

1
CCCCCA

is a simulation ofq by fj jg. It is easy to see that the conditions� X � � = id and (� � � X � B) � fj � jg= fj� jg
from Fig. 7.7 and (7.7) are satis�ed, and that� is thus a losless simulation.

Summary and reserve. Stateful computations are executed as imperative programs. Any computa-
tional processq: X � A X � B is embedded into a program execution processfj jg: P � A P� B
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�	
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��

A

�

�

�

�

=

B

X A

P

q

d� ;�e

hb�c0;b�c1i

fj jg

�

e�

X

��

X

�

�

�

d� ;�e

�
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=

B

X A

P

�� �

�

�

�	
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Figure 7.9:� x =
l
x;

h
e�

i
x
m

is a simulation ofq by fj jgsincefj� xjg. = � � q.
x andfj� xjg� = q�

x .

along an imperative program� : X � P. A sequence of program evaluations (7.4) of� simulatesq
faithfully, distinguishing its states. The other way around, the simulation of imperative programs is also
full, which means that every imperative� induces a computational processq. While the execution of
any imperative program� is projected back to the state spaceX of the simulated processq along a pro-
jection � X : P X, note that the projections are not process morphisms and that stateful computations
are generallynot retracts of program executions, just their subprocesses. The only retracts of program
executions are other program executions, sharing the same universality property. See Ch. 8 for more.
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7.6 Workout

7.6.1 Lossless simulations

Idea. A simulation is called lossless if it records the states thatit simulates. The idea is that the execution
trace should be something like:

a1 ; a2 ; a3 ; : : :

x0
a1=b1
7����! x1

a2=b2
7����! x2

a3=b3
7����! x3 � � �

dx0; Qx0e
a1=b1
7����! d x1; Qx1e

a2=b2
7����! d x2; Qx2e

a3=b3
7����! d x3; Qx3e � � �

(7.8)

Lossless programs can be re�ned to record all of the previousstates and acummulate the execution traces
as they go. They are processed inlosslessexecutions. A lossless program is obviously faithful, but it
may not be full.

Construction. Any programQ : X � P for a processq: X � A X � B is expanded into a lossless
one usingeQ : X � X � Pwith

eQ(x; x0) = dx; Qx0e and Qx = eQ(x; x) (7.9)

Given a program execution process
��		

: P � A P � B for general programsQ, the lossless versions
Q should be executed using the lossless simulator

�
j j
	

: P � A P� B satisfying

�
jQxj

	 .
a =

�
x;

��
Qx

		 . a
� �

jQxj
	 �

a =
��
Qx

		 � a (7.10)

Draw the programs as diagrams and prove that they work as required.

7.6.2 Program execution as a polymorphic operation

In Sec. 2.5.3, therun -instruction was presented as anX-natural family of surjections

C(X � A; B)
run AB

X

C� (X; P)

indexed over all pairs of typesA; B. For each pair, the family was induced by the program evaluator
in Fig. 2.13, naturally with respect to cartesian functionsin Fig. 2.14. The cartesian functions form the
categoryC� . In a similar way, the program executions induce a family of surjections

C(X � A; X � B)
exeAB

X

C� (X; P) (7.11)

whereC� (X; P) denotes the set of imperative programs over the state spaceX. The construction of the
execution operationsexeAB for all pairs of typesA; B is displayed in Fig. 7.10. Each of them ispoly-
morphic, in the sense that the outer rectangle commutes for all typesX and all imperative programs
� : X � P. It follows that for every pairA; B, the instructionexeAB is induced by the universal pro-
gram execution processexeAB

P (idP) = fj jg. However, while therun -instruction was natural with respect
to all cartesian functions, theexe-instruction is not natural with respect to the cartesian function extend-
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C(P� A; P� B) C(P� A; P� B) C� (P; P)

fj jg
�	

idP

(� X � B) � fj � jg �

C(X � A; X � B) C(X � A; P� B) C� (X; P)

(� X � B) � (� ) � (� � A)

(� ) � (� 1 � A)

(� ) � �

run A(PB)
P

exeAB
P

(� X � B) � (� ) � (� 1 � A) run A(PB)
X

exeAB
X

Figure 7.10: Program execution as a polymorphic surjectionof imperative programs

ing imperative programs. Explain why. Show that theexe-instruction is nevertheless induced by the
padded program executions from Workout 7.6.1.

7.7 Story

Universality from abstract to concrete. In this chapter, we closed the loop of universality. We
started the tour of computers as universal machines in Ch. 2 by de�ning computable functions as those
that are programmable over the universal type, representing the programming language in a monoidal
computer. From chapter to chapter, we derived more and more concrete programs. In the present chap-
ter, we showed that abstract programmability of computablefunctions implies concrete programmability
of computational processes. This descent from abstract program evaluations to concrete program exe-
cutions can be interpreted as an ascent from the Church-Turing Thesis to the corresponding Antithesis
sketched in Sec. 5.6.21. Church viewed computation as discharging the function applications charged
by function abstractions. Turing viewed computation as a process arising from the interactions of in-
ternal and external states, or short-term and long-term memories. He modeled the process performed
by human computers in o� ces, as a process performed by abstract machines. The Turingmachine can
be viewed as an interface between the internal statesof mindand the external statesof the world. E.g.,
to multiply integers, I store the multiplication tables andthe carryovers in my internal memory, write
the intermediary results in an external memory, and go back to read what I have written and add up the
intermediary results, again using internally stored tables and the carryovers, this time for addition, and
writing the �nal result externally. Turing mechanized suchstateful processes as sequences of operations

1The climb from the Church-Turing Thesis to the Church-Turing Antithesis is not a historic development but logical. His-
torically, Church's and Turing's models emerged at the sametime, in the year of con�uence [57]. It is a historic fact that
they developed independently (although Church was Turing's thesis advisor). It is a logical fact that Church's view evolved
into the extensional view of computation, embodied in domain theory and functional programming, whereas Turing's view
evolved into the intensional view, underlying complexity theories and stateful programming.
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of an abstract machine, using its internal states as short-term memory and external tapes as long-term
memory. The two are very di� erent. Short-term memory enables our awareness of self, whereas long-
term memory tells us how to go home, how to build another home,and who are our friends. The process
of jointly updating the internal and the external states wasspeci�ed as a list of instructions — a program.
Turing's crucial insight was that the programs, describingthe workings of particular machines, can be
executed as inputs of a universal machine, just like numberscan be added and multiplied as inputs of
particular machines. A universal machine can execute any process that any machine can execute. Yet he
found that a universal machine is not universal enough to decide its own Halting Problem, as we saw in
Sec. 5.3. This negative result was the main point of [176]. The positive result was that a couple of years
and a world war later, Turing's abstract machines crystallized into electronic computers, human comput-
ers evolved into programmers, and the world changed forever. But universality has many dimensions.
We return to it at the end.

Process calculi. A couple of decades of programming later, Turing's Halting Problem and the other
no-go theorems from Ch. 5, saying that no nontrivial properties of computations generally can be read
o� from their programs, grew into the practical problem that programmers often weren't sure what
exactly their programs meant, i.e. what they did. Computational behaviors turned out to be not just
undecidable in principle, but hard to comprehend in practice. The e� orts to solve this problem led to the
idea of mathematical semantics of computation [48, 158, 159]. Abstract machines re-emerged, this time
not as low-level models of computers but as high-level models of computations. Stateful computations.
State machines were previously used by Mealy to synthesize circuits [118] and by Moore to distinguish
externally observable computational behaviors from theirinternal implementations [124]. Robin Milner
reinterpreted them as computational processes [119]. In Milner's work, Moore's idea ofGedanken-
experiments, as a semantical link between observable behaviors and their implementations, became a
stepping stone into the vast area ofprocess calculias metalanguages of computation [77, 121, 122]. The
diagrams on the blackboard behind Milner in Fig. 7.13 represent processes in his calculus of bigraphs,
to which he arrived after some 30 years of work. The idea of simulations between processes, sketched
in Sec. 7.2, appeared at the beginning of that journey, in [120]. It arose from the insight that observable
computational behaviors do not boil down to computable functions but always include side-e� ects and
often involve state updates. In monoidal computers, the side-e� ects are what makes computable func-
tions monoidal: some of them diverge, some raise exceptions, others produce many di� erent outputs on
the same inputs, due to possible, probable, parametrized, non-deterministic aspects of computers and
their environments. Already Turing proved in [176] that there are always some computations that must
diverge. Milner added in [119] that the interactions of internal and external states imply there are always
other side-e� ects besides divergence.

Idea of simulation. A pair of processes implementing the same input-output mapping but causing
di� erent side-e� ects is displayed in Fig. 7.11. A similar example was the starting point of [120]. Jack
wakes up and proceeds towards the fridge to get an ice cream ora glass of juice. The only inputs that
Jack enters all say “keep going”, so we take the input type to be A � 1 and ignore it. We take the typeB
of desired outputs and the two state spacesX andY underlying the two di� erent processes implementing
Jack's quest to be:

B = ffridge; ice cream; juiceg X = fx0; x� ; xfj ; xi ; xjg Y = fy0; yf ; yi ; yjg

Consider the processesq: X X � B andr : Y Y � B, displayed in Fig. 7.11. In the processr, Jack
goes to the fridge and gets the ice cream or the juice, whichever he happens to �rst lay his hand on. In
the processq, Jack decides in advance whether he wants juice or ice cream,and the process branches
accordingly at the beginning. If the decision is to get ice cream but there is only juice in the fridge, then
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xi xj

x0

x� xfj

y0

yi yj

yf

ice cream juice ice cream juice

fridgefridgefridge

rq

Figure 7.11: Two processes of getting a juice or an ice cream from a fridge

the processq will deadlock after Jack reaches the fridge. Ditto the otherway around. The two processes
have the same input-output behavior, since two“Go!” -inputs lead to the same possible outputs

n
(fridge; ice cream); (fridge; juice)

o

The di� erence between the two process is thatr always terminates if there is either juice or ice cream
in the fridge, whereasq deadlocks if Jack's initial choice is not available in the fridge. Formally, this
di� erence is captured by the fact thatr can simulateq butq cannot simulater. The simulations: q r
is realized by the cartesian function

s: X � Y

xz� 7! yz

where z is f, i, or j, and� is empty or not. Wheneverq makes a stepx
z

7��! x0, r makes a stepsx
z

7��! sx0.

To see that there is no simulation in the opposite direction,note thatr starts withy0
fridge
7���! yf andq with

eitherx0
fridge
7���! x� or x0

fridge
7���! xfj . A simulation ofr by q should mapyf to eitherx� or xfj . In the �rst case,

q will be stuck whenever there is no ice cream, whereasr will proceed toyf
fridge
7���! yj . Sinceq is unable

to follow r's step, there is no simulation. Similarly in the second case, if yf is simulated byxfj .

Coalgebra. In categories, process are presented as coalgebras and simulations are captured as coalgebra
homomorphisms [3, 13, 86]. The underlying method ofcoinductionprovides a common ground for
impredicative reasoning about computational processes incomputer science and natural processes in
mathematical analysis [69, 141, 142, 146, 157].

Metaphysical troubles with simulations: the Cartesian dou bt. Simulation is a concept with deep
repercussions. Its consequences resonate through the foundations of modern science from their origin
in the work of René Descartes, looking on from Fig. 7.12. Descartes did not use a mathematical for-
malization of simulation like the one in Sec. 7.2 (mainly because the notion of formalization was yet
to be formalized), but he drew its fundamental logical consequences (and on the way invented some of
the main formats of mathematical formalizations). If di� erent processes can simulate each other and no
observations can distinguish them, then how can I know whichone I am observing? If mechanical toys
simulate animals, and all animal functions can be simulatedby causal mechanisms, then how can I be
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Figure 7.12: René Descartes Figure 7.13: Robin Milner

certain that I am not surrounded by mechanical simulations?This type of reasoning led tocartesian2

doubt, the driving force behind Descartes' investigations. It also updated the starting point of Aristotle's
metaphysics, the question“Why is there something, rather than nothing?”, and made it into the starting
point of modern science. Proceeding along this path, scienti�c methodologies strive to address doubts
about the reality of our observations and the soundness of our conclusions. Ever since Descartes, each
generation raised the doubt that we might be living in a simulation time and again, in their own styles
and languages, aware or unaware of Descartes' meditations about it [42]. The doubts whether reality
is real or simulated nowadays �ll the space from combinatorial physics through popular philosophy to
action movies. Descartes' own resolution of cartesian doubt was to authenticate reality by observing the
reality of the doubt itself:“Cogito, ergo sum”— “I am thinking, therefore I exist”. Even if all animals
around me are simulations, the simulations are in my mind, soat least my mind is really there. Or is it?
Turing raised the stakes by asking:“Can the mind be simulated?”

Descartes, Milner, Turing are not discussed together very often, probably for a good reason. But
their pursuits of the problems of simulation got entangled among computers. Milner formalized process
semantics and studied what is observable, how processes simulate each other, and how to tell them
apart. Turing speci�ed abstract computers by reconstructing what human computers do and when his
abstract computers became concrete as electronic computers, he wondered whether electronic computers
could simulate human computers and how to tell them apart. Descartes modeled natural processes as
mechanical processes, noticed that one could simulate the other, and wondered how to tell them apart.
The common thread of the three stories of simulation will lead us into the next and �nal chapter.

Observations are simulations. The notion of simulations: q r starts out from a simulating pro-
cessr and a simulated processq. Sincer makes the same steps asq, it observesq as its own subprocess.
If two processq0 andq00induce the same subprocessrq r, thenr cannot tell them apart, as shown
in Fig. 7.14. The processq0 andq00areobservationally indistinguishablefor r. Simulations convey to
the simulator what is observable and �lter out the irrelevant implementation details as unobservable.To
observe is to simulate internally.

2Cartesiuswas Descartes' name in Latin. The system of coordinates thathe used (though never explicitly de�ned) in his
geometry is therefore known as thecartesian coordinates. His philosophy is theCartesian philosophy, and his doubt is
theCartesian doubt. The word “cartesian” ceased to be capitalized in mathematics, as it is used very widely, as cartesian
coordinates led to cartesian products, which led to cartesian squares, cartesian liftings, at least two di� erent meanings of
cartesian categories, both di� erent from the cartesianmonoidalcategories, which also have at least two di� erent mean-
ings. . .
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Y � B

X0 � B Yq � B Y � A

X0 � A Yq � A

X00� B

X00� A

r

q0 rq

q00

Figure 7.14: Processesq0 andq00are indistinguishable for the observerr

A universal simulator is a universal observer. When a processq: X� A X� B, implemented by a
programQ: X � Pin the sense of Fig. 7.3, consumes inputsa1; a2; a3; : : :and produces a computation

x0
a1=b1
7����! x1

a2=b2
7����! x2

a3=b3
7����! x3 7���! � � �

where xi+1 = q.
xi

(ai ) and bi+1 = q�
xi

(ai), then this computation is observed by a universal simulator��		
: P� A P� B as the execution ofQ

Qx0
a1=b1
7����! Qx1

a2=b2
7����! Qx2

a3=b3
7����! Qx3 7���! � � �

whereQxi+1 =
��
Qxi

		 . ai andbi+1 =
��
Qxi

		 � ai . If two processes are indistinguishable for the universal
simulator, then they are indistinguishable for every simulator; if there is an observable distinction, the
universal simulator will observe it. By specifying what is observable, a universal simulator as a universal
observer determines a process semantics.

Universal simulations. When a universal process
��		

0 : P0 � A P0 � B simulates another universal
process

��		
1 : P1 � A P1 � B, all processes that

��		
0 observes are simulationsP1 � P0. Observer��		

0's world is simulated by the simulator
��		

1. Descartes'cogito says that there is still at least one
process that

��		
0 can observe directly:

��		
0 itself. The universal process

��		
0 observes itself through the

identity simulationP0 �id P0. However, the universality of
��		

1, as discovered by Turing and discussed
in Ch. 2, implies thatP0 is a retract ofP1 along

idP0 =
 
P0

iA = p� q� P1
qA = fg

P0

!

Even
��		

0's identity may be simulated by
��		

1. In the world of computers,“Cogito, ergo sum”may be
false. The thoughts that I am observing may be simulated. In the nextchapter, we show thatit does
not matter. Universal simulators may simulate each other, but they cannot deceive each other more than
each of them can deceive itself on its own.
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In this chapter we prove that any two programming languages that are universal in the same computable
universe must be isomorphic. The isomorphism preserves themeanings of their programs.

Theproviso is thatthe programming languages arewell-ordered. Real programming languages are
always well-ordered. It is natural to assume that they are well-ordered in monoidal computers. We
did not mention the well-ordeing until now only because noneof the basic constructions depended on
it. The meaning-preserving correspondence between the programs in di� erent programming languages
does depend on their well-ordering.

8.1 Program order

Digital computers run digital programs on digital data. Since the digits are well-ordered, all programs
and data in digital computers are well-ordered lexicographically, like words in a lexicon.

Abstract computers run abstract programs on abstract data.We reverse-programmed a lot of structure of
concrete digital computers using the abstract program evaluators underlying therun -instruction, with no
recourse to the program order. In this chapter we take the program order into account. The programming
language is still just therun -instruction with the “syntactic sugar” on top of it, but thefact that the
derived programs are well-ordered is a powerful new programming tool.

8.1.1 Well-order

Total order. An order relationon a typeA is presented as a decidable predicate (� ) : A � A � B
satisfying the �rst three conditions in

u � u u � v ^ v � w ) u � w u � v ^ u � v ) u = v u � v _ u � v (8.1)

wherex � y andy � x abbreviate (x � y) = > . The fourth condition in (8.1) makes (� ) into total order.
A diagrammatic version of (8.1) is in Fig. 8.1.

Bottom. The typeA is well-orderedwhen it is totally ordered and moreover every inhabited decidable
predicatep : A � B has the bottom, a minimal inhabitant

c
p : A. Formally, this is written

p , ? =) 9
c

p : p(
c

p) ^ 8 u: p(u) =)
c

p � u (8.2)

The diagrammatic version of (8.2) is in Fig. 8.2. It is slightly more general, in the sense that the predicate
p is parametrized in the formp : X � A � B, and a minimal inhabitant is assigned for everyx: X alongc

p : X � A. For simplicity, this parametrization is elided from (8.2).1.

Inhabited (or nonempty) predicates. Theempty predicateis the constant

? A =
 
A �(�

I �? B
!

A decidable predicatep : A � B is thusnonempty, or inhabited, when there isp(u) = > , in which
caseu is called aninhabitant of p. Note that the decidability of the truth valuep(a) for a particular

1The tacit assumption that di� erent variables do not interfere with each another makes every axiom instance tacitly parametric
[138].



20
23

03
34

(� ) (� )

^

B

= >

B

(� ) (� )

B

=

B

_

(
?
=)

(� (�

� �

�

��

�
�

�

��

�
�

(� )
�

(� ) (� )

�̂

��

�

=
>

B

(� (�

�

(� )
�

� �

>
�

(�

�

B

>

B

(�

�
=

B

Figure 8.1: Diagrammatic version of (8.1): the total order axioms for (� )

a: A does not entail the decidability ofp(u) for all u : A. It may be undecidable whether a decidable
predicate is inhabited or empty.If the emptiness ofp is undecidable, the existence of its bottom

c
p may

be undecidable even ifp itself is decidable.

Finite in�ma. When it does exist, the bottom
c

p is obviously the greatest lower bound, or in�mum
with respect to (� ) of the elements satisfyongp. The �nite in�ma can be computed in the form

u f v = ifte (u � v; u; v) (8.3)

The operation
c

extends to all inhabited decidable predicatesp, and can be construed as an instance of
search or minimization from Sec. 4.4.1. The in�mum

c
p is then written� x: p(x).
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�
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Figure 8.2:9a: p(x; a) =)
�
p
�
x;

c
p(x)

�
^ 8 a: p(x; a) =)

c
p(x) � a

�

8.1.2 Consequences of well-order

The bottom
c

=
c

> : A is the in�mum of the identically true predicate

> A =
 
A �(�

I �> B
!

Descending sequences are �nite. In a computable universe, a descending sequence is conveniently
viewed as a cartesian functions : A � A wheres(x) � x. The claim is that any sequence down a
well-order must stabilize after �nitely many steps. Writing si = si(a) for somea : A andi = 0; 1; 2; : : :,
the formal claim is:

s0 � s1 � s2 � � � � � si � � � � =) 9 n 8k: sn+k = sn (8.4)

This claim is a special case of (8.2) or Fig. 8.2, whereX is instantiated toN, the predicateps : A � B
is ps(a) = bps(0; a) and the predicatebps : N � A � B is

bps(n; a) = ifte
�
sn

?
= a; > ;

ifte
�
sn � a _ sn

?
= sn+1 ; ? ; bps(n + 1; a)

� �
(8.5)

A computation ofps thus descends down the sequences0 � s1 � s2 � : : :, compares its entries witha,
returns> if sn = a, ? if sn � a (becausesn+k � sn � a for all k) or if sn � a but sn+1 = sn (because
sn+k = sn � a for all k). Thusps(a) is true if and only ifa = sn for somen. Axiom (8.2) now says
that there

c
ps

= sn for somen and
c

ps
� sm for all otherm : N. It follows that sn+k =

c
ps

for all k.
Simplifying the notation from

c
ps

to
c

[s], (8.4) boils down to

s0 � s1 � s2 � � � � �
c

[s] = s
�c

[s]
�

(8.6)

Decidable Axiom of Choice: Monotone unbounded cartesian su rjections split. With all decid-
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able types well-ordered, the functions can be restricted tothemonotoneones, i.e. wherex � y implies
f (x) � f (y). A function f : A B is alsounboundedif for everyb : B there isa : A such thatb � f (a).
Any function f : A B induces a predicatep f : B � A B de�ned

p f (b; a) = (b � f (a)) (8.7)

When f : A � B is cartesian, thenp f : B � A � B is decidable. Whenf is unbounded, then
p f (b; � ) : A � B is nonempty for everyb. De�ning f � : B � A to be

f � (b) =
c

p f
(b) (8.8)

induces the correspondence

f � (b) � a () b � f (a) (8.9)

which makesf � into theleft adjoint of f with respect to the order. It is not hard to work out that the

functions
 �
f =

 
A �

f
B �

f �

A
!

and
�!
f =

 
B �

f �

A �
f

B
!

are idempotent, i.e.closure operators

with respect to the order. Per Sec. 2.3.2, splitting these idempotents determines thef -closed subtypes

A
 �
f of A andB

�!
f of B

A
 �
f =

�
x : A j x =

 �
f (x)

�
B

�!
f =

�
y : B j

�!
f (y) = y

�
(8.10)

Clearly A
 �
f = A holds precisely whenf is injective andB

�!
f = B when it is surjective. The monotone

unbounded injections and the surjections between well-orders always split.2 The former is an easy
consequence of the unboundness of the function and the well-ordering of its range. The latter is the
well-ordered version of the Axiom of Choice. In return, the Axiom of Choice allows well-ordering any

set and splitting any surjection. Restrictingf to A
 �
f along the splitting of

 �
f lands intoB

�!
f and reduces

it to a type isomorphism.
A

A
 �
f

B
�!
f

B

q
 �
f

�

f

�

�

i �
f

i�!
f

q
�!
f

(8.11)

The inverse of the restriction off from A to A
 �
f is the restriction off � from B to B

�!
f . The typeB

�!
f is

thus the range off , in the sense

9x: A: b = f (x) () b: B
�!
f () b = f

�
f � (b)

�
(8.12)

2Cantor seems to have derived this from his principle that allsets can be well-ordered, as suggested in [131, letter to Dedekind
of 5 November 1882]. But the issue of well-ordering the realsgot intermingled with the issue of how many real numbers
are there, which attracted the well-known violent attacks from Kronecker and others. So Cantor is circumspective and itis
di� cult to be certain what he is saying. Later he even tried to derive the Well-Ordering Principle from other axioms [22,
III.4. Nr. 5 (Über unendliche lineare Punktmannigfaltigkeiten)]. In the end, his Well-Ordering Principle got replaced with
Zermelo's Axiom of Choice [117].
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The left adjointf � : B � A is thus a splitting (left inverse) off : A � B if and only if f is surjective.

Otherwise it points to the least inverse images ofb in the rangeB
�!
f of f and maps the elements that are

out of the range off to the inverse images of their closest approximations from above that do lie in the
range. In general, the Axiom of Choice is valid precisely when every surjection has a splitting, a choice
function. Since surjections are obviously unbounded for any order that may be around, it follows that
the Axiom of Choice is valid for the monotone functions in anycomputable universe with well-ordered
programs. See Sec. 7.7 for further comments.

8.1.3 What if P is well-ordered?

Then every decidable type is well-ordered. It was established in Sec. 2.3.1 that any typeA corre-
sponds to an idempotent� A : P P, in the sense that the elementsx : A correspond to the programs
x = � A(x). Any order onP thus induces a relation

(x
A
� y) () � A(x) � � A(y) (8.13)

This relation is decidable when� A is cartesian. This is when the typeA is called decidable, since its
characteristic predicate

� A : P B (8.14)

x 7!
�
x

?
= � A(x)

�
(8.15)

is then decidable.3 In general, any order onP induces orders on all types in a compuable universe, but
that order can only be decidable on decidable types.

Monotone programming. We saw in Sec. 2.6.1 that any given computable function is encoded by
in�nitely many programs (unless> = ? ). Since any decreasing sequence of well-ordered programs
is �nite, for any computable function there must be an in�nite increasingsequence of programs that
encode it. That sequence cannot be bounded, since the descending sequences below any bound would
be �nite. For any computationf : A B and any boundb : Pthere must therefore always be a program
F � b such thatfFg= f . If this requirement is writtenfF� bg= f , then the programmability requirement
in (2.2) becomes

8g 2 C(X � A; B) 8` 2 C� (X; P) 9G 2 C� (X; P):
n
G� `

o
= g (8.16)

In the presence of well-ordering, this re�nement of (2.2) isderivable by adapting standard well-ordering
arguments. However, since they are neither succinct nor speci�c to the present framework, we omit
them and simply strengthen (2.2) by (8.16). The sense in which this strengthening is conservative is
immaterial for the present goals. The fact the real programming languages are well-ordered assures
consistency. In the context of the partial evaluators (2.3–2.4), amounts to monotonicity:

[G] x � G [G] x � x (8.17)

The other basic program constructors can therefore also be chosen to be monotone for all programs

3There are typesA where� A is decidable although� A is not cartesian. They are not on the path of the present narrative.
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p; q: P

p; q � (p; q) ; (p k q) ; dp; qe (8.18)

8.2 Program-closed categories

A program-closed categoryis a monoidal computerC whose programming languageP is well-ordered.
Unfolding the de�nition from Sec. 2.5.1 and removing the redundancies, the program-closed structure
of a categoryC boils down to

a) a data serviceA � A �� A �(�

I on every typeA, as described in Sec. 1.2,

b') a distinguished typePof programswith decidable well-order(� ) : P � P � B, and

c”) program evaluators or equivalently the induced program executionsfj�jg : P � A P � B for all
typesA; B, as described in Ch. 7.

Examples. It was explained in Sec. 2.5.1 that any Turing-complete programming languageP induces
a monoidal computer. It induces a program-complete category as soon as it is well-ordered. All of the
programming languages based on numerically represented alphabets are well-ordered lexicographically.
The only languages where the well-ordering is not automatic, but needs to be explicitly speci�ed, are
the natively diagrammatic languages.

8.3 Programming languages are isomorphic

8.3.1 The Isomorphism Theorem

Any two programming languages in a program-closed categoryare isomorphic. More precisely, for
any pair of programming languagesP0 andP1 with program executionsfj jg0 : P0 � A P0 � B and
fj jg1 : P1 � A P1 � B for all typesA; B there are functions� : P0 � P1 and� : P1 � P0 such that
for all programsx: P0 andy: P1

� � � (x) = x � � � (y) = y fjxjg0 = fj� (x)jg1 fj� (y)jg0 = fjyjg1 (8.19)

8.3.2 Simulations between programming languages

According to the Fundamental Theorem of Stateful Computation in Sec. 7.4, any programming language
is a universal state space, and its program evaluators are universal simulators. It follows that any two
programming languagesP0 andP1 simulate each other. This means that for any pair of typesA; B there
are simulations#0 : P1 � P0 and #1 : P0 � P1 as in Fig. 8.3. These simulations preserve the
extensional meaning of programs, in the sense thatfjxjg0 = fj#01xjg1 andfj#10yjg0 = fjyjg1, as required in
(8.19). But this is just the second half of (8.19). There is noreason why#01 and#10 should satisfy the
�rst half, to form an isomorphism. Each of them could map manyextensionally equivalent programs
from its domain to the same program in its range, and they neednot use all of the programs from the
extensional equivalence classes in their ranges. The simulations given by the Fundamental Theorem of
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=

P1

B

#10

P0

A

=fjyjg�1 a fj#10yjg�0 a

�

#10(fjyjg.1a) fj#10yjg.0a=

fjjg1

P1

B

#10

P0

�

P1

A

fjjg0

P0

=

P0

B

#01

P1

A

=fjxjg�0a fj#01xjg�1 a

�

#01(fjxjg.
0a) fj#01xjg.1a=

fjjg0

P0

B

#01

P1

�

P0

A

fjjg1

P1

Figure 8.3: Programming languages simulate each other

Stateful Computation thus preserve the denotational semantics and extensional meanings of programs,
but may fail to preserve the operational semantics and intensional meaning.4 The composite simulations

#00 =
 
P0 �

#01 P1 �
#10 P0

!
#11 =

 
P1 �

#10 P0 �
#01 P1

!
(8.20)

reinterpret each of the languages in itself without changing the program denotations, but may modify
their operational behaviors. However, we have seen in Sec. 7.5 that thepaddedexecutions simulate
processes as subprocesses of universal simulators. There are thus imperative programse#01 : P0 � P1

ande#10 : P1 � P0 that embed the languagesP0 andP1 into each other and make the program exe-
cution processesfj jg0 : P0 � A P0 � B andfj jg1 : P1 � A P1 � B into each other's subprocesses.
The idea is now to extract an isomorphism from two embeddings using a constructive version of the
Cantor-Bernstein constructions [74, 161]. It will be basedon the well-ordering of both types, and the
monotonicity of their simulations. If the construction of full and faithful simulations in Sec. 7.5 looks
complicated, note that the same idea can be also realized using thelosslesssimulations

b#01x = dx; #01xe b#10y = dy; #10ye (8.21)

derived from any given pair of simulations both ways:

#01 : P0 � P1

b#01 : P0 � P1

#10 : P1 � P0

b#10 : P1 � P0

and executed using the execution processes from Workout 7.6.1. Whether they areimperative or loss-
less, any pair of monotone, meaning-preserving embeddings and their compositionswill do. We write

4For this reason, process calculi do not identify process along pairs of simulations both ways, but only alongbisimulations,
where a single relation provides simulations both ways.
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either of them in the form

P0 P1
�

#00 �
#01

�

#11

� #10

(8.22)

where

#00 =
 
P0 �

#01 P1 �
#10 P0

!
#11 =

 
P1 �

#10 P0 �
#01 P1

!
(8.23)

All simulations preserve the meaning of programs by de�nition. The monotonicity and the injectiveness

x � #i j x x � y =) #i j x � #i j y #i j x = #i j y =) x = y (8.24)

are achieved through monotone programming (Sec. 8.1) of imperative or lossless simulations (Ch. 7).

8.3.3 The isomorphism construction

We prove the Isomorphism Theorem using the embeddings from (8.22) satisfying (8.23) to extract an
isomorphism

P0 P1
�

id �
�
�

�

id

� �

(8.25)

satisfying (8.19). The approach is similar to some of the proofs of theCantor-Bernstein Theorem, which
asserts that there is a bijection between two sets whenever there are injections both ways [74]. The dif-
ference is that the set-theoretic arguments prove that the existence of the injections implies the existence
of a bijection, whereas here the task is to construct actual programs for the invertible computations�
and� from some given programs for lossless or imperative computations #01 and#10. The idea is to
recognize the “invertible components” of#01 and#10 and to assemble� and� from these components.
The components can be recognized asorbits of elements ofP0 andP1 along#01 and#10.

Orbits. For all x: P0 andy: P1 and#00 and#11 from (8.23), the sequences

x � #00x � #
2
00x � #

3
00x � � � � y � #11y � #

2
11y � #

3
11y � � � � (8.26)

induce the equivalence relations

(u i� v) () 9 n: u = #
n
ii v _ #

n
ii u = v (8.27)

Pi for i = 0; 1. The (i� )-equivalence classes are calledorbits. We denote by [u](i) the orbit ofu: Pi.

Orbit bottom. Since#01 and#10 are by (8.24) strictly increasing and monotone, every orbitascends
in�nitely, but in a well-order it can descend only �nitely. While it ascends by reapplying#00 or #11, it
descends by#

�
00 and#

�
11 constructed in (8.9). The de�ning property�

�
ii u � v () u � � ii v implies that

�
�
ii is nonincreasing if and only if� ii is nondecreasing. Since� ii are also injective, it is easy to show that
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v = #ii u implies#
�
ii v = u. Whenv is not in the image of#ii , thenv � #ii #

�
ii v. Using (8.3) to de�ne

x0 = x xn+1 =
�
#

�
00xn f xn

�

y0 = x yn+1 =
�
#

�
11yn f yn

� (8.28)

yields the nonincreasing sequences

x0 � x1 � x2 � x3 � � � � y0 � y1 � y2 � y3 � � � � (8.29)

like (8.4). According to Sec. 8.1.2, such sequences stabilize after �nitely many steps. Each of the
sequences in (8.29) thus reaches its least element after a �nite count, and they are in the form

x � x1 � x2 � x3 � � � � �
c

[x]0 y � y1 � y2 � y3 � � � � �
c �

y
�1 (8.30)

where
c

[u] i combines the notation of (8.6) and the fact that
c

[u] i is the in�mum of the orbit [u] i .
Putting (8.26) and (8.30) together and unfolding the de�nitions of xi andyi in (8.28) we get the general
form of the orbits:

[x]0 =
c

[x]0 � � � � � #2
00x � #00x � x � #00x � #

2
00x � � � �

[y]1 =
c �

y
�1 � � � � � #2

11y � #11y � y � #11y � #
2
11y � � � �

(8.31)

where#00: P0 P0 and#11: P1 P1 are the partial inverses of#00 and#11 de�ned by

#i j (pi) = ifte
�
pi

?
= #i j

�
#

�
i j (pi)

�
; #

�
i j (pi) ; (

�
=

8
>><
>>:
#

�
i j (pi) if pi = #i j

�
#

�
i j (pi)

�

( otherwise
(8.32)

The indices arei; j 2 f0; 1gand#
�
i j is from (8.8).

Alternating orbits. The simulations#01 and #10 establish a bijective correspondence between the
P0-orbits and theP1-orbits:

P0 x #10#01x #10#01#10#01x � � �

P1 #01x #01#10#01x #01#10#01#10#01x � � �

P0 #10y #10#01#10y #10#01#10#01#10y � � �

P1 y #01#10y #01#10#01#10y � � �

�

#01

� � �

�

#10

� �

�

#01

� �

�

#10

� � �

(8.33)
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Formally, the displayed orbits are

[x]0 = #10[#01x]1 [#01y]0 = #01[#10y]1

[#01x]1 = #01[x]0 [y]1 = #10[#01y]0

Their disjoint unions

[x] = [x]0 + [#01x]1 [y] = [#10y]0 + [y]1 (8.34)

ordered as in (8.33) are thealternating (P0 + P1)-orbits of x and y. Note that an alternating orbit is
completely determined by any of its elements.

Alternating orbit bottom. Going backwards along#01 and#10, i.e. descending down#01 and#10 as
far as possible, the alternating orbits look like this:

P0
c

[x] #10#01
c

[x] � � � #01#10x x

P1 #01
c

[x] � � � #10#01#10x #10x

P0 #10
c �

y
�

� � � #01#10#01y #01y

P1
c �

y
�

#01#10
c �

y
�

� � � #10#01y y

�

#01

� � � �

�

#10

� � �

�

#01

� � �

�

#10

� � � �

(8.35)

How do we know that they look like this? First of all, an alternating orbit must have a bottom, since
a chain descending in�nitely through the disjoint unionP0 + P1 would contain an in�nite descending
chain inP0 or P1, which is impossible because they are well-ordered. So an alternating orbit must have
a bottomu: P0 or v: P1. Theclaim is thatu is the bottom of the alternating orbit if and only if it is the
bottom of theP0-part and not in the image of#10; and similarly forv.

To prove the claim, consider two arbitrary elementsx: P0 andy: P1 of the same orbit [x] = [x]0 + [y]1 =
[y]. The�rst subclaim is that

ˆ the bottom of[x] = [y] is eitheru =
c

[x]0 or v =
c �

y
�1.

Otherwise, ifu: P0 is the bottom of [x] = [y] but u ,
c

[x]0, then #01#10u � u exists inP0 and

#01#10u
#01
7! #10u

#10
7! u extends the orbit [x] = [y] below u, which contradicts the assumption thatu is

its bottom. Else ifv: P1 is the bottom of [x] = [y] but v ,
c �

y
�1, the same reasoning extends the orbit

belowv and leads to contradiction. Thesecond subclaimis that

ˆ if the bottom of[x] = [y] is
c

[x]0, then
c �

y
�1 = #01

c
[x]0, and

ˆ if the bottom of[x] = [y] is
c �

y
�1, then

c
[x]0 = #10

c �
y
�1.
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Otherwise, if
c

[x]0 is the bottom andv = #01
c

[x]0 but v ,
c �

y
�1, then#10#01v � v exists inP1 and

#10#01v
#10
7! #01v =

c
[x]0 extends the orbit below

c
[x]0, which is absurd. If

c �
y
�1 is the bottom but

#10
c �

y
�1 ,

c
[x]0, the analogous extension,mutatis mutandis, also leads to contradiction.

Assembling isomorphism from alternating orbits. Since every program fromP0 or P1 has a unique
alternating orbit and the orbits are disjoint, they partition P0 + P1. The isomorphism will be de�ned
by assembling the bijections within each part of this partition. Within each alternating orbit [x] =
[x]0 + [y]1 = [y], there is a bijection between [x]0 and [y]1 realized by#10 or #01. Since the bottom of
the alternating orbit does not lie in the range of either#01 or #10 (or else it could be extended further
down), the bijection must be realized

ˆ by #01 if the bottom is
c

[x]0 and

ˆ by #10 if the bottom is
c �

y
�1.

The idea of the assembly is to establish the isomorphism along the thick arrows of(8.35). Remem-
bering that the second claim above implies that

c
[x]0 is not the bottom of [x] = [y] if and only ifc

[x]0 = #10
c �

y
�1, for anyy from the correspondingP1-orbit, and similarly for

c �
y
�1, we de�ne the

testing predicates� 0 : P0 � B and� 1 : P1 � B by

� 0(x) =
 
c

[x]0 ?
= #10

c h
#01x

i1
!

� 1(y) =
 
c �

y
�1 ?

= #01
c h

#10y
i0

!
(8.36)

The exclusive disjunction of
c

[x]0 = #10
c �

y
�1 and

c �
y
�1 = #01

c
[x]0 from the second subclaim above

now gives
� 0(x) () : � 1(#01x) � 1(y) () : � 0(#10y)

These equivalences assure that the functions� : P0 � P1 and� : P1 � P0 speci�ed by

� (x) =

8
>><
>>:
#10x if � 0(x)

#01x otherwise

9
>>=
>>; � (y) =

8
>><
>>:
#01y if � 1(y)

#10y otherwise

9
>>=
>>; (8.37)

are each other's inverse. Since#10 and#01 are simulations and� 0 and� 1 are decidable,� and� also
preserve the meanings of programs. (8.19) is satis�ed and the theorem is proved.

8.4 Upshot: the closures

The upshot of this chapter is that a monoidal category with data services may be program-closed in at
most one way. If universe is computable, in the sense that allof its functions are programmable, then its
programming language is unique up to isomorphism: any program can be computably translated from
any language to any other language, where the evaluations are preserved and the executions simulated.
Computability is an intrinsic propertyof the universe, not an external structure.

If you have been writing lots of very di� erent programs in very di� erent languages, the claim that
program can be e� ectively and faithfully translated between languages may be hard to digest. If you
have been studying di� erent models of computation and remember some of the convoluted translations
in support of the Church-Turing thesis, believing that eachof them can be replaced by an isomorphism
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may be even harder.What is going on?Let us take a closer look.

Structures vs properties. Let us �rst clarify what it means that computability is a property, not
structure.

There are many ways to well-order and count the elements of a set. But any such well-ordering can
be transformed into any other by a permutation of the underlying set, and counting its elements always
outputs the same number. The size of a set is itsintrinsic property.

There are even more ways topartially order a set and the outcomes are generallynot isomorphic. That is
why a partial ordering is anexternal structurethat needs to be explicitly speci�ed, since the underlying
set does not determine it. On the other hand, a given partial order uniquely determines the in�ma and
the suprema, if they exist. Completeness under in�ma and suprema is therefore anintrinsic propertyof
a partial order. The same holds for categories, where in�ma and suprema become limits and colimits.
If they exist, they are determined by the underlying category, up to isomorphism, and completeness
under limits and colimits is therefore anintrinsic propertyof the category again. Cartesian products, as
a special case of limits, are also determined by the underlying category and do not need to be speci�ed
separately. As explained in Sections 1.2 and 1.4, a categoryis cartesian if any pair of arrows into a pair
of types is representable as a single arrow into a single type, which is then their cartesian product. This

C� (X; A)
�

C� (X; B)
C� (X; A� B)

a;b 7! ha;bi

� Ah;� Bh 7! h

Figure 8.4: Pairs of cartesian functions are representableby functions into cartesian products

representability, displayed in Fig. 8.4, makes the category cartesian. If there are two representing types,
they must be isomorphic. Being cartesian is anintrinsic propertyof a category.

Monoidal products, on the other hand, are anexternal structurethat needs to be explicitly speci�ed,
since a category may be monoidal in many di� erent ways. . .

8.4.1 Cartesian closure

A category isC cartesian if and only if it has data services and all of its morphisms are cartesian
with respect to these services, in the sense of Sec. 1.4, so that C� = C. The category is moreover
cartesian-closedif the arguments of any multi-argument function can be separated and each of them
can be evaluated on its own. In monoidal computers and program-closed categories, this is done by
partial evaluators, as explained in Sec. 2.2.2. In cartesian-closed categories, this is done by the abstrac-
tion operation, as mentioned in Sec. 1.7.3.1 and displayed in Fig. 8.5. This is a categorical view of
Church's� -abstraction discussed in Sec. 4.6.1. A multi-argument function g: X � A � B on the left

is abstracted to� a:g =
 
X �

�
(X � A)A �

gA

BA

!
on the right, and can be recovered from it by the

application operation going left. Like in Fig. 8.4, the two operations in two directions form a family
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C� (X� A; B) C� (X; BA)

g 7! gA� �

" � ( f � A) 7! f

Figure 8.5: Cartesian closure

of A; B-indexedX-natural bijective correspondences. This representability of multi-argument functions
into B by single-argument functions intoexponentslike BA is what makes the cartesian categoryC�

closed. See Sec. 1.7.3.2 for the logical interpretation of the exponents as generalized implications.
Since the exponents are unique up to isomorphism (as checkedin Ex. 1.6(j)), being cartesian-closed is
anintrinsic propertyagain. Now we get to the point.

8.4.2 Program closure

The monoidal computer structure, as presented in Sec. 2.5.3, amounts anA; B-indexed family ofX-
natural surjections, as displayed in Fig. 8.6. While the twosides of Fig. 8.5 determine each other along

C(X � A; B) C� (X; P)

run X

Figure 8.6: Program closure

the bijection between them, here we only have a surjection one way. Saying that this structure is unique
means that the functions on the left, if they are computable,determine their inverse images along the
run -instruction. — How do they do that?

In computational terms, the answer lies in thepolymorphism of therun -instruction. In categorical terms,
the same answer goes under the name ofnaturality.

Suppose we have two program closure structuresrun 0 andrun 1, like in Fig. 8.7. Instantiate the typeX
to P0 �rst. Going forward along

run 0
P0

: C� (P0; P0) C(P0 � A; B)

id 7!
�	

0

and back along the surjection

run 1
P0

: C� (P0; P1) C(P0 � A; B)

� 01 7!
�	

0
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C(X � A; B)

C� (X; P0)

C� (X; P1)

run 0
X

run 1
X

#01 � (� )#10 � (� )

Figure 8.7: Program closures embed into each other

we get� 01: P0 � P1 which by naturality gives

run 0
X(F0) = run 1 (� 01 � F0)

for all F0 2 C� (X; P0). Switching 0 and 1, instantiatingX toP1, and repeating the same gives� 10: P1 � P0

with

run 1
X(F1) = run 0 (� 10 � F1)

for all F1 2 C� (X; P1). Naturality and surjectiveness of the monoidal computer structure (i.e. the poly-
morphism of therun -instructions and the programmability of all functions) guarantee that there are
meaning-preserving program transformations� 01 and � 10 between any two programming languages.
The situation isalmostlike Fig. 8.7 — but not quite. The program transformations� 01 and� 10 may not
be injective or related with each other in any way. To get injective program transformations like#01

and#10 in Fig. 8.7 and (8.22), we had to switch from functions to processes spent Ch. 7 on developing
program executions as process simulations. Hence theinjections#01 and#10 in Fig. 8.7.

Using the two semantics-preserving injections between thesets of programs in two languages, we could
now extract a bijection by applying the usual set-theoreticCantor-Bernstein Theorem. Since the injec-
tions commute with therun -instructions, they are �berwise: everyrun 0-inverse image of a function is
mapped to therun 1-inverse image of the same function, and vice versa. The bijections will thus also
be �berwise, and putting them together will give a bijectionwhich commutes with therun -instructions.
This provides a simple and succinct explanation of the bijective simantics-preserving translation be-
tween the programs in any two languages, based on basic set theory. The Cantor-Bernstein Theorem
implies that all programming languages are isomorphic.

One issue is that the set-theoretic approach only proves that a bijection exists but does not tell what it is.
Since the bijection is natural, this approach even proves existence of programs for the bijection, yet the
in�nitary aspects of the construction preclude �nding them.
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Another issue is that the set-theoretic Cantor-Bernstein constructions assume (and imply [55]) the boolean
complements. In the case at hand, the assumption is that the complements of certain extensional pred-
icates are decidable. This directly contradicts Rice's Theorem from Sec. 5.4. This is where the well-
ordering of programming languages became essential.The e� ective construction of a bijection from the
e� ective constructions of injections in Fig. 8.7 was based on it. There are many programs for every
computable functionand every computational process, and they can be programmed in many languages,
but they all compute the same things in the same way and can be translated to each other faithfully
and invertibly. There is no Tower of Babel but all languages are manifestations of the same capability
of speech. There are many programming languages but all are manifestations of the same property of
computability.

8.5 Workout

8.5.1 Exercises

a. Draw programs as diagrams for the in�ma in (8.3) and for thesuprema with respect to the same order.

b. Draw program (8.5) as diagram.

c. Prove that every decidable type is well-ordered as soon asP is.

d. Recall from Sec. 2.3.1 that any computable typeA corresponds to a computable idempotent� A :
P P such thatx = � A(x) just for x : A. Prove that� A is cartesian if and only if the characteristic

predicate� A : P B is decidable, where� A(x) =
�
x

?
= � A(x)

�
.

e. Given a monotone unbounded cartesian functionf : A � B and f � : B � A de�ned by (8.8),
verify that

i) f � � f (x) � x andy � f � f � (y) hold for all x: A andy: B;

ii)
 �
f =

 
A �

f
B �

f �

A
!

and
�!
f =

 
B �

f �

A �
f

B
!

are idempotent;

iii) the splittingsAf of
 �
f andBf of

�!
f are isomorphic;

iv) there isx: A such thatf (x) = y if and only if f � f � (y) = y, i.e. y: Bf .

f. Verify that the isomorphism constructed in Sec. 8.3 preserves the program executions, i.e. that both
of its componenets are simulations.

g. Given a programming languageP with program execution machinesfj jg: P � A P � B, show
that P2 = P � P is also a programming language, with the program execution machinesfj jg2 : P2 �
A P2 � B de�ned

fjF0; F1jg2 = fjF1jg (8.38)

Use the Isomorphism Theorem to conclude that every program-closed category supports an isomor-
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phism

P� P �
d� ; �e

�

� hb�c0; b�c1i

P (8.39)

satisfying
bdx; yec0 = x bdx; yec1 = y dbzc0; bzc1e= z (8.40)

While the operations de�ned in Sec. 2.3.3 for all monoidal computers satis�ed the �rst two equations,
making the pairing injective, they did not satisfy the thirdone, making it surjective. Program-closed
categories support all three.

8.5.2 Application: Associative pairing monoid oracle

Given a surjective pairing (8.39) satisfying (8.40), it would be nice to re�ne it to also satisfy the monoid
equations

ddp; qe; re= dp; dq; ree df ; pe= p = dp; f e (8.41)

say on another programming languageP � P. Then we could de�ne the tupling operationsd�en : P
n

� P
for all �nite arities n by

dp1; p2; : : : ;pne =

8
>>>>>><
>>>>>>:

f if n = 0

dp1dp2d� � � dpn; f

n layers
z  }|   {
ee � � � ee if n > 0

(8.42)

and they would satisfy

ddp1; : : : ;pmem; dpm+1; : : : ;pm+nene = dp1; : : : ;pm+nem+n d: : : ;f ; : : :en+1 = d: : : ; : : :en

The empty tuple would be represented by the minimal programf , discussed in Sec. 8.1. Equations
(8.41) mean that the following diagrams commute

P� P� P P� P

P

P� P P

d� ; �e � id

id � d� ; �e

d� ; �e

d� ; �e

f � id

id � f

(8.43)

making (P; d� ; �e ; f ) into a monoid. One idea is to takeP to comprise of (the programs of) thepairing-
functionsp: P P, de�ned by the pairingp(x) = dp; xefor somep: P, and to de�nedp; qe= p� q. Re-
alizing this idea in a program-closed category will lead us to an example of an interesting phenomenon:
theoracles.

a. Use the monotone increasing unbounded cartesian functions dp; �e ; d� ; pe: P � P induced by the
surjective pairing, and the well-order ofP, to show that the minimal programf satis�esdf ; ye= y =
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dy; f efor everyy: P.

b. Construct an invertible function� : P P such that

� (ddx; ye; ze) = dx; dy; zee (8.44)

c. De�ne the set of pairing functions together with the witnesses of their pairing property as follows:

P =
n
f; � : P � P j f dp; qe= � df (p); qe

o
(8.45)

Prove the following statements.

i) P is a submonoid of the monoid (P; � ; idP) from Sec. 2.6.3.2;

ii) There is a retraction

C� (I ; P)
(� )

(� )
P (8.46)

such thathf; � i = hg; � i if and only if there is an invertible function
 : P � P such that
f = 
 � g.

iii) Show that functiond� ; �e : P � P P de�ned bydp; qe= p � q, with p � q � dp; qe, satis�es
(8.41) and is therefore a tupling monoid.

8.6 Story

8.6.1 Prehistory of well-order

The story of well-order, like the story of types in Sec. 1.7.1, begins with Cantor'sorder types[19]. As
equivalence classes of ordered sets up to isomorphism, order types anticipated one of the tenets of the
categorical approach, but Cantor's contemporaries brushed it aside. The assumption that all sets can be
well-ordered anticipated one of the tenets of programming,but Cantor himself avoided that assumption
wherever possible. Why was that?

Mathematics begins with counting. Counting the elements ofa set imposes a well-order on it. Cantor
developed the theory of counting past in�nity. The well-order played a central role in his work. But
the idea of counting and well-ordering past in�nity takes getting used to. The well-order obtained by
counting the reals clashes against the intuition of the continuous order of the real line. Cantor's notable
contemporaries thought that the idea of well-ordering the reals was preposterous. For Kronecker and
Poincaré, such ideas were a youth-corrupting mathematical malady [39]. Cantor tried to compromise
with the powerful critics by concealing and marginalizing in his publications some of his central ideas.

The task of extracting a bijection out of two injections arises from the claim that all numbers, �nite and
trans�nite, are linearly ordered. If a setP0 is not larger thanP1 andP1 is not larger thanP0, then they
should have the same number of elements. We say thatP0 is not larger thanP1 when there is an injection
� 01: P0 P1; and thatP1 is not larger thanP0 when there is an injection� 10: P1 P0. We say that
P0 andP1 have the same number of elements when there is a bijection� : P0 � P1 : � . What we now
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call the Cantor-Bernstein Theorem says that the bijectionkappaexists whenever the injections� 0 and
� 1 exist. WhenP0 andP1 are well-ordered and the injections� 0 and� 1 are monotone, then a bijection
� can be actually constructed, like in Sec. 8.3. The bijectionis as e� ective as the injections and the
well-orders from which it is constructed. Cantor was aware of some such well-ordered construction. He
claims it in his letters to Dedekind [131] indirectly but repeatedly. Yet he followed Dedekind's advice
and worked hard and long to build the bijection from the injectionswithout the well-order assumption.
We now know that being able to extract a bijection from two injections between unordered sets implies
that all predicates are decidable5. It canonly be constructed or programmed if the sets are well-ordered.
Cantor didn't know that, and kept trying. To avoid the well-order, he developed nonconstructive, error-
prone arguments, and never published a proof. Dedekind published in his famous monograph about
numbers [41] one of the proofs discussed in the correspondence with Cantor. In the manuscript found in
hisNachlass, he attributed it to Cantor. In the �rst edition, the reference was removed [74]. The tangled
history of the non-constructive unordered versions of the Cantor-Bernstein Theorem6 [74] obscured
the e� ective well-ordered construction that Cantor appears to have conceived. It is probably fair to
say that he used well-order to construct functions well before the notion of constructing functions was
recognized. Once it was, the constructive versions of the Cantor-Bernstein theorem were published
in a quick succession, as John Myhill's [128] and Hartley Rogers' [152] isomorphism theorems for
computably enumerated sets7. The Isomorphism Theorem for program-closed categories issimilar but
simpler than Myhill's and Rogers' recursion-theoretic versions, and it might very well be closer to
Cantor's earlier versions. We will never know, but we can tryto remember that we won't.

8.6.2 Towards categorical computers

Computable functions are de�ned as whatever can be implemented in any of the many equivalent models
of computation, or in any of the usual (Turing-complete) programming languages. The models and
the languages vary vastly and the particular features tend to make irrelevant at least some details of
particular implementations. Categories provide mathematical tools for abstracting away the irrelevant
implementation details into black boxes and displaying therelevant structures.8 The case for studying
computable functions categorically is simple and obvious.But even that story is not simple.

The earliest categorical treatments of computable functions seem to go back to the 1960s work of Yuri
Ershov, Fig. 8.9. A fast-moving student of the great Maltcevat Novosibirsk, Ershov picked up Myhill's
work on creative sets and recursive isomorphisms, and announced a program towards extracting the
isomorphism-invariant structures, abstracting away the irrelevant implementation details by describing
all constructions in terms of program enumerations of computable functions [50, 49]. By 1971, work-
ing towards higher-order recursion, he spelled out the cartesian-closed category of enumerations [51]
— apparently unaware, still in Novosibirsk, of the name, thelogical meaning, or any previous work
on cartesian-closed categories. A full account of the structure of Ershov's category was worked out by

5In elementary toposes, the Cantor-Bernstein Theorem is equivalent to the Law of Excluded Middle [55].
6For more than a century, and still all over the web, this theorem went under the name “the Schröder-Bernstein Theorem”,

in recognition of E. Schröder's deeply �awed argument, published as a proof of “Cantor's Conjecture”. It was su� ciently
complicated that it took several years before the error was found.

7See [133, III.7] for a succinct explanation of the meaning and the impact of these theorems.
8In linguistics, sociology, and anthropology, the quest formethods to separate the relevant structures from irrelevant details

has been calledstructuralism. Separating the essential concepts from the irrelevant implementation details has, of course,
also been one of the central problems of software engineering from the outset, driving its history from the high-level
programming language revolution, brie�y recounted in Sec.6.6, through modular and object-oriented programming, anda
host of ongoing movements. Category theory is perhaps a “structuralist programming language of mathematics”.
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1977 and presented in a book [52]. But when Ershov visited theUS on a Fulbright Stipend in 1980,
his talks were picketed by the protestors accusing him of complicity in the antisemitic suppression in
Soviet academia, derived from his administrative duties [53, pp 363–365]. The incidents overshadowed
Ershov's presentations and assured that Soviet mathematicians' restricted view of the logical content of
cartesian-closed categories was counterbalanced by western mathematicians' restricted view of the com-
putational content of that same structure. Despite the achieved balance, the information trickled and Er-
shov's category of enumerations was the obvious stepping stone, explicitly cited in some cases, into the
realizability toposes, the extensional universes of sets with computably realized functions [85, 126, 127].
A bridge between Ershov's theory and the related work on cartesian-closed categories was proposed by

Figure 8.8: John Myhill Figure 8.9: Yuri L. Ershov Figure 8.10: Pieter Hofstra

Giuseppe Longo and Eugenio Moggi [112, 113]. This was already the mid-1980s, but Moggi had not yet
started working on his PhD, which would take him to the greener pastures of denotational semantics. (It
would also take denotational semantics to the green pastures of computational monads [123]). Still in the
1980s, DiPaola and Heller proposeddominions, an algebraic structure that allows capturing the partiality
of computable functions, which the cartesian structure alone does not accommodate [135]. Then in the
1990s, the denotational and the topos-theoretic models opened the wide alleys for categorical analyses
of theextensionalaspects of computation [1, 134] and the categorical analyses of the intensional aspects
faded to the background.

The closest relatives of the monoidal computer emerged in the 2000s, in the thesis work of Lars Birkedal
[15] and in theTuring categoriesproject of Robin Cockett and Pieter Hofstra [30, 31]. Our program
evaluators roughly correspond to Birkedal'suniversal objectsand Cocket-Hofstra'sTuring objects.
All three are categorical variations on the theme ofacceptable program enumerations[182] captur-
ing the interpreter-specializer view of programmability [133, Sec. II.5]. Ershov also started from this
approach. The obvious di� erence between Birkedal's, Cockett-Hofstra's, and the monoidal approach
is that Birkedal embeds the acceptable enumerations (as universal objects) into theweakly closed par-
tial cartesian categories, abbreviated toWCPC-categories, Cockett and Hofstra study them (as Turing
objects) in cartesian categories with a streamlined version of DiPaola-Heller's domain operation [135]
to handle partiality, whereas the monoidal computer presents the acceptable enumerations (as program
evaluators) in monoidal categories. Formally, this makes the monoidal computer slightly more general,
since it allows other computational e� ects besides the partiality9. Such di� erences appear marginal in

9The dominion of a function is de�nable in the monoidal computer by copying the inputs and deleting the outputs of a
function. To make this operation idempotent, we must assumethat such totality testing is costless, in the sense that doing it
twice is the same as doing it once. This narrows the space of models somewhat: e.g. the quantum computer is a monoidal
computer, but not a monoidal computer with costless testing, and not a Turing category.
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the context of the overarching foundational goal of modeling the intensional computation, with programs
as �rst-class citizens. A closer look, however, uncovers that they are not.

Both the WCPC-categories and the Turing categories are built from partial combinatory algebras (PCAs),
an essentially algebraic structure that also plays a central role in the theory of realizability toposes
[111, 134]. It was proved by Birkedal in [15, Prop. 3.1.18] and by Cocket-Hofstra in [30, Thm. 4.9] that
their respective models can be characterized as the idempotent completions of partial combinatory alge-
bras. The evaluation structures on the universal objects inWCPC-categories and on the Turing objects
in Turing categories arise as retracts of partial combinatory algebras, just like the program evaluators
arise inuniform monoidal computers in Sec. 2.6.3. But it was shown there thatthe uniformity induces
monoidal computers with very special properties. Standardmonoidal computers arise by takingP to be
the set of expressions in an arbitrary Turing complete language (say Python). The program evaluators
are the actual interpreters of the language. Programming languages are generally not essentially alge-
braic, because they contain coalgebraic and impredicativeexpressions, like while-loops and function
calls. While the essentially algebraic frameworks of the WCPC-categories and the cartesian categories
with dominion operations support the essentially algebraic signature of PCAs, the monoidal framework
of monoidal computers also supports the more general structures arising from general program evalua-
tors. More speci�cally, the polynomial extensions of PCAs are built inductively, like all algebraic and
essentially algebraic structures, and they support an inductively de�ned abstraction operation, akin to the
� -abstraction [134, Ch. 1]. Although the terms that it induces are inexorably partial [10], this operation
assigns a canonical program to each computation in any PCA-based model. For models based on general
programming languages, this is impossible. Otherwise, such assignments would make computable the
search for minimal programs, and allow e� ective evaluation of Kolmogorov complexity, which leads to
well-known contradictions [110, Thm. 2.3.2]. In a di� erent direction, mentioned in Sec. 5.6, a slew of
results from the 1980s [70, 98, 160] implied that the mere presence of an abstraction operation makes
any model of computation essentially extensional, in the sense that it contains a computable extensional
retract [81], even in the absence of extensional reductions. In summary, the problem with capturing pro-
gram evaluation by essentially algebraic operations is that it enables an operation of program abstraction
that is as e� ective as the operation of program application. In reality,running programs is an e� ective
operation, but programming is an evolutionary process. Onedischarges the stored information, the other
charges logical depth [14]. That is why computers evaluate asingle instruction and not two.
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What?? 1

1 What am I? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
2 What are we becoming? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
3 What computes? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

1 What am I?

René Descartes started from the question“What am I?” and derived themind-body problem. Alan
Turing arrived at the concept of the computer as a solution. Bill Lawvere showed how to express such
answers in categories. You can still see Descartes in Fig. 7.12, Turing in Fig. 2.20, Lawvere in Fig 1.10,
and a computer in Fig. 3.

The mind-body problem. Categories are universes of functions. They are extensional almost by de�-
nition: two functions are equal when other functions cannottell them apart. Programs are intensional by
de�nition: every computable function can be programmed in many di� erent ways. This book explored
the gap, the echoes, and the bridges between the extensionaland the intensional views of computation.

The world extends around me, all the way to the horizon. Everyday the sun rises and many days are the
same like the previous one and like the next one. But some daysare di� erent, and some day the sun will
not rise. My body is a part of the world. It is the horizon separating the internal world from the external
world. It extends through the places that I occupy. It is extensional almost by de�nition. My mind is
intensional by de�nition: there are many di� erent views of the world. There is a gap, the echoes, and
the bridges between my body and my mind.

Descartes distinguished the body and the mind asres extensaandres cogitans: the extended thingvs
the thinking thing[42]. The gap between them gave rise to the possibility, mentioned in Sec. 7.7, that
the world is a simulation projected to the mind. Descartes' pursuit of this possibility came to be known
as theCartesian doubt. Descartes resolved it by observing that the mind can observe itself and assert:
“I am thinking, therefore I exist”. But he left open themind-body problem: “How does the mind arise
from the body?” How did I come to think? What am I? The body transmits images of the world to the
mind; the mind rearranges the objects in the world using the body. It is a curious arrangement even for
God's creation. Descartes and his contemporaries believedthat most of the tra� c between the mind and
the body was routed through the pineal gland. His diagram of how it works is in Fig. 1. Neuroscience
has in the meantime arrived at more precise explanations. The mind constructs an intensional universe,
with voices, images, numbers, sentences, music, dance, gods, dreams, delusions, experience, science,
conscience, regrets, predictions, death. How does all thatcome about?

The mind-body solution. Descartes noticed that the mind can observe itself. Turing noticed that the
mind can simulate itself. It is universal, in the sense that it can think about anything. The states of mind
observe and change the states of the world. They can observe and change themselves as special states
of the world. Cats and dogs also observe and change states of the world but only very exceptional dogs
might be able to observe themselves and exclaim: “Cogito, ergo sum”. And even they would not be

1Allergy Warning: This part may contain traces of philosophy.
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able to follow Descartes into meditations about their cogitations. Only a mind or a computer can do
that. I can do that by updating the internal state of my mind together with the external state of this text
that I am typing. Turing presented the mind as a machine doingjust that: updating the internal and the
external states together. When I write this sentence and proceed to the next thought, Turing's machine
writes on a tape and proceeded to the next internal state. He presented the states of mind (the short-term
memory) as internal machine states and the states of the world (the records we keep to remember them)
as symbols written on a tape. His abstract machine uses the external memory to write messages to its
future self like we do when we collect memories. In the future, the machine reads old messages and
writes new messages to its future future self.

Figure 1: Descartes' mind-body link
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Figure 2: Turing's machine

Turing's machine, displayed in Fig. 2, was his solution to his version of the mind-body problem, which
arose from the sudden death of his best friend Christopher Morcom, at the age of 19. Trying to come to
terms, Alan initiated a correspondence with Christopher'smother, explaining to her, still in the voice of
a child, the fundamental question that they both faced:

As regards the question of why we have bodies at all; why we do not or cannot live free
as spirits and communicate as such, we probably could do so but there would be nothing
whatever to do. The body provides something for the spirit tolook after and use. [78, p. 83]

This question provided an impetus to Alan's work. Within a couple of years2, he built a mathematical
model of the “spirit”:

The behaviour of the computer at any moment is determined by the symbols which he is
observing, and his “state of mind” at that moment. [176, Sec.3]

That is, in essence, what it takes for to achieve the universality of mind! The state transitions of a Turing
machine are in the form

hq0; a0i
d

���! h q1; a1i (1)

This means that this machine, whenever it �nds itself in state q0 (“of mind”) while observing a symbol
a0 in the current cell on the tape (“the world”), then it will update the stateq0 7! q1, overwrite the
symbola0 7! a1, and move along the tape to the next cell in the directiond 2 fl ; r g, i.e. l eft or r ight.
Since the behavior of a Turing machine is completely determined by a set of quintuples in the form (1),

2The date of Turing's memoir to Mrs. Morcom is thought to be in 1932. The date of his discovery of the computer is 1935,
published in 1936.
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a machine that reads and executes such quintuples can simulate any machine. It is universal. That was
the tectonic move of Turing'sEntscheidungsproblempaper [176]. The sets of quintuples (1) are the
programs for Turing's universal computer.

The mind-body is an implementation detail. All you need is universality. The idea of updating
together short-term and long-term memory as internal and external states allowed Turing to implement
the universal computer. According to the Church-Turing Thesis, there are many other implementations.
Any universal computer will do. In the book that you are closing, we started from the abstract univer-
sality of program evaluators in Ch. 2 and reached stateful computation in Ch. 7. An implementation of
concrete Turing machines in the same framework can be found in [145]. The universal computer is a toy
model of the mind-body interactions that enable us to compute (using paper as external memory), solve
problems (twiddling their physical realizations), play music (extending our bodies by the instruments),
carve our thoughts in marble, �y in space. Turing's mind-body machines are intuitive for us because
they are toy models of us3. But understanding other realizations of universality expands our intuitions.
This seems to have been Turing's principle of the method, announced brie�y and almost reluctantly at
the end of his doctoral thesis [177, §11].

It doesn't matter what you are. A computer is not a thing but a structure. It can be built from anything:
electronic circuits, neurons, organelles, pebbles,� -expressions, channels in a network, morphisms in a
category. The mind does not depend on the material from whichthe body is built. Any universal
computer can simulate any computer, and in particular any universal computer. Just like there are many
di� erent languages describing the same world, there are many computers computing the same functions.
All you need is universality.

All minds are created equal. Whether you are organic or arti�cial, gay or straight, blackor white,
or a mixture of any of that, your computable functions are thesame, as long as you are universal.
Whether your program evaluators are realized as compositions, or term rewriting, or state transitions, or
as thinking, you can evaluate programs for the same functions and output the same outputs on the same
inputs. That is the moral of universal computer. Turing never moralized much, so he stated his message
in terms of a protocol, derived from a party game.

The Turing test. The Turing test is an authentication protocol. Authentication protocols are conversa-
tions where one party, call them Alice, proves to another party, call them Bob, a claim that Bob cannot
directly verify. E.g., when Alice claims that she is Alice and Bob is an electronic banking website, then
they run an authentication protocol. Or Alice may claim thata painting was made by Salvador and the
buyer Bob needs to make sure that it is an authentic Salvador painting. It is often hard to prove such
claims. In Turing's test, Bob needs to authenticate that Alice is a human and not a computer. Can
a computer simulate a human? He proposed that the question should be tested through conversation,
like in the imitation gamesplayed at the time in parties, where Bob's task was usually toauthenticate
Alice's gender [178]. In a famous passage fromDiscours, Descartes had argued that the property of
being human could be recognized through use of language4. Turing made the same argument, but in

3Intuitive constructions cease to be intuitive after they have been regurgitated too many times.
4“If there were such machines having the organs and the shape of a monkey or of some other animal that lacked reason, we

would have no way of recognizing that they were not entirely of the same nature as these animals; whereas, if there were
any such machines that bore a resemblance to our bodies and imitated our actions as far as this is practically feasible, we
would always have two very certain means of recognizing thatthey were not at all, for that reason, true men. The �rst is that
they could never use words or other signs, or put them together as we do in order to declare our thoughts to others. For one
can well conceive of a machine being so made that it utters words, and even that it utters words appropriate to the bodily
actions that will cause some change in its organs (such as, ifone touches it in a certain place, it asks what one wants to say
to it, or, if in another place, it cries out that one is hurtingit, and the like). But it could not arrange its words di� erently so
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the presence of the universal computer, he arrived at the opposite conclusion: that a machine may be
indistinguishable from a human and win the imitation game. He started his paper “Computing machin-
ery and intelligence” [178], published in the journalMind, by asking: “Can machines think?”. The
question echoed widely, and soon after the paper appeared, BBC solicited and aired several lectures and
discussions based on Turing's work [181, Ch. 12–14]. While Turing's deep analyses were often hard to
discern from the noise that they provoked, his general hope that“at the end of the century [. . . ] one will
be able to speak of machines thinking without expecting to becontradicted” got picked up by young
researchers [181, Arti�cial Intelligence]. Some 9 years after Turing's machine intelligence manifestos5,
in the summer of 1956, John McCarthy organized the legendaryDartmouth workshop which introduced
the new era ofarti�cial intelligence (AI) , or at least a new name for it. Turing had ended his life two
years earlier. With the recent advances in machine learning6 we seem to be catching up with the closing
remarks in Turing'sMind paper:

An important feature of a learning machine is that its teacher will often be very largely
ignorant of quite what is going on inside, although he may still be able to some extent to
predict his pupil's behavior. [. . . ] This is in clear contrast with a normal procedure when
using a machine to do computations: one's object is then to have a clear mental picture
of the state of the machine at each moment in the computation.This object can only be
achieved with a struggle. The view that `the machine can onlydo what we know how to
order it to do', appears strange in the face of this fact. Intelligent behaviour presumably
consists in a departure from the completely disciplined behaviour.

Not knowing what is on the mind of another intelligent entityis a feature of interactions between intel-
ligent entities, not a bug. That is why intelligent entitiescommunicate: to know more. Communication
opens the gates of cooperation, deceit, and all kinds of mixtures. All universal computers are computa-
tionally equal, but in network interactions, some are more equal than others.

2 What are we becoming?

Our bodies are extensions of our minds. We extend our bodies in many directions. We cover them with
garments and armor. We use tools and weapons. We live with animals, feed them and feed on them.
Speech embodies and connects our minds. We extend speech by writing, writing by calculations, then

as to respond to the sense of all that will be said in its presence, as even the dullest men can do. The second means is that,
although they might perform many tasks very well or perhaps better than any of us, such machines would inevitably fail in
other tasks; by this means one would discover that they were acting not through knowledge but only through the disposition
of their organs. For while reason is a universal instrument that can be of help in all sorts of circumstances, these organs
require some particular disposition for each particular action; consequently, it is for all practical purposes impossible for
there to be enough di� erent organs in a machine to make it act in all the contingencies of life in the same way as our reason
makes us act.” [42, §57]

5The London Mathematical Society and BBC Radio lectures weredelivered in 1947, the same year when the “Intelligent
Machinery” memo was written, his most incisive and visionary discussion of machine epistemology, now available as
[180, Year 1948] and [181, Ch. 10]. It was delivered as an internal report for Sir Charles G. Darwin, the Director of the
National Physical Laboratory (a grandson of Charles Darwinand a prominent eugenicist on his own account). It is an
astounding document, including what seems to be the earliest appearance of the idea oftraining neural networks[181,
Sec. 10.7. Education of machinery]. Lord Darwin withdrew support for Turing's work because he found his appearance
“smudgy”. You couldn't make this stu� up: see the commentaries in [181, Ch. 10] and [36, Part III]. The memo sank into
oblivion, never to be seen for 20 years, barely read until thenext century. Turing abandoned work on computers, returned
to Cambridge, and devoted the couple of years until his deathat the age of 42 to exploring computational aspects of life
[179].

6I write this in late 2022.
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put it all together in computers. Our garments and armor, tools and weapons, animals, languages, and
computers grow in and become parts of our bodies. The musician and the instrument become one. We
�y using airplanes and dive using submarines. We cannot �y ordive without them and they don't need
to without us.

As the interest in disciplined, industrial-scale programming, based on the“clear mental pictures of com-
putations” that Turing speaks of in the above quote, overshadowed the interest in machine intelligence,
one of the architects of disciplined programming stated that “The question of whether a computer can
think is no more interesting than the question of whether a submarine can swim”7. But submarines and
computers change where we swim and how we think. This book couldn't have been written or read
without a computer, and the computer couldn't write or read it without you and me. Musicians cannot
play music without instruments (including their voices, hands, feet), and instruments cannot play mu-
sic without musicians. Musicians with instruments form an orchestra, and the orchestra forms them.
They listen to other orchestras and the other orchestras listen to them. We use computers to think, and
computers use us. We program computers, they program us. Through them we program ourselves, they
themselves, everyone everyone.

The Turing test is extensional. Hardware is enclosed in boxes. Software is hidden behind thein-
terfaces. The observable behaviors that may distinguish humans from computers may be realized by
di� erent hardware, implemented by di� erent software, but the di� erences are not observable. Rice's
theorem from Sec. 5.4 con�rms Turing's point that it may not be decidable who is human and who
machine. Some humans are arti�cial, some machines are natural. Testing is ongoing.

From universality to life. John von Neumann (Fig. 2.18 and 4 in the Appendix) noticed that if you
equip a universal computer with sensors and actuators, it can gather materials and produce copies of
itself. But self-reproduction de�nes life. In this sense, life is computation. Genes can be thought of as
programs, ribosomes as program evaluators. Von Neumann wrote his lectures about life as computation
on his deathbed and died before �nishing them [130].

From self-simulation to self-negation. The consequences of universality stretch beyond the horizon
of logic. A universal computer can process its own descriptions as programs and simulate itself. Sim-
ulating its own descriptions, it may diverge, or it can copy and multiply itself, as we saw in Ch. 3. It
can update, and modify itself, as seen in Ch. 6 and 7. It can process various forms of negation of itself,
as discussed in Ch. 5. This makes it incomplete and undecided. It can also systematically deceive itself
[143]. The halting problem is undecidable but the decision problemis haltable. In his work, Alan
Turing proved that it cannot be decided in general whether a computation would halt. That resolved the
decision problem. In his life, he proved that in special cases, one can be perfectly capable to decide
when to halt. That resolved his imitation game.

3 What computes?

The principle of metaprogramming“I am computing how I will compute”is an echo of Descartes'
principle of mind“I am thinking, therefore I exist”. Descartes proposed self-observation as the foun-
dation on which the reality of observations can be authenticated and compiled into science. Turing
expanded that foundation through the self-simulation capabilities of universal computers. If thinking
processes the internal states of mind, computing also uses the external states of the world. Philosophers'

7E.W. Dijkstra, apparently on the CMU message board in 1986.
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self-observations have been expanded by computers' self-programing. Things got complicated. The
large-scale process of computation is the process of peopleand machines working together. It can be
construed as echoing the structure of the computer: people's internal states of mind interact with the
unbounded external state space of the world. Everything is behind the horizon, everyone is a network
node. Communication between people and computers started as programming. In the �rst programming
steps, people had to adapt to machines and speak their languages. But the evolution of computation
buries the hardware deeper and deeper into boxes, rises the software higher and higher up the stack of
language interfaces, and makes the network links longer andlonger. The �rst revolution of computation
gave us high-level programming languages. It enabled people to control computers. The subsequent
evolution of networks and AI reversed that process, enabling computers to control people, driven by
people's business models where they get rich by controllingcomputers that control people. At the end
of the day, the ongoing computational processes seem to optimize their object functions on their own,
and people don't seem to be in control of anything, least of all themselves. The communications between
people and computers that started as programming and evolved into a conversation may have devolved
into noise. Maybe that is the way it should be.
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Thanks

I started programming to get away from high school math. I took an 80% pay cut to get away from
programming when I became a graduate student of math at Utrecht University. My pay quadrupled
when I progressed from a lecturer in the UK to a software researcher and developer in Palo Alto. This
was all in the 1990s. I took a 66% pay cut when I returned to academia. This book evolved from
lecture notes for prerequisite courses for cryptography and security. I started drawing string diagrams
because the task was to teach foundations as fast as possibleso that students can understand modern
crypto. Some cryptographers said that it was ridiculous that I was spending time on computability when
cryptography was mostly based on complexity, but I didn't know how to make anyone understand the
di� erence between hard and easy computations without understanding computations. It is possible that
this would have been easier had I not studied math1. Be it as it may, what you have here is a book
of prerequisites for prerequisites for cryptography: computability as a foundation of complexity as a
foundation of secure communication. I will do my best to �nish the volume about complexity and then
the volume about security science. Both are, I think, about half-written. Security is what keeps us alive,
but also a big industry, so things get complicated and you need big �lters. The odds are that I will
probably fail to produce what I am hoping to produce, but I'llproduce something. My whole life has
been a history of failures, and each time something better came out, unimaginably better than what I was
trying to do. A series of completely undeserved lottery wins. A randomized computation. This is where
I should thank God and my mother Temra (née Biljana), who died before Sarajevo got besieged and
Yugoslavia fell apart; and my father Leontije whom I only know from vacations, and from the mirror.

A market is a computer computing the prices of goods. Scienceis a computer computing explanations
of observations. This book is an output of that computer. Thewriter, the publisher, the printer, are its
peripherals. We bear responsibility for the paper jams. Thecontents come from a queue. While working
on this book, I was employed (in chronological order) by the University of Oxford, Royal Holloway,
University of Twente, the University of Hawaii at Manoa, andfor a year by Radboud University. I re-
ceived additional research funding from AFOSR, DARPA, NSF,ONR, and from industry consultancies.
None of them is responsible for this book of prerequisites ofprerequisites for a nonstandard approach
that might become useful some day (if the things we do turn outto be as bad as they seem). But some
of them have been consistently supportive of nonstandard views, much more so than most academic
communities. That is remarkable, whichever way you think about it. Every organization is a group of
people. Some of them become your friends, some keep distancebut become a part of your big picture.
While working on this book, I was supported, encouraged, discouraged, corrected, and simply helped
(in alphabetic order) by Andre Scedrov, Bart Jacobs, Bob Coecke, Brad Martin, Dominic Hughes, John
Baez, Muzamil Yahia, Noson Yanofsky, Peter-Michael Seidel, Ralph Wachter, Samson Abramsky, Tris-
tan Nguyen. I am sure I am forgetting someone. Please forgive.

As always, between every two words that I wrote, there was a little white thought on my wife Abby
Avelar, and on my children (in reverse chronological order)Luka, Temra, and Stefan. You pull out the
little white thoughts and all words get mixed up. You pull outthe words and what is left is my life :)

1No irony intended.
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1 On categories and functors

1.1 Categories

A categoryC is speci�ed by

ˆ a family (set or class) ofobjectsjCj,

ˆ for all A; B 2 jCja set ofmorphismsC(A; B),

ˆ for all A; B;C 2 jCj the sequentialcompositionoperation (� ) : C(A; B) � C (B;C) C(A;C) sat-
isfying

C(A; B) � C (B;C) � C (C; D) C(A;C) � C (C; D)

C(A; B) � C (B; D) C(A; D)

(� ) � C (C; D)

C(A; B) � (� ) (� )

(� )

(1)

for all A; B;C; D 2 jCj, which is just the associativityx � (y � z) = (x � y) � z of all composable
morphisms; and
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ˆ for all A 2 jCjanidentitymorphism id2 C(A; A) satisfying

C(A; B) C(A; A) � C (A; B)

C(A; B) � C (B; B) C(A; B)

id � C (A; B)

C(A; B) � id (� )

(� )

(2)

for all A; B 2 jCj, which is the unitarityx � id = x = id � x.

If a category has a single object, then the conditions in diagrams (1–2) boil down to the familiar monoid
conditions. Formally, a categoryC is ajCj � jCj -indexed monoid.

Isomorphisms. An isomorphismX � Y is a pair of morphisms in a category

X Y
f �

f�

(3)

such that idX = f� � f � and f � � f� = idY.

Terminology. In this book,

ˆ objectsare usually calledtypes(because they are in a computer),

ˆ morphismsare usually calledcomputable functions(ditto), and

ˆ sequential compositionis usually drawn as astring between boxes(in a string diagram).

1.2 Six concrete categories

Categories of structures over sets are calledconcrete. The following concrete categories can even be
speci�ed without mentioning any structure on sets as objects1, with all structure carried by the mor-
phisms:

ˆ Set — sets with cartesian (total, single-valued) functions;

ˆ Set ( — sets with partial (single-valued) functions;

ˆ SetP — sets with multi-valued functions (a.k.a. binary relations);

ˆ SetB — sets with multi-valued functions into multisets (bags);

ˆ SetV — sets with linear functions;

1In this book, we usually call“types” what category theorists call“objects” ; and we call“functions” what they call“mor-
phisms”. The reason is that in monoidal computers the objects are types and the morphisms are computable functions. In
this section we discuss categories where the objects are sets, and revert to the general terminology.
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ˆ SetD — sets with convex functions (a.k.a. stochastic relations).

In all cases, the objects are thus the same:

jSetj = jSet (j = jSetP j = jSetB j = jSetV j = jSetD j

The hom-sets are de�ned as follows:

Set(A; B) =
n
f : A � B

o
(4)

Set ((A; B) =
n
f : A ( � B ( j f ( () = (

o
(5)

SetP(A; B) =

8
>><
>>: f : PA � PB j 8U � P A: f

� [
U

�
=

[

U2U

f (U)

9
>>=
>>; (6)

SetX(A; B) =

8
>><
>>: f : XA � XB j 8~u 2 BA: f

0
BBBBB@
X

a2A

uajai

1
CCCCCA=

X

a2A

uaj f (a)i

9
>>=
>>; (7)

where the set-constructors are de�ned

ˆ A ( = A + f (gis the partially ordered set consisting of the elements ofA as incomparable and the
fresh element ( taken as the bottom;

ˆ PA = f0 < 1gA is the free semilattice of subsets ofA and[ is their supremum;

ˆ BA = NA
<1 is the free commutative monoid of bags fromA and

`
is their sum;

ˆ V A = < A
<1 is the vector space over the �eld< and basisA;

ˆ D A =
n
~u 2 [0; 1]A<1 j

P
a2A ua = 1

o
is the convex hull ofA.

andX denotes any ofB; V ; D . The subscript “< 1 ” reminds that vectors are always �nitely supported,
i.e.

RA
<1 =

n
� 2 RA j #fa 2 A j � a , 0g< 1

o

whereR is a rig2 and thus contains 0 and 1. In thebra-ket-notation, jai 2 RA
<1 denotes the basis vector

induced by the generatora 2 A. A general vector is therefore always in the form~u =
P

a2A uajai where
all but �nitely many coe� cientsua are 0. The morphisms ofSetP, SetB, and SetD and SetV can
equivalently be viewed as matrices:

SetP(A; B) = f0 < 1gB� A (8)

SetB(A; B) = NB� A
<1 (9)

SetV (A; B) = < B� A
<1 (10)

SetD (A; B) =
�
f 2 [0; 1]B� A

<1 j 8a 2 A:
X

b2B

fba = 1
	

(11)

It is instructive to show that the function compositions restrict to the matrix compositions

2A rig is a“ring without the negatives”. Distributive lattices, rings, and �elds are special cases. Free semilattices happen to
be distributive lattices.
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ˆ in SetP :

g � f =
X

a2A
c2C

jci

0
BBBBBB@
_

b2B

gcb ^ fba

1
CCCCCCAhaj (12)

ˆ in SetB , SetD , andSetV :

g � f =
X

a2A
c2C

jci

0
BBBBBB@
X

b2B

gcb � fba

1
CCCCCCAhaj (13)

Viewing the entries of the latticef0 < 1gas truth values, (12) boils down to the relational composition:

(g � f )ca () 9 b 2 B: gcb ^ fba (14)

1.3 Functors

A functor
F : C D

whereC andD are categories speci�ed as above, is given by

ˆ the object partF : jCj jDj and

ˆ the morphism partFAB: C(A; B) D(FA; FB)

together satisfying thefunctoriality requirements

C(A; A) C(A; B) � C (B;C) C(A;C)

1

D(FA; FA) D(FA; FB) � D (FB; FC) D(FA; FC)

FAA FAB � FBC

(� )

FAC

id

id

(� )

(15)

meaning thatF(id) = id andF(x � y) = Fx � Fy for all composable morphismsx; y.

WhenC andD are monoidal categories, as speci�ed in Sec. 1.5, then the functor F : C D is said to
be monoidal when it is given with the isomorphisms

FI � I F(A � B) � FA � FB

naturally indexed overA; B 2 jCj. What does it mean that they are indexed ”naturally”?
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1.4 Natural transformations

Let C andD be categories andF;G: C D as above. Anatural transformation

t : F G: C D

is de�ned to be a family of morphismstX 2 D(FX;GX) indexed byX 2 jCj such that for allX; Y 2 jCj
and allu 2 C(X; Y) the following squares commute

FX GX

FY GY

tX

Fu Gu

tY

(16)

The natural transformationt is an isomorphism when all of its componentstX : FX GX are isomor-
phisms. This means that there is a natural transformationt0: G F such thatt0

X � tX = idFX and
tX � t0

X = idGX.

1.5 Equivalence of categories

An equivalenceC ' D is a pair of functors

C D
F�

'
F�

(17)

together with the isomorphismsX � F� F � X and F � F� Y � Y, natural inX 2 jCj andY 2 jDj. This
generalizes the isomorphisms in Sec. 1.1 from objects of categories to categories themselves as objects
of 2-categories.

Exercises

a. For the categoriesSetP ; SetB ; SetV ; SetD , prove the equivalence of the morphism presentations in
(6–7) and the matrix presentations (8–11). In each case, specify a bijection between the hom-sets in
the �rst and in the second form, and verify its functoriality, i.e. that the identities and the composition
are preserved.

b. Show thatSet ( is equivalent to the subcategory ofSetP in the matrix form with as morphisms those
matrices that containat most one1 in each row, and all other entries 0.

c. Show thatSet is equivalent to the subcategory ofSetP in the matrix form with as morphisms those
matrices that containprecisely one1 in each row, and all other entries 0.

d. Show thatSet is equivalent to the subcategory ofSetD in the matrix form with as morphisms those
matrices that take values inf0; 1g � [0; 1].

e. Spell out the monoidal structure and the data services induced by the cartesian products inSet

(

,
SetP , andSetD .

f. Prove that the total, single-valued functions in each of the above examples yieldSet as the largest
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cartesian subcategory:

Set ' Set�

(

' Set�P ' Set�B ' Set�D ' Set�V (18)

g. Show that an equivalence can be recognized on either of itscomponents. Recall that a function
f : A B has an inverse if and only if it surjective and injective, i.e. for everyy 2 B there isx 2 A
with f x = y, and for allx; x0 2 A holds f x = f x0 () x = x0. The claim is now that a functor
F : C D has an equivalence mate if and only if

ˆ F is essentially surjective: for everyY 2 jDj there isX 2 jCjwith an isomorphismFX � Y, and

ˆ F is full and faithful: for all X; X0 2 jCj the functor componentFXX0 induces a bijection
D(FX; FX0) � C(X; X0).

Given a functorF with these properties, construct its mateF0 : D C such thatX � F0FX and
FF0Y � Y naturally inX andY.

2 On idempotents

A retraction is a diagram in the form

R X
i

q

(19)

whereq � i = id. The typeR is called aretract of the typeA. Given a retraction (19), the composite
� = i � q is the inducedidempotent. A function � : A A is said to be idempotent when it satis�es
� � � = � . The composite� = i � q is idempotent becauseq � i = id.

The other way around, given an idempotent� = � � � , a pair of functionsq; i such thatq � i = id and
i � q = � is called asplitting of � . The equations that characterize idempotents and their splittings are
summarized in the following commutative diagram.

X X

X

R R

q

�

� �

�i

i (20)

It is easy to see that any two idempotent splittings are isomorphic. WhenX is a set, then any idempotent
%: X X induces the retract

R = fx 2 X j %(x) = xg

with the role ofR i X played by the inclusion and the role ofX
q

R played by� itself. Retrac-
tions of sets are precisely the quotients where every equivalence class comes with a chosen elements.
Note that the Axiom of Choice says that every quotient can be extended to a retraction.
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Any categoryX can be embedded into thecategory of idempotentsX 	 , going back to [7, IV.7.5], de�ned

jX	 j =
a

X;Y2jXj

f%2 X(X; Y) j %� %= %g

X 	 (%X; &Y) = f' 2 X(X; Y) j &� ' = ' = ' � %g (21)

The embeddingX X 	 sending every typeX to idX is the absolute completion ofX, under the
absolute limits and colimits, which are de�ned as those thatare preserved under all functors. It turns out
that the absolute limits and colimits are just the idempotent splittings [137]. See [16, I.6.5] for a broader
context. Any idempotent%: X X in X splits inX 	 by the retraction

% idX
%

%

(22)

Any splitting R of an idempotent%: X X that may already exist inX is isomorphic inX 	 to %as
the added splitting (22). If&: Y Y is another idempotent inX with a splitting S, then there is a
one-to-one correspondence between

ˆ the functionsf 2 X(R; S) and

ˆ the functionsf 2 X(X; Y) such that&� f � � = f .

=

&

A

A

S

A

=

A

A

f

f f f

R

B B B

B
B

�

qR

iR

qS

iS

Figure 1: f inducesf = qS � f � iR, which inducesf = iS � f � qR.

Note that the condition&� f � � = f is equivalent tof � &= f = � � f . The fact that the underlying category
C of any monoidal computer is equivalent with the category of idempotentsP	 over the monoidP of
computable functions on its programming languageP is worked out in 2.6.3.2.
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3 What numbers are not

How much is 3? We use 3 �ngers to count 3 apples, 3 coins to pay for them, 3 units of weight to
weigh them. The number 3 arises as the property shared by the sets of 3 elements. Frege formalized this
by de�ning the number 3 as the set of all sets of 3 elements [71,pp. 1–83]. Just as the second volume
of Frege's book on the arithmetic of such numbers was in press, Bertrand Russell noticed a paradox in
Frege's system, and described it in a letter to Frege [71, pp.124–126].

Figure 2: Gottlob Frege Figure 3: Bertrand Russell Figure 4: János Neumann

Russell's paradox. Call a setordinary if it does not contain itself as an element, andextraordinaryif
it does contain itself as an element. E.g. the set of all cats is ordinary because it is not a cat; whereas the
set of all sentences de�ned in less than 20 words is extraordinary because we just de�ned it in less than
20 words. LetO be the set of all ordinary sets, andE the set of all extraordinary sets, i.e.

O = fx j x < xg

E = fx j x 2 xg

The paradox arises from asking whether the setsO andE themselves are ordinary or extraordinary. For
each of them, both possibilities lead to a contradiction. Let us considerO.

ˆ If O is an ordinary set, thenO 2 O, sinceO contains all ordinary sets. But thenO contains itself
as an element, i.e. it is extraordinary.

ˆ If O is extraordinary, thenO < O, becauseO only contains ordinary sets. But thenO does not
contain itself as an element, i.e. it is ordinary.

Both possibilities, that the setOcontains itself as an element, and that it does not, lead to a contradiction.
Hence the paradox. The underlying logical schema, known as thediagonal argument, was used earlier
by Georg Cantor to show that the real numbers are not countable, and later in Gödel's Incompleteness
Theorem, presented in Sec. 5.2, and Turing's proof of undecidability of the Entscheidungsproblem,
presented in Sec. 5.3.3

3Cantor also applied his diagonal argument to the element relation to construct his “inconsistent” sets [131], but the paradox
that he noticed in the end got attributed to Russell, who presented it to Frege, and clari�ed its impact to Dedekind, and
perhaps even to Cantor. Cantor's “inconsistent” sets, as a solution of the paradoxes, were clari�ed still much later, renamed
to classes, and attributed to von Neumann.
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Comprehension. Seeing his life's work shattered by Russell's observation,Frege responded with
remarkable honesty. He admitted that there was a problem, and tried to solve it. The solution that
gradually �ltered through set theory is that collecting allentities with a certain property does not always
yield a set. Frege's original proposal was that every property, formalized as a predicateP(x), induces
the setfxjP(x)gof all x that satisfyP. That is how we formclassesin the Hilbert-Bernays set theory.
Russel's argument was that this leads to a paradox if the predicate P(x) is instantiated tox 2 x. To
avoid this paradox, the sets are built inductively, by the powerset constructor, and the sets of elements
satisfying a certain property, presented as a predicate, can only be carved out of previously constructed
sets, using the axiom ofcomprehension. A predicateP(x) can thus be comprehended within any given
setA as its subsetfx 2 A j P(x)g. A di� erent solution, proposed by Bertrand Russell, was to replace
sets with types [155]. A type-theoretic view of the set-theoretic comprehension constructor expressed
as a categorical adjunction is described in [108]. Whether they are comprehended within the set of �nite
sets, or built as a type, numbers arise from of counting, as presented in Sec. 4.2.

From numbers to life. The static view of numbers as things or properties, espousedby philosophers
from the Pythagoreans to Frege, was superseded by the inductive view in [185], authored by the 17-year
old Hungarian wunderkind Neumann János, Fig. 4. His life was the XX century version of the tragedy
of Dr Faustus, also presented as the comedy of Dr Strangelove. In the US, János became John von
Neumann, whom we saw in Fig. 2.18. He was, with Einstein, one of the �rst members of the Institute
of Advanced Studies. He contributed to paradigm shifts in logic, computation, quantum physics, game
theory. Having seen Nazis in action early on, he gradually refocused from logic to the nuclear weapons
and died at the age of 53, probably from exposure to radiationat the nuclear tests that he insisted on
attending. On his deathbed, he worked on a series of lecturesproving that life, as the capability of self-
reproduction, arises from computation. The lectures were never delivered, but appeared posthumously
as [130].

4 Work

Work 1.6: Types and functions

a. i) The function
D
(+); (�)

E
can be constructed as a parallel composition of (+) and (�), but we need to

feed them the inputs. To feed two functions, we need two copies of m and two copies ofn. For
this we run two copies of the copying data service� : N N � N, one to get� m = hm; mi and
one to getn to get� n = hn; ni . The two copies can be run in parallel, givinghm; m; n; ni . To get
the inputs for (+) and (�) in the formhm; n; m; ni , we swap the middle pair inhm; m; n; ni . The
data �ow is thus

N � N N � N � N � N N � N � N � N N � N

hm; ni hm; m; n; ni hm; n; m; ni hm+ n; m� ni

� � � N � &� N (+) � (�)

The algebraic form of this function is thus
D
(+); (�)

E
=

�
(+) � (�)

�
�

�
N � &� N

�
�

�
� � �

�

and the corresponding string diagram is in Fig. 5, top left.
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(+) (�)

��

&

m n

m n m n

m+n m�n

� �

(+)

(�)

m n

m(m+n)

�

(+)

(�)

m n

2mn

�

(�)

m n

n3

�
�

�

(�)

Figure 5: String diagrams for exercise 1.6.a.

ii–iv) The string diagrams are in Fig. 5.

b. The bottom-up data �ow through the diagram is as follows:

hx; yi 7! hy; xi 7! hy; y; x; x; xi 7! hy; x; y; x; xi 7! hy; 0; x; y; x; xi 7!

7! hf (y; 0; xi ; y; x; g(x)i 7! h
�
f (y; 0; xi ; y; x; g(x)

�
7! � E

�
h
�
f (y; 0; xi ; y; x; g(x)

��

Fig. 1.12 thus displays the function that maps the inputshx; yi to the output� E
�
h
�
f (y; 0; xi ; y; x; g(x)

��
.

c. i) The �rst equation holds by

� A

a b

ha;bi

A B

X

a

A

X

a

A

X

a

A

X

= = =

X

The assumption thatb is total is needed at the �rst step, and marked in red. The converse, that
this equation implies thatb is total, is obtained by settinga = (�

X.



20
23

03
34

ii) Towards the second equation, �rst note thath� A; � Bi = idA� B always holds:

� A � B

A B

A B

A B

BA

=

A B

BA

=

BA
(23)

The assumption thath is single-valued on the other hand means

h h

BA BA

=

h

A B A B

BA

XX

�

� �

Postcomposing both sides with� A � � B and using (23) leavesh on the left andh� Ah; � Bhi on the
right.

iii) The third equation is analogous to the �rst.

d. Sincea is single-valued, it satis�es� A � a = (a � a) � � X and� A � a = hb; ci = (b � c) � � X gives

a

A

X

��

�

a b

A

X

��

�

A

X

�

�

AA

a

c= =

A

Sincea andc are total, it follows that

a

A

X

��

�

a b

A

X

��

�

A

c=

A� �

a

A

X

�
�

�

=

A

X

�
�

�

b=a

A

� =

A

�
b=

X X

Work 2.6.1: How many programs?

a. We show that> = ? impliesC ' 1.
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i) An equational proof would be:

' = f>g
�
' � 


�
= f?g �

�
' � 


�
= 
 (24)

Draw the string diagrams.

ii) Any f : A B induces

f =
 
P

�	

A
f

B �p� q P
!

(25)

For any f; g : A B, (24) implies f = g. But then

f =
 
A �p� q P

f
P

�	

B
!

=
 
A �p� q P

g
P

�	

B
!

= g (26)

iii) For arbitrary typesC; D, de�ne

h =
 
C �p� q P

�	

D
!

k =
 
D �p� q P

�	

C
!

Applying (26) tok � h; id : C C givesk � h = id. Applying it to h � k; id : D D gives
h � k = id. The functionsh andk thus form an isomorphismC � D.

iv) TakingD in answer (iii) to be the unit typeI gives an isomorphismC � I for any typeC. Answer
(ii) implies that the only function onI is the identity, and that for every typeC there is precisely
one functionC I andI C. These two functions must be the isomorphismC � I , and the
only function onC must also be the identity.

b. We show that> , ? implies that for anyf 2 C(A; B) there are in�nitely manyF 2 C� (I ; P) with
f = fFg.

i) If > , ? in P, then the pairsh>; >i ; h>; ?i ; h?; >i ; h?; ?i in P2 are all di� erent. But since
d� ; �e : P2 � P, de�ned in Fig. 2.9, is an injection, the programsd>; >e; d>; ?e; d?; >e; d?; ?e
in P are all di� erent, and hence there are at least 4= 22 di� erent elements inP. Generalizing
to n, the assumption> , ? implies that there are 2n di� erentn-tuples of>s and? s in Pn. But
the encodingd� ; � ; � � � ; �e : Pn � P of n-tuples of programs as programs is also an injection,
sincePn, like any type, is a retract ofP. Hence the claim that there must be at least 2n di� erent
programs inP. Since the above arguments hold for anyn, there is no �nite bound, which means
that we have actually proved thatP must be in�nite.

ii) For an arbitrary functionf 2 C(A; B), consider the equal functions
 
A

f � >
B � P � B

!
=

 
A

f
B

!
=

 
A

f � ?
B � P � B

!

displayed in Fig. 6. IfF is a program forf , and if p>q; p? q; p� q are the encodings for the
functions> ; ? and� , with fp>qg= > , fp? qg= ? andfp� qg= � , then we have

n
(F k p>q) ; p� q

o
=

n
F

o
=

n
(F k p>q) ; p� q

o
but

�
(F k p>q) ; p� q

�
, F ,

�
(F k p>q) ; p� q

�
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=

?

f

>

f
=

f

�

�

�

�

Figure 6: Di� erent compositions off

where (� ; � ) and (� k � ) are the program composition operations from Sec. 2.2.3. The inequal-
ities are satis�ed by all programsF as soon as these operations are injective. It can be proved in
a straightforward but lengthy reasoning that any choice of composition encodings can be made
injective. A reader willing to skip ahead can �nd a simple trick that does the job in Sec. 7.3.
Composingf in parallel with each of the 2n di� erentn-tuples of> and? , and then projecting
away the outputs of thesen-tuples, as above, yields 2n di� erent programs encoding the same
function f . Since this can be done for anyn, there must be in�nitely many.

Work 2.6.2: Church numerals

The arithmetic operations on the Church numerals can be de�ned as follows.

a. The successor can be de�ned in two ways:

u

=

u

=

n+1 n
n

u
u

u

The program should thus be:

v

=
s

v

b. The Church-Rosser addition:
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v

=a
v

c. The Church-Rosser multiplication:

=

m
v

v

What is the idea behind this solution? We need
n
m(k; `)

o
(x; y) = fxgk�` y. Given that

n
k
o
(z; y) = fzgk y

holds by de�nition ofk, what should be substituted forzso thatfzgy = fxg̀ (y)?

Work 2.6.3.1: Universal program evaluator

a. We show that the function de�ned in (2.18), satis�es the program evaluator requirement from Sec. 2.2.1.
Given an arbitrary functiong : X � A B, the task is to �nd a family of programsG : X � P
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such thatqB
�
fGxgP

P (iA(a))
�

= gx(a). The construction is displayed in the following diagram.

no
B

X

A

g

G

�

�

B

A

�

B

X A

�

=

q

i

i

i

q

q

g

noB
A

(27)

We �rst de�ne

g =
 
X � P

X � q
X � A

g
B �i P

!

Since
�	

: P � P P is a program evaluator, there isG : X � P such thatfGg= g. But then

g =
 
X � A �X � i X � P

g
P

q
B

!

=
 
X � A �X � i X � P G � P P� P

�	

P
q

B
!

=

0
BBBB@X � A �G � A P� A

�	 B
A B

1
CCCCA

b. The program transformer� B
A : P � P is de�ned to be theP-indexed program for the computation

iB �
�	 B

A � qA, as displayed in Fig. 7. Iff = fFgB
A theniB � f � qA = iB � f FgB

A � qA =
n
� B

AF
oP

P
and hence

f = qB �
n
� B

AF
oP

P
� iA.
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P

� B
A

= �	

P

�

P

P

noB
A

B

P

q

A

P

i
�

Figure 7: If iB �
�	 B

A � qA =
n
� B

A

oP

P
thenfFgB

A = qB �
n
� B

AF
oP

P
� iA

Work 2.6.3.2: Idempotent completion of submonoid

a. Every idempotent%of P becomes inP	 not only an object, but also no less than 4 di� erent mor-
phisms:

id %%

%

%

%

Note that the%-loop on the right is the identity on%as an object ofP	 , whereas the%-loop on the
left is an idempotent on id as an object ofP	 . The remaining two%-morphisms between the objects
id and%display%as a retract of id inP	 . Every object ofP	 is thus a retract of id. If&is another
idempotent inP, then an arbitrary' 2 P satisfying' = &� ' � %is a morphism' 2 P	 (%; &) making
the upper diagram in the following derivation commute.

id % id

id & id

%

%

'

%

' '

&

& &

FP F] % FP

FP F] & FP

F%

F' F] ' F'

F&
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The lower diagram de�nes the claimed extensionF] : P	 C of F : P C. The F] -images of
the idempotents%and&as objects ofP	 are determined by the splittings of the idempotentsF%and
F& in C, which exist by the assumption aboutC. TheF] -image of' 2 P	 (%; &) is induced by the
splittings and the fact thatF' = F&� F' � F%.

b. The assumption that everyA 2 jCj is a retract ofPmeans that there is an idempotent

� A =
 
P

qA

A
iA P

!
(28)

The object part of the claimed functor� : C P	 is a choice of such idempotents. The arrow part
and the fact that it establishes a bijectionC(A; B) � P	 (� A; � B) can be obtained from the following
diagram

P A P

P B P

� A

q

� f

i

f � f

i

� B

q

(29)

de�ning � f = iB � f � qA which is inverted byqB � � f � iA = f .

It is easy to see that the� is completely determined by a choice of retractions (28). But what if A is
a retract ofP in several ways, and induces several di� erent idempotents onP which all split onA?
We prove that all such idempotents are isomorphic inP	 , and thus determine isomorphic functors
� : C P	 . Suppose that we are given some retractions� A = i � q and � 0

A = i0 � q0 as on the
following diagram:

P A P� A

q

u

i0

i
� 0

A

v

q0

(30)

Thenu = i0 � q andv = i0 � q form an isomorphism� A � � 0
A in P	 , sinceu = � 0

A � u � � A justi�es
u 2 P	 (� A; � 0

A), v = � A � v � � 0
A justi�es v 2 P	 (� 0

A; � A) and the equationsu � v = � A andv � u = � 0
A

make them into an isomorphism, since theP-idempotent� A is the identity on theP	 -object � A,
whereas� 0

A is the identity on� 0
A.

c. Since� : C P	 mapsP as a subcategory ofC into P as a subcategory ofP	 , its mate will have
to preserveP as well, and thus map id2 jP	 j into P 2 jCj, and every' 2 P as' 2 P	 (id; id) back
into itself as' 2 C(P; P). Mapping the other objects%2 jP	 j intob%2 jCjboils down to choosing the
splittings of the idempotents%2 C(P; P), which exist by assumption. The construction is an instance
of exercise a above, where the functorF is taken to be the inclusionP ,! C . Note that it boils down
to choosing particular splittings for the idempotents onP. The equivalence claim is straightforward.
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Work 2.6.3.3: Relating products and pairing

c.ii) For convenience, writeb%asA andb&asB, and suppose that the functor� is chosen so that%= � A

and& = � B (which is always possible with no loss of generality). Then the de�nition of 
 gives
%
 &= � A� B. The convolution% ? &= � A ? � B is shown in Fig. 8 on the left. Its splitting onA� B

�

hb�c0;b�c1i

d� ; �e

��

= A B

A B

A B

qA

iA

qB

iB

�

hb�c0;b�c1i

d� ; �e

qA qB

A B

��iA iB

Figure 8: The convolution of� A = iA � qA and� B = iB � qB, and its splitting

is shown on the right. On the other hand,%
 &= � A� B also splits onA � B, by the de�nition of� .
So the idempotents% ? &and%
 &have the same splitting. The isomorphism% ? &� %
 &in P	

is then constructed like in work 2.6.3.2.b., using a diagramlike (30).

d. The algebraic proof that a monoidal structure (P; ?; � I ) over a monoid (P; � ; idP) must collapse to
the same monoid is known as theEckmann-Hilton argument[45]. It uses the unit laws and the
middle-two-interchange law, discussed in Sec. 1.3.2, herein the form (g� f )? (s� t) = (g? s)� ( f ? t),
to derive

– � I = � I ? � I = (� I � idP) ? (idP � � I ) = (� I ? idP) � (idP ? � I ) = idP � idP = idP and then

– ' ?  = (' � idP) ? (idP �  ) = (' ? idP) � (idP ?  )
�
= (' ? � I ) � (� I ?  ) = ' �  

A variation on the second argument also shows that the binaryoperation is commutative. Al-
though we started from monoids, the associativity was neverused, and can also be derived. The
isomorphismI � P follows from � I = idP, since the splitting of an invertible idempotent must be
invertible.

Work 2.6.3.4: Reducing
�	 B

A to
�	 P

P

b. The equationiA� B = iP� P �
�
iA � iB

�
follows from Fig. 9, by evaluating both sides on a program that

encodes idP. Instantiating toA = B = PgivesiA� B = iP� P �
�
iP � iP

�
. Postcomposing both sides with

qP� P and usingq � i = id proves thatiP is the identity. It follows thatqP is also identity and hence
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�	

P

P

P

= �	

P

= =

P

= �	

P

P

= �	

P

P

P

=

�	

P

�	

P

i i

i i

i

i

P P

A A A

A A A B

BBB

[]

BB

� � �

� �

�

�
�

�
�

P P

[]

i

i

Figure 9: IffFgA� B (x; y) = fFgP� P dx; yetheniA� B = iP� P �
�
iA � iB

�

qP ,
�	 P

I , or elsefFgP
A a = [F]A a, as displayed in Fig. 10.

�	
= =)

�	
=

�	
=

�� ��� �

Figure 10: If
�	 P

I = idP thenfFgP
A = f[F]AgP

I = [F]A

Work 3.6.1: Lazy branching

Lazy branching:
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=
�	

�	

F G
��b

= IFTL �

�	

ift`

F G
��b F G

��b

Work 3.6.2: Stateful �xpoints

a. Let G: P be a program forg
��

p
�
(p; x); x; a

�
= fGg(p; x; a). De�ning � : X � P to be � x =

[G] (G; x) gives

g(� x; x; a) = g
�
[G] (G; x); x; a

�
= fGg(G; x; a) = f[G] (G; x)ga = f� xga

Draw the diagrams generalizing �gures 3.5 and 3.6.

b. Given a program transformer� : P� X � P, de�ne g: P� X � A B by

g(p; x; a) = f� (p; x)ga

and apply the preceding exercise.

Work 3.6.3: Qing, kuine,. . .

a. A narcissistT is a Kleene �xpoint of the function

t(p; x) = fxgp

b. LetW be a Kleene �xpoint of the function

w(p; x; y) =

�

p
�
x;

�
p
�
x; fxgy

�

The virus generator is
 = [W].

c. A Qing and aKueen can be constructed as Smullyan �xpoints of the projections

g(p; q; x) = q h(p; q; x) = p



20
23

03
34

Work 4.5.1: Fibonacci

Since the pairs of adult rabbits produce pairs of baby rabbits, we count the pairs. Writingan andbn,
respectively, for the numbers of adult pairs and baby pairs at time n, the population growth rules are:

b0 = 1 bn+1 = an

a0 = 0 an+1 = an + bn

Adding up the two pairs of equations to get the total number ofrabbitstn = an + bn, we get

t0 = 1 tn+1 = tn + tn� 1

But since the steptn+1 depends on two predecessors the induction requires two basecases, i.e. also

t1 = a1 + b1 = b0 + a0 = 1 + 0 = 1

Writing Tn = hti ; ti+1i , the induction is thus

T0 = h1; 1i Tn+1 = htn+1; tn + tn+1i

To capture this two-step induction, setB in (4.13) to beN � N giving

b : N � N q : N � N N � N

T : N N � N

whereb = h1; 1i andq(x; y) = hy; x + yi . Instantiating Fig. 4.5, the string program for rabbits is thus

�	

h1;1i
0?

if

q

r

N

eT

T

�

�

�
(+)

N N

B

x y

x+yy

To complete the workout, explain the evaluation of this program, as a special case of Fig. 4.9.
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Work 4.5.2: Recursion

a. iii) The truncated subtraction, ormonus, is usually de�ned by

m �� 0 = m m �� (n + 1) = r(m �� n)

wherer is the predecessor. The corresponding string program is

�	

0?

ifte

r

n m

r

��

iv) The recursive de�nition

� (0) = 0 � (n + 1) = � (n) + n + 1

gives the string program

�	

0?

ifte

r

n�

(+)
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Work 4.5.3: Search

a. In arithmetic, 3p n is the smallest numbermsuch thatm� m� m = n. The recursive de�nition is thus

3pn = � m:0?j(m� m� m) � nj

wherejx � yj = max(x �� y; y �� x)

Since max(a; b) = (a �� b) + b is clearly recursive,jx � yj is recursive. Using the unbounded search,
we can thus de�ne3p n = MU

�
jm3 � nj

�
, which is the following diagram

�	

jm3 � nj

0?

IFTE

s

3p n
m n

b. ii) De�ne ef (p; k; x; y) = ifte
�
0?(k); x;

�
p
	
(r (k); h(x; y); y)

�
. If F is the Kleene �xed point ofef ,

i.e.

fFg(k; x; y) = ifte
�
0?(k); x; fFg(r (k); h(x; y); y)

�

then setf = FOR(k; h) = f[F] kgreduces to

f (k; x; y) =

8
>><
>>:

x if k = 0

f (r (k); h(x; y); y) otherwise

�	
0?

IFTE

r

k xF

h

y
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Work 5.5: Rice

a. P1(x) () f xg4 = 7 isundecidableby Rice's Theorem, because it is

extensional: fxg= fyg =) f xg4 = fyg4 =) P1(x) = P1(y).

nontrivial: Let n̂ be a program such that

fn̂gx = n (31)

for all x. ThenP1

�
b7

�
, P1

�
b8

�
.

b. P2(x) () f 4gx = 7: We cannot tell whetherP2 is decidable without the particular encoding of
programs by numbers. Just likle any word in a language can be declared to denote any chosen con-
cept, the number 4 can be declared to encode any chosen computation. There are thus the encodings
whereP2 is decidable, e.g. because it is trivial, since 4 could encode a total function, or an empty
function. And there are also encodings whereP2 is undecidable because the number 4 encodes a
program evaluator that runsx.

c. P3(x) () f xg25 < 1000 isundecidableby Rice's Theorem, because it is

extensional: fxg= fyg =) f xg25 = fyg25 =) P2(x) = P2(y)

nontrivial: Using the programs ˆn from (31) again, this time we haveP2

�
d999

�
, P2

�
d1000

�
.

d. P4(x) () f xg2 � f xg3 isundecidableby Rice's Theorem, because it is

extensional: fxg= fyg =) P4(x) = P4(y) follows from

fxg= fyg =)
�
(fxg2 � f xg3) () (fyg2 � f yg3)

�

=) P4(x) = P4(y)

nontrivial: Using the program ˆn from (31) anden with

fñgx = n �� x (32)

we haveP4

�
b7

�
, P4

�
e7

�
.

e. P5(x) () [x] 2 = 2 is decidable because [x] is a cartesian function. The value [x] 2 can be
computed and compared with 2.

f. P6(x) () f xg13 " is undecidableby Rice's Theorem, because it is

extensional: fxg= fyg =) f xg13 = fyg13 =) P6(x) = P6(y)

nontrivial: Using the programs ˆn again, which de�ne total functions, and" which always diverges,
we haveP6

�
b1

�
, P6 (" ).

g. P7(x) () f 13gx " : We cannot tell whether the computationf13g is de�ned on x because this
depends on which computation is encoded by the number 13, andthis is a matter of convention.
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h. P8(x) () [[ x]] x " : is undecidablebecause it is always false, since
��

is cartesian and therefore
always de�ned.

i. P9(x) ()
�
fxg7 #=) f xg8 #

�
is undecidableby Rice's Theorem, because it is

extensional: fxg= fyg =) P9(x) = P9(y) follows from

fxg= fyg =)
�
(fxg7 #=) f xg8 #) () (fyg7 #=) f yg8 #)

�

=) P9(x) = P9(y)

nontrivial: Using the programs ˆn from (a), and the programs �n de�ned

f �ngx =

8
>><
>>:

" if x = n

x otherwise

thenP9

�
b8

�
, P9

�
�8
�
. The reason is that

n
b8

o
is everywhere de�ned, and in particular on 7 and 8,

and thusP9

�
b8

�
= > , whereas

n
�8
o
7 # whereas

n
�8
o
7 " , so that the implication

n
�8
o
7 #=)

n
�8
o
8 "

is false, and thusP9

�
�8
�

= ? .

j. P10(x) () 8 n: fxgn � f xg(n + 1) is undecidableby Rice's Theorem, because it is

extensional: fxg= fyg =) P10(x) = P10(y) follows from

fxg= fyg =)
�
8n: (fxgn � f xgn) () 8 n: (fygn � f ygn)

�

=) P10(x) = P10(y)

nontrivial: Using the programs ˆn from (a), anden(x) = n �� x we haveP10

�
b7

�
, P10

�
e7

�
.

k. P11(x) () 9 n: fxgn # is undecidableby Rice's Theorem, because it is

extensional: fxg= fyg =) P11(x) = P11(y) follows from

fxg= fyg =) 9 n: fxgn # () 9 n: fygn #

=) P11(x) = P11(y)

nontrivial: Using the programs ˆn from (a), which de�ne total functions, and, e.g., a programT1 for
t1(n) = � x: n + x + 1 = 0, which is always unde�ned, we haveP11

�
b1

�
, P11

�
bT1

�
.

l. P12(x) () f xgx # is undecidableusing the construction from the proof that the Halting Problem
is undecidable. IfP12 is decidable then we can de�ne

� P12(x) =

8
>><
>>:
" if P12(x)

> if : P12(x)
(33)

so that� P12(x) #= : P12(x).
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Let � be a program for� P12. This means that� P12(x) = f� gx, and in particular

� P12(� ) = f� g� (34)

But now
P12(� )

(� )
() f � g� #

(34)
() � P12(� ) #

(33)
() : P12(� )  

where (� ) follows from the de�nition ofP12. So the assumption thatP12 is decidable leads to contra-
diction. Therefore,P12 must be undecidable.

Work 6.5.1: Fourth Futamura projection?

Using a specializerS de�ned byfSg(x; y) = [x] y, the three Futamura projections in �gures 6.3–6.5 are

C1x = [H] x = fSg(H; x) = f[S] Hgx

C2 = [S] H = fSg(S; H) = f[S] SgH

C3 = [S] S = fSg(S; S) = f[S] SgS

The pattern is thus thatCi is recovered as an image alongfCi+1g. But the process settles onC3 = fC3gS
because

S

[� ]

f�g
=

S

[� ]

S S

f�g
=

S

f�g

S

=

f[S] SgS fSg(S; S) [S] S(1)
=

(2)
=

where

(1) f[x] ygz = fxg(y; z) holds by the de�nition of [� ], and

(2) fSg(x; y) = [x] y holds by the de�nition ofS.

Work 6.5.2: Hyper

a. i) The assumptionf = Lg; hMmeans

f (0; x) = g(x) f (1 + k; x) = h(k; f (k; x); x)

and implies

' (0; x; y) = 
 (x; y) ' (1 + k; x; y) = � (k; f (k; x); x; y) (35)

On the other hand, the desired conclusion' = L
; � Mrequires

' (0; x; y) = 
 (x; y) ' (1 + k; x; y) = � (k; f f (k; x)gy; x; y) (36)
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Draw the diagram to see the di� erence! Under which condition can (36) be derived from (35)?

Work 7.6.1: Lossless simulations

nnoo
=

B

Q

X A

�

P

�

�

�

nnoo
=

B

Q

X A

�

P

�

�

B

Q

X A

�

P

�

�

q

d� ;�ed� ;�e

d� ;�e

d� ;�e

hb�c0;b�c1i

X X

X

X

�
j j
	 eQ

eQ



20230334



20
23

03
34

Bibliography

[1] S. Abramsky, D.M. Gabbay, and T.S.E. Maibaum, editors.Handbook of Logic in Computer
Science. Volume 3: Semantic Structures. Clarendon Press, Oxford, 1990.

[2] Samson Abramsky and Achim Jung. Domain theory. In Samsonet al Abramsky, editor,Handbook
of Logic in Computer Science, volume 3, pages 1–168. Oxford University Press, 1994.

[3] Jiri Adamek. Introduction to coalgebra.Theory and Applications of Categories, 14:157–199,
2005.

[4] Jiri Adamek, Horst Herrlich, and George E. Strecker.Abstract and Concrete Categories: The Joy
of Cats. Wiley, 1990. available online.

[5] Alfred V. Aho, Ravi Sethi, and Je� rey D. Ullman.Compilers: Principles, Techniques, and Tools.
Series in Computer Science and Information Processing. Addison-Wesley, 1986. 2nd edition in
2006, coauthored with Monica Lam.

[6] Sanjeev Arora and Boaz Barak.Computational Complexity: A Modern Approach. Cambridge
University Press, 2009.

[7] Michael Artin, Alexander Grothendieck, and Jean-LouisVerdier, editors.Séminaire de Géometrie
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[79] Douglas R. Hofstadter.Gödel, Escher, Bach. Basic Books. Basic Books, 1979.

[80] Raymond Hoofman. Comparing models of the intensional typed� -calculus. Theoretical Com-
puter Science, 166(1):83–99, 1996.

[81] Raymond Hoofman and Ieke Moerdijk. A remark on the theory of semi-functors.Mathematical
Structures in Computer Science, 5(1):1–8, 1995.

[82] Günter Hotz. Eine Algebraisierung des Syntheseproblems von Schaltkreisen I–II.Elektronische
Informationsverarbeitung und Kybernetik, 1–2(3):185–205, 209–231, 1965.

[83] William A. Howard. The fomulæ-as-types notion of construction. In J.P. Seldin and J.R. Hindley,
editors,To H.B. Curry: Essays on combinatory logic, lambda calculusand formalism, volume 2,
pages 479–490. Oxford University Press, 1980.

[84] Paul Hudak. Conception, evolution, and application offunctional programming languages.ACM
Comput. Surv., 21(3):359–411, sep 1989.



20
23

03
34

[85] Martin Hyland. The e� ective topos. In Anne Sjerp Troelstra and Dirk van Dalen, editors,
L. E. J. Brouwer Centenary Symposium, number 110 in Studies in Logic and the Foundations
of Mathematics, pages 165–216. North-Holland, 1982.

[86] Bart Jacobs.Introduction to Coalgebra: Towards Mathematics of States and Observation, vol-
ume 59 ofCambridge Tracts in Theoretical Computer Science. Cambridge University Press,
2016.

[87] Peter T. Johnstone.Sketches of an Elephant: A Topos Theory Compendium. Oxford Logic Guides.
Clarendon Press, 2002.

[88] Neil D. Jones.Computability and Complexity: From a Programming Perspective. Foundations
of Computing. MIT Press, 1997.
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Figure 11: 11-year old Alan Turing as seen by his mother
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